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ri^HE  publiiliers  of  this  first  American  edition  of  Dr.  Button's  Coarse  of 
JL  Mathematics  were  induced  to  engage  in  the  work  fift>m  a  conation  of 
its  utili^  to  private  Stndents  to  veil  as  to  Colleges  and  other  Seminaries  in 
which  Mathematical  Science  constitutes  a  branch  of  education.  They  also 
had  in  view  tlie  furnishing  of  the  Military  School  of  tlieir  country  with  a  Text 
Book  of  hi^  standing,  and  long  in  xise  in  the  British  Military  Academy.  And 
in  order  that  this  ^diticm  might  derive  advantage  from  the  progress  of  the 
Science,  and  thereby  become  nt^re  worthy  of  tl^  public  patronage,  they  en- 
^[aged  a  gentleman  oif  acknowledged  eminence  to  revise  its  pages  and  super* 
mtend  the  printing  ;  and  they  ecmfidently  trust  this  duty  has  been  performed 
•:  wf Ih  some  profit  to  the  work  genenUy.  To  gentlemen,  therefore,  who  study 
this  deKghmil  science  in  private,  and  to  the  literary  and  milifeiiy  inaUtutaona  of 
their  country,  the  puUisliers  and  proprietors  look  for  remuneraaon— and  they 
feel  as  though  they  should  not  look  in  vain.  Art  fncreating  Uste  for  Mathe- 
matical Stutfiet  wiH  produce  a  colreapondent  increase  of  purchasers;  wfafle 
the  preference  which  an  homnrahle  patriotism  giv^  to  American  editions 
when  well  c Mfecuted,  will  receive  adiclitiooal  activity  from  the  super-eminence 
of  the  wcnk  itself. 

(X;;^  Orders  tor  this  pnblieatton  will  be  thankfully  reedved  by  any  of  the  |»ro* 
prietors  ;  all  whose  names  are  printed  at  the  foot  of  the  tide-i>age. 


BE  IT  ReMEMBERKD,  that  on  the  eleventh  day  of  August,  in  thadtfrty^ev^tth  yrar 
oTtbc  mdependence  of  the  United  States  of  Ajnerica,  Stpnuet  Camfbett,  of  the  laM  di«tncr, 
hsth  dqposital  in  tlut  olBec  the  title  of  a  bo<^,  the  right  whereof  ne  claim*  u  proprietor, 
in  the  woidi  following^  to  wit  > 

"*  A  Conne  o»'  Mathematics.  In  two  volnmcs.  For  the  luc  of  Academiet,  as  wdl  as  Pri- 
vate Tidtibn.  By  Ckarles  Huttou,  L.  L.D.  F.  K.  8,  late  ProfesMr  of  Matheraaties  in  the 
Royal  Military  Aca4»ny.  From  tjf|e  jUUi  and  sixth  Loadon  editions,  rcnsed  and  corrected 
liy  Robert  Adrain,  A.  M-  Fellow  of  the  American'  Philosophical  Society,  and  Professorot' 
Ikfathpmatics  in  Queen*t  College.  New^Tersey." 

in  ooBtlNTimty  to  tbe  act  oi  the  CongnM  or  the  United  States,  entitled  ^  An  act  for  the 
eneouraeement  of  learninr,  hy  securing  the  copies  ot'  maps,  aans,  and  books  to  (he  an- 
lebon  and  proprietors  of  snch  oofpies,dQring  the  times  tberrin  fuentjuned."  And  alw  to  an 
act,  entitled  **  An  act,  supplementary  to  an  act,  entided  an  act  (itr  the  encottxagemem  of 
kar^ng,  by  securing  die  copies  ot  maps,  duurts,  and  books  to  the  auilMirs  and  proprietors 
oV  sncb  copies,  dttriiig  the  times  therein  mentioned,  and  extepdini:  the  benefits  thereof  tu 
the  am  of  desigmiiK,  engraving,  and  etching  historical  and  other  prints.** 

CHARIaES  CLIN  TO  K, 
f  to*  •/  the  (QHrtt «/  yav7\rk. 
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^Vr;   .V  PREFACE. 

•^  y  *^  ■%  . 

A  SHORT  and  Easy  Course  of  the  Mathematical  Sciences 
has  long  been  considered  as  a  desideratum  for  the  use  of  Stu- 
dents in  the  different  schools  of  education  :  one  th^t  should 
hold  a  middle  rank  between  the  more  voluminous'  and  bulky- 
collections  of  this  kind,  and  the  mere  abstract  and  brief  coW 
moo-place  fornis>  of  principles  and  memorandums. 

For  long  experience,  in  all  .Seniinaries  of  Leaming,  bas 
shown,  that  such  a  worft.  was  .very  much  wanted,  and  would 
prove  a  great  and  general  benefit ;  as,  for  want  of  it,  recourse 
has  always  been  obliged  to  be  had  to  a  number  of  other  books 
by  differerit  authors  ;'  selecting  a  part  from  one  and  a  part  from, 
anothei",  as  seemed  most  suitable  tQ  the  purpose  in  hand,  and 
rejecting  the  other  parts-— a  practice  which  occasioned  much 
expense  and  trouble,  in  procuring  and  using  such  a  number 
of  odd  volumes,  of  various  forms  and  modes  of  compositioit ; 
besides  wanting  the  beneEt  of  uniformity  and  reference,  which 
are  found  in  a  regular  series  of  composition. 

To  remove  these  inconveniences,  the  Author  of  the  present 
work  has  been  induced,  from  time  to  time,  to  compose  various 
parts  of  this  Couree  of  Mathematics ;  which  the  experience 
^  many  years'  use  in  the  Academy  has  enabled  him  to  adapt 
and  improve  to  the  most  useful  form  and  quantity,  for  the  be- 
nefit of  instruction  there.  And,  to  render  that  benefit  more 
eminent  and  lasting,  the  Master  General  of  the  Ordnance  has 
been  pleased  to  give  it  its  present  form,  by  ordering  it  to  be 
enlarged  and  printed,  for  the  use  of  the  Royal  Military  Aca- 
demy. 

As  this  work  has  been  composed  expressly  with  the  inten^ 
tioii  of  adapting  it  to  the  purposes  of  academical  education,  it 
Is  not  deigned  to  hold  out  the  expectation  of  an  entire  new 
mass  of  inventions  and  discoveries :  but  mthcr  to  collect  and 
arrange  the  most  useful  known  principles  of  mathematics,  dis- 
posed in  a  convenient  practical  form,  demonstrated  in  a  plain 
and  concise  way,  and  illustrated  with  suitable  examples,  re- 
jecting whatever  seemed  to  be  matters  of  mere  curiosity,  and 
retaining  only  such  parts  and  branches,  as  have  a  direct  tenden- 
cy and  application  to  some  useful  purpose  in  life  or  profession. 
It  is  however  expected  that  much  that  is  new  will  be  found' 
in  many  parts  of  these  volumes ;  as  well  in  the  matter,  as  in 
the  arrioigement  and  manner  of  demonstration,  throughout  the 
whole?  work,  especially  in  the  geometry,  which  is  rendered 
much  more  easy  and  simple  than  heretofore ;  and  in  the  conic- 
sections, 
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section's)  which  are  here  treated  in  a  manner  at  once  new,  easj» 
and  natural ;  so  much  so  indeed,  that  all  the  propositipns  and 
their  demonstrations)  in  the  ellipsis,  are  the  vc|.y  same,  word  for 
wordi  as  those  in  the  hyperbola,  using  only,  in  a  very  few 
places,  the  word  9um,  for  the  wotd  difference :  also  in  many  of 
the  mechanical  and  philosophical  parts  which  follow,  in  the 
second  volume.  In  the  conic  sections,  too,  it  may  be  c^served^ 
that  the  fii'st  theorem  of  each  section  only  is  proved  from  the 
cone  itself,  and  all  the  rest  of  the  theorems  arc  deduced  from 
the  first,  or  from  each  other,  in  a  very  plain  and  simple  manner. 

Besides  renewmg  mosft  of  the  rules,. and  introducing  every- 
where new  examples,  this  ed{iion  is  Qiuch  enlarged  in  several 
places ;  particularly  by  extending  the  ttbles  ol  squares  and 
cubes,  square  roots  and  cube  roots,  to  1000  numbers,  which 
will  be  found  of  great  use  in  many  calculations ;  also  by  the 
tables  of  logarithms,  sines,  and  tangents,  at  the  end  of  the  se- 
cond volume  ;  by  the  addition  of  Cardan's  rules  for  resolving 
cubic  equations  ;  with  tables  and  rules  for  annuities ;  and  many 
cjiher  improvements  in  different  parts  of  the  w^ork. 

Though  the  several  parts  of  this  course  of  mathematics  are 
ranged  in  the  order  naturally  required  by  such  elements,  yet 
students  may  omit  any  of  the -particulars  that  may  be  thought 
the  least  necessary  to  their  several  purposes ;  or  they  may 
study  and  leaiii  various. parts  in  a  different  order  from  their 
present  arrangement  in  the  book,  at  the  discretion  of  the  tutor. 
So,  for  instance,  all  the  notes  at  the  foot  of  the  pages  may  be 
omitted,  as  well  as  many  of  the  rules ;    particularly  the  1st  or 
Common  Rule  for  the  Cube  Root,  p.  85,  may  well  be  omitted, 
being  more  tedious  than  usefuL    Also  the  chapters  on  Surds 
and  Infinite  Series,  in  the  Algebra :  or  these  might  be  learned 
after  Simple  Equations.   Also  Compound  Interest  and  Annui- 
ties at  the  end  of  the  Algebra.    Also  any  part  of  the  Geome- 
try, in  vol.  I  ;  any  of  the  branches  in  vol.  2,  at  the  discretion  of 
the  preceptor.    And,  in  any  of  the  parts,  lie  may  omit  some  of 
the  examples,  or  he  may  give  more  than  are  printed  in  the 
book ;  or  he  may  vet-y  profitably  vary  or  change  them,  by  alter- 
ing the  numbers  occasionally — As  to  the  quantity  of  writing; 
the  author  would  recommend,  that  the  student  copy  out  into 
his  fair  book  no  more  than  the  chief  rules  which  he  is  (Urected 
to  learn  off  by  i»ote,  with  the  work  of  one  example  only  to 
each  rule,  set  down  at  full  length  :   omitting  to  set  down  the 
work  of  all  the  other  examples,  how  n\any  soever  he  may  be 
dirc;,cted  to  work  out  upon  his  slate  or  waste  paper. — In  short; 
a. great  deal  of  the  business,  as  to  th^  quantity  and  order  aiid 
manner,  must  depend  on  the  judgment  of  the  discreet  and  pru- 
dent tutor  or  director. 

HDr. 


pOr.  Hnttoii'a  IVofMe  to  the  third  ftthzme  of  the  Bostiah  edition, 

puUiihedinlSll.] 

'^ThE  beneficial  improvements  lately  made,  and  still  making,* 
in  the  pJan  of  the  scientific  education  of  the  Cadets,  inihe 
Hoyal  Military  Academy  at  Woolwich,  having  rendered  a 
further  extension  of  the  Mathematical  Course  adviseable,  I 
vas  honoured  with  the  orders  of  his  Lordship  the  Master 
Genersilof  the  Ordnance,  to  prepare  a  third  volume,  in  addi- 
tion to  the  two  former  volumes  of  the  Course,  to  contain 
such  additions  to  some  of  the  subjects  before  treated  of  in 
those  two  volumes,  with  such  other  new  branches  of  military 
science,  as  might  appear  best  adapted  to  promote  the  ends  of 
this  important  institution.  From  my  advauced  age,  and  the 
precarious  state  of  my  health,  I  \ras  desirous  of  declining  such 
a  task,  and  pleaded  my  doubts  of  being  able,  in  such  a  state, 
to  ^swer  satisfactorily  his  lordship's  wishes.  This  difiiculty 
however  was  obviated  by  the  reply,  that,  to  preserve  a  uni- 
formity between  ^he  former  and  the  additional  parts  of  the  • 
Course,  it  was  requisite  that  I  should  undertake  the  direction  * 
of  the  arrangement,  and  compose  such  parts  of  .the  work  as 
might  be  found  convenient)  or  as  related  to  topics  in  which 
I  had  made  experiments  or  improvements ;  and  for  the  rest, 
I  might  jtake  to  my  assistance  the  aid  of  any  other  person  I 
might  think  proper.  With  this  kind  indulgence  being  en- 
couraged  to  exert  .my  best  endeavours,  I  immediately  an- 
nounced my  wish  to  request  the  assistance  of  Dr.  Gregory  of 
the  Royal  Military  Academy,  than  whom,  both  for  .his  ex- 
tensive scientific  knowledge,  and  his  long  experience,  1  know 
of  no  person  more  fit  to  be  associated  in  the  due  performance 
of  such  a  task.  Accordingly,  this  volume  is  to  be  considered 
as  the  joint  confiposition  of  that  gentleman  and  myself,,  hav- 
ing each  of  us  taken  and  prepared,  in  nearly  equal  portions, 
separate  chapters  and  branches  of  the  work,  being  such  as, 
in  the  compass  of  this  volume,  with  the  advice  and  assistance 
of  the  Lieut.  Governor,  were  deemed  among  the  most  useful 
additional  subjects  for  the  purposes  of  the  education  estab- 
lished in  the  Academy. 

The  several  parts  of  the  work,  and  their  arrangement,  are 
as  follow. — In  the  first  chapter  arc  contained  all  the  proposi- 
tions of  the  course  of  Come  Sections^  first  printed  for  the  use 
of  tlie  Academy  in  the  year  1787,  which  remained,  after 
those  that  were  selected  for  the  second  rohimc  of  this  Course : 

to 
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to  which  is  added  a  tract  on  the*  algebraic  equations  of  the 
several  conic  sections,  serving  as  a  brief  introduction  to  the 
algebraic  properties  of  curve  lines. 

The  2d  chapter  contains  a  short  gconietrical  treatise  on  the 
elements  of  I^ofierimctry  and  the  maxima  and  minima  qf 
9urfac€8  and  9oUd9  ;  in  which  several  propositions  usually  in- 
vestigated by  fluxionary  processes  are  effected  geometricaily ; 
and  in  which}  indeed,  the  principal  results  deduced  by  Thcs. 
Shnpson,  Horsley,  Legcndre,  and  Lhuiliier  arc  thrown  into 
the  compass  of  one  short  tract. 

The  3d  and  4th  chapters  exhibit  a  concise  but  compre- 
hensive view  of  the  trigonometrical  mmlynsy  or  that  in  which 
the  chief  theorems  of  ^lane  and  Spherical  Trigonometry  are 
ticduced  algebraically  by  means  of  what  is  commonly  de- 
]>oniiinUed  the  Arithmetic  of  Sinea»  A  comparison  of  the 
modes  of  investigation  adopted  iiT  these  chapters,  and  those 
pursued  in  that  part  of  the  second  volume  of  this  course 
which  is  devoted  to  Trigonometry,  will  enable  a  student  to 
trace  the  relative  advantages  of  the  algebraical  and  geome- 
trical methods  of  treating  this  useful  branch  of  science.  The 
fourth  chapter  includes  also  a  disquisition  on  the  nature  and 
measure  of  soiid  anglcsf  in  which  the  theory  of  that  i^eculiar 
class  of  geometrical  magnitudes  is  so  represented,  as  to  ren- 
der their  mutual  comparison  (a  thing  hitherto  supposed  im- 
possible except  in  one  or  two  very  obvious  cases)  a  matter  of 
perfect  ease  and  simplicity. 

Chapter  the  fifth  relates  to  Geodesic  Operations,  and  that 
more  extensive  kind  of  Trigonomeirical  Surveying  which  is 
employed  with  a  view  to  determine  the  geographical  situation 
of  places,  the  magnitude  of  kingdoms,  and  the  figure  of  the 
earth.    This  chapter  is  divided  into  two  sections  ;  in  the  first 
of  which  is  presented  a  general  account  of  this  kind  of  survey- 
ing ;  and  in  the  second,  solutions  of  the  most  important  prob- 
lems connected  with  these  operations.    This  portion  of  the 
volume  it  is  hoped  will  be  found  highly  useful ;  us  there  is  no 
work  which  contains  a  concise  and  connected  account  of  this 
kind  of  surveying  and  its  dependent  problems ;   and  it  cannot 
fail  to  be  interesting  to  those  who  know  how  much  honour  re- 
dounds to  this  country  from  the  great  skill,  accuracy,  and 
judgment)  with  which  the  trigonometrical  survey  of  England 
has  long  been  carried  on. 

In  the  6th  and  7th  chapters  are  developed  the  principles  of 
Poiygonometryy  and  those  which  relate  to  the  DiviMnojriands  * 
and  other  surfaces,  both  by  geometrical  construction  and  by 
computation. 

The 
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'  The  8th  chapter xontains  a  view  of  the  nature  and  solution 
of  equtOions  tn  t^eneral,  with  a  selection  of  the  best  rales  for 
equations  of  different  degrees.  Chapter  the  9th  is  devoted  to 
the  nature  and  properties  of.  curves^  and  the  conafruction  nf 
tquati(ma.  These  chapters  aA*e  Riani&slly  contkected,  and 
show  how  the  mutual  relation  subsisting  between  equations  of 
different  deglrees^  and  curves  of  various  orders,  sei^ve  for'the 
reciprocal  illustration  of  the  properties  of  both. 

In  the  1 0th  chapter  the  subjects  of  Fluents  aad  Fluxitmal 
eqvationa  are  concisely  treated^  The  vaiious  forms  of  Fluents 
comprised  in  the  useful  table  of  them  in  the  2d  volume,  are 
investigated :  and  several  other  rules  are  given ;  such  as  it  is 
believed  will  tend  much  to  facilitate  the  progress  of  students 
in  this  interesting  department  of  science,  especially  those 
which  relate  to  the  mode  of  iinding  fluents  by  continuation.  . 

The  1 1th  chapter  contains  solutions  of  the  most  useful 
problems  concerning  the  maximum  tffecta  of  machineu  in  mo- 
tion  ;  and  developes  those  principles  which  should  constantly  • 
be  kept  in  view  by- those  who  would  labour  beneficially  for  the 
improvement  of  machines. 

In  the  12th  chapter  will  be  found  the  theory  of  the  t^rea* 
aurt  of  tarth  and  Jluida  9^tk^\,wo\\^  and  fortifications;  and 
the  theory  which  leads  to  the  best  construction  of  fioxadcr 
magazinra  with  equilibr'«M.cd  voofs« 

-  The  13th  chapter  is  devoted  to  that  highly  interesting  sub- 
ject, as  well  to  the  philosopher  as  to  military  men,  the  thcoi  y 
and  firactice  of  gunnery.  Many  of  the  difficulties  attcndinf; 
this  sfbstruse  enquity  are  surmounted  by  assuming  the  results 
4>f  accurate  experiments,  as  to  the  resistance  experienced  by 
bodies  moving  through  the  air,  as  the  basi«  of  the  computa- 
tions. Several  of  the  most  useful  problems  are  solved  by 
means  of  this  expedient,  with  a  facility  scarcely  to  be  expect- 
ed, and  with  an  accuracy  far  beyond  our  most  sanguine  ex< 
pectations. 

The  14th  and  last  chapter  contains  a  promiscuous  but  ex- 
tensive collection  of  problems  in  statics^  difnamic,^,  hydrosta- 
ticsi,  hydraulica,  firojectiUa^  &c,  Sec ;.  serving  at  once  to-cxcr- 
else  the  pupil  in  the  various  branches  of  mathematics  com- 
prised in  the  course,  to  demonstrate  their  utility  especially  to 
those  devoted  to  the  military  profession,  to  excite  a  thirst  for 
knowledge,  and  in  several  important  respects  to  gratify  it. 

This  volume  being  professedly  supplementary  to  the  pi^- 
ceding  two  volumes  of  the  Course,  may  best  be  used  in  tuition 
by  a  kind  of.  mutual  incorporation  of  its  contents  with  those 
of  the  second  volume.  The  method  of  effecting  this  will,  of 
course^  vary  according  to  circmnstances,  and  the  precise  em- 
ployments 
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ploTfitents  for  which  the  papils  are  destined ;  .but  in  general 
it  is  presumed  the  following  may  be  advantageously  adopted. 
Let  the  first  seven  chapters  be  taught  immediately  after  the 
Cotic  Sections  in  the  2d  volume.  Then  let  the  substance  of 
the  2d  volume  succeed,  as  far  as  the  Practical  Exercises  on 
Natural  Philosophy,  inclusive.  Let  the  8th  and  9th  chapters 
in  tnis  3d  vol.  precede  the  treatise  on  Fluxions  in  the  2d ;  and 
when  the  pupil  has  been  taught  the  part  relating  to  Jlueru%  xt^ 
that  treatise,  let  him  immediately  be  conducted  through  the 
10th  chapter  of  the  3d  volume. '  After  he  has  gone  over  the 
remainder  of  the  Fluxioufr-  with  the  applications' ta  tangents, 
radii  of  curvature,  rectifications,  quadratures,  3cc,  the  1  lUi  and 
13th  chapters  of  the  Sd  vol.  should  be  taught.  The  prob- 
lems in  the  13th  and  14th  chapters' must  be  blended  with  the 
practical  exercise  sat  the  end  of  the  2d  volume,  in  such  manner ' 
as  shall  be  ibund  best  suited  to  the  capacity  of  the  student,  ^d 
best  calculated  to  ensure  his  thorough  comprehension  of  tiie* 
several  curious  problems  containedin  those  portions  of  the;ivork. 

In  the  composition  of  this  3d  volume,  as  well  as  in  that  of 
the  preceding  parts  of  the  Course,  the  great  object  kept  con- 
stantly in  view  has  been  utiUty^  especially  to  gentlemen  in-, 
tended  for  the  Military  Profession.  To  this  end,  all  such  in- 
vestigations as  might  serve  merely  to  display  ingenuity  or  tal- 
ent, without  any  regard  to  practical  benefit,  have  been  carefully 
excluded.  The  student  has  put  into  his  hands  the  two  power- 
ful instruments  of  the  ancient  and  the  modem  or  sublime  ge- 
ometry ;  he  is  taught  the  use  of  both,  and  their  relative  ad- 
vantages are  so  exhibited  as  to  guard  him,  it  is  hoped,  from 
any  undue  and  exclusive  preference  for  either.  Much  novel- 
ty of  matter  is  not  to  be  expected  in  a  work  like  this ;  though, 
considering  its  magnitude,  and  the  frequency  with  which  sev- 
eral of  the  subjects  have  been  discussed,  a  candid  reader  will 
not,  perhaps,  be  entirely  disappointed  in  this  respect.  Per- 
spicuity and  condensation  have  been  uniformly  aimed  at  through 
the  performance :  and  a  small  clear  type,  wiih  a  full  page,  have 
been  choseo  for  the  introduction  of  a  large  quantity  of  matter. 

A  candid  public  will  accept  as  an  apology  for  any  slight  dis- 
order or  irregMlarity  that  may  appear  in  the  composition  and 
arrangement  of  this  Course^  the  ciixumstance  of  the  different 
volumes  having  been  prepared  at  widely  distant  times,  and 
with  gradually  expanding  views.  Butf  on.  the  whole,  I  trust  it 
will  be  found  that,  with  the  assistance  of  my  friend  and  coadio- 
tor  in  this  supplementary  volume,  I  have  now  produced  a 
Course  of  Mathematics,  in  which  a  great  variety  of  useful  sub- 
jects are  introduced,  and  treated  with  perspicuity  and  correct- 
ness, thah  in  any  three  volumes  of  equal  size  in  any  language. 

CHA.  HUTTON. 
3/ay,  ISL 
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PREFACE, 

BY  THE  AMERICAN  EDITOR- 


'  T^H^  ^•^^  English  edition  of  Hutton'9  Courae  of  Mathemo' 

tic6^  in  three  volumes  octavo,  may  be  considered  us  one  of  the 
Be^t  systems  of  Mathematics  in  the  English  language.  Its 
«  l^reat  excellence  consists  in  the  judicious  selection  made  by 
die  Authors  of  the  work,  who  have  constantly  aimed  at  such 
things  as  are  most  necessary  in  the  useful  arts  of  life.  'To 
this  ipay  be  added  the  easy  and  perspicuous  manner  in^which 
the  subject  is  treated — a  quality  of  primary  importance  in  a 
treatise  intended  for  beginners,  and  containing  the  elements 
of  science. 

The  third  volume  of  the  English  fedition  having  been  but 
lately  published)  is  scarcely  known  at  present  in  this  country-. 
It  is  but  justice  to  its  excellent  authors  to  state,  that  they  have 
toUected  in  it  a  great  number  of  the  most  interesting  sub- 

^  .  jects  in  Analytical  and  Mechanical  Science.    Analytical  Tri- 

";    .  gonometry  Plane  and  Spherical,  Trigonometrical  Surveying, 

Maxima  and  Minima  of  Geometrical  Quantities,  Motion  of 

{  Madunes  and  their  Maximum  Effects,  Practical  Gunnery, 

ScCy  are  among  the  most  important  subjects  in  Mathematics, 
and  are  discussed  in  the  volume  just  mentioned  in  such  a 
manner  as  not  only  to  prove  highly  useful  to  pupils,  but  also 
to  such  as  are  engaged  in  various  departments  of  Practical 
Science.  ^ 

As  the  work,  after  the  publication  of  the  third  volume,  em" 
braced  most  subjects  of  curiosity  or  utility  in  Mathemg^Ucs, 
it  has  been  thought  unnecessary  to  enlarge  its  size  by  much 
additional  matter.  The  present  edition  however,  differs  in 
several  respects  from  the  last  English  one  ;  and  it  is  presum^ 
ed,  that  this  difference  will  be  found  to  consist  of  improve- 
ments.   These  are  principally  as  follow^  : 

In  the  first  place,  it  was  thought  adviseable  to  publish  the 
work  in  two  volumes  instead  of  three  ;  the  two  volumes  being 
still  <tf  a  convenient  size  for  the  use  of  students. 

Secondly,  a  new  arrangement  of  various  parts  of  {he  work 
has  been  adopted.  Several  parts  of  the  thifd  volunie  of  the 
English  edition  treated  of  subjects  already  discussed  in  the 
preceding  volumes ;  in  such  cases,  when  it  was  practicable, 
the  additions  in  the  third  volume  have  been  properlv  incor- 
porated with  the  corresponding  subjects  that  precedea  them ; 
Vol.  I.  A  and, 
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and,  in  general,  such  a  dispoftitlon  of  the  various  departmenta 
of  the  work  has  been  made  as  seemed  best  calculated  to  pro- 
mote the  improvement  of  the  pupil,  and  exhibit  the  respec* 
tive  places  of  the  various  branches  in  tlie  scale  of  science. 

And  thirdly,  several  notes  have  been  added,  and  numerous 
corrections  have  been  made  in  various  places  of  the  work : 
it  were  tedious  and  unnecessary  lo  enumerate  all  these  at  pre- 
sent ;  it  may  suffice  to  remark  the  few  following : 

In  pages  169,  and  363,  vol.  1,  are  given  useful  notes  res- 
pecting the  degree  of  accuracy  resulting  from  the  applic&tioD 
of  logarithms ;— these  notes  will  appear  the  more  necessary  to 
•beginners,  when  we  observe  such  oversights  committed  by 
authors  of  experience. 

In  page  173,  vol.  l,anew  definition  of  surds  is  given,  in- 
stead of  that  by  the  author  of  the  work. 

In  the  English  edition,  a  surd  is  defined  to  be  «  that  which 
has  not  an  exact  root."  In  Bonnycastle's  Algebra,  it  is  "  that 
which  has  no  exact  root"  And  in  Emerson's  Algebra,  it  is 
«<  a  quantity  that  has  not  a  proper  root."  But  notwithstand- 
ing the  weight  of  authority  thus  evidently  against  me,  I  do  not 
hesitate  to  assert,  that  the  definition  just  stated  is  aJtogether 
erroneous.  According  to  their  definition,  the  integer  3  is  a 
surd,  for  it  «  has  not  an  exact  root." 

In  the  Mensural  ion,  page  411,  vol.  1,  aremark  is  added  re- 
specting the  magnitude  of  the  earth.  Dr.  Hutton  has  com- 
monly used  a  diamater  of  7957  j  English  miles,  merely  be- 
cause it  gives  the  round  number  25,000  for  the  circumfe- 
rence ;  in  a  few  places  he  has  used  a  diameter  of  7930.  Hav- 
ing some  years  ago  discovered  the  proper  method  of  ascer- 
taining the  most  probable  magnitude  and  figure  of  the  earth> 
from  the  admeasurement  of  several  degrees  of  the  raericuan, 
I  found  the  ratio  of  the  axis  to  the  equatorial  diameter,  to  be 
as  S20  to  321,  and  the  diameter,  when  the  earth  i&  considered 
as  a  globe,  to  be  7918-7  English  miles. 

In  the  additions  immediately  preceding  the  Table  of  Loga- 
rithms in  the  second  volume,  a  new  method  is  given  for  ascer- 
taining the  vibrations  of  a  variable  pendulum.  This  problem 
was  solved  by  Dr.  Hutton,  in  his  Select  Exercises,  178.7,  and 
he  has  given  the  same  solution  in  the  present  work,  see  page 
537,  vol.  2.  The  method  used  by  the  Doctor  appears  to  me 
to  be  erroneous ;  but  in  order  that  such  as  would  judge  for 
themselves  on  this  abstruse  question,  may  have  a  fair  oppor- 
tunity of  deciding  between  us,  the  Doctoi*'s  solution  is  given 
as  well  as  my  own. 

It  may  be  proper  to  observe,  with  re^ct  to  the  new  solu- 
tion, as  well  as  Dr.  Hutton's,  that  the  resulting  formula  jdoes 

not 
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Bot  shew  the  r^ation  between  the  time  and  any  number  of 
vibrations  actuaUy  performed ;  but  tnerely  gives  the  limit  to 
which  this  relation  approaches,  when  the  horizontal  velocity 
is  indefinitely  diminished.  If  therefore  we  would  use  the 
new  fonnuia  as  an  apftroximation  in  yery  sniull  finite  vibra- 
tioQSy  the  times  mast  not  be  extended  without  liroiution. 


ROBERT  ADRAIN. 


Jufy  n,  1812. 
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MATHEMATICS,  fyc. 


GENERAL  FBINCIFLE8. 


1.  V^UANTITT,  or  Maovitudb,  is  any  thing  that  will 
admit  of  increase  or  decrease ;  or  that  is  capable  of  any  sc»t 
of  calculation  or  mensuration :  such  as  numbers,  lines,  space, 
timey  motion,  weight. 

3.  M  ATBEMATics  is  the  science  which  treats  of  all  kinds 
c^  quantity  whatever,  that  can  be  numbered  or  measured.*— 
That  part  whicii^  treats  of  numbering  is  called  Arithmetics 
and  that  which  concerns  measuring,  or  figured  extension,  is 
called  Geometry ^^^TheBit  two,  which  are  conversant  about 
mtiltitude  and  magnitude,  being  the  foundation  of  all  the 
other  parts,  are  called  Pure  or  M*tract  Mathematice  s  be- 
cause they  investigate  and  demonstrate  the  properties  of  ab- 
stract numbers  and  magnitudes  of  all  sorts.    And  when  these 
two  parts  are  applied  to  particular  or  practical  subjects,  they 
constitute  the  branches  or  parts  called  Mixed  Mathematical^ 
Mathematics  is  also  distinguished  into  Speculative  and  PraC' 
Heal :  Tiz.  S/ieculative^  when  it  is  concerned  in  discovering 
properties    and  relations ;   and  Practical^  when  applied  to 
practice  and  real  use  concerning  physical  objects. 
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Z  GENERAL  PRINCIPLES. 

3.  In  Mathematics  are  several  general  terms  or  principles ; 
such  asy  Definitions,  Axioms,  Propositions,  Theorems,  Prob* 
lems,  Lemmas,  Corollaries,  Scoliums,  &c. 

4.  ji  D^nition  is  the  explicadon  of  any  term  or  word  in  a 
science  ;  showing  the  sense  and  meaning  in  which  the  term 
is  employed. — Every  Definition  ought  to  be  clear,  and  ex- 
pressed in  words  that  are  common  and  perfectly  well  under- 
stood. 

5.  A  Profiontion  is  something  proposed  to  be  proved,  or 
something  required  to  be  done ;  and  is  accordingly  either  a 
Theorem  or  a  Problem. 

6.  A  Theorem  is  a  demonstrative  proposition ;  in  which 
some  property  is  asserted,  and  the  truth  of  it  required  to  be 
proved.  Thus,  when  it  is  said  that,  The  sum  of  the  three 
angles  of  any  triangle  is  equal  to  two  right  angles,  this  is  a 
Theorem,  the  truth  of  which  is  demonstrated  by  Geometry. 
— >A  set  or  collection  of  such  Theorems  constitutes  a  Theory. 

7.  A  Probiepi  is  a  proposition  or  a  question  requiring 
something  to  be  done  f  either  to  investigate  some  truth  or 
property,  or  to  perform  some  operation.  As,  to  find  out  the 
quantity  or  sum  of  all  the  three  angles  of  any  triangle,  or  to 
draw  one  line  perpendicular  to  another.  A  Limited  Proh^ 
lem  is  that  which  has  but  one  answer  or  solution.  An  Un^ 
Umited  Problem  is  that  wUch  has  innumerable  answers. 
And  a  Determinate  Problem  is  that  which  has  a  Certun  num» 
ber  of  answers. 

8.  &olmion  of  a  Problem,  is  the  resolution  or  answer  given 
to  it  A  Mtmerical  or  Jsfumeral  Solution^  is  the  answer  given 
in  numbers.  A  Geometrical  Solution^  is  the  answer  given  by 
the  principles  of  Geometry.  And  a  Mechanical  Sotutiouy  is 
one  which  is  gained  by  trials. 

9.  A  Lemma  is  a  preparatory  proposition,  laid  down  in 
order  to  shorten  the  demonstration  of  the  main  proposition 
which  follows  it. 

10.  A  Corollary  J  or  Conaectary^  is  a  consequence  drawn 
immediately  from  some  proposition  or  other  prenuse?. 

il,  A  Scholium  is  a  remark  or  observadon  made  on  some 
foregoing  proposition  or  premises. 

13.  AnAxiom^ov  Maxim^  is  a  self-evident  proposition; 
requiring  no  formal  demonstration  to  prove  the  truth  of  it ; 
but  is  received  and  assented  to  as  soon  as  mentioned.  Such 
as,  The  whole  of  any  thing  is  greater  than  a  part  of  it ;  or, 
The  whole  is  equal  to  all  its  parts  taken  together :  or,  Two 
quantities  that  are  each  of  them  equal  to  a  third  quantity, 
are  equal  to  each  Qther. 

\3.A 


GENERAL  PRINCIPLES.  3 

13.  ^  PoMtuiatej  or  Petition^  is  somethiDg  required  to  be 
done,  which  is  so  easy  and  evident  that  no  person  will  hesi- 
tate to  allow  it. 

14.  An  HtjfiothetU  is  a  supposition  assumed  to  be  true,  in 
order  to  argue  from,  or  to  found  upon  it  the  reasoning  and 
demonstration  of  some  proposition. 

15.  JD^montfnz/f on  is  the  collecting  the  several  arguments 
and  proofs,  and  laying  them  together  in  proper  order,  to 
show  the  truth  of  the  proposition  under  consideration. 

16.  wf  Direct^  PoHtivcj  or  Affirmative  Demon9traiion<,  is 
that  which  concludes  with  the  direct  and  certain  proof  of  the 
proposition  in  hand.— This  kind  of  Demonstitition  is  roost 
satis&ctory  to  the  mind  ;  for  which  reason  it  is  called  some- 
times an  Ostemiv£  Demonstraiion, 

17.  An  Indirect  J  or  JSTegative  Demons  tratiouj  is  that  which 
shows  a  p.R^sition  to  be  true,  by  pnyringe  that  some  absur- 
dity would  necessarily  follow  if  the  propositidh  advanced  were 
bhse.  This  is  also  sometimes  called  Reducih  ad  Adturdum  y^ 
i)ecause  it  shows  the  absurdity  and  fidsehood  of  all  supposi- 
tions contrary  to  that  contained  in  the  proposition. 

18.  Methodls  the  art  of  disposing  a  train  of  arguments  in 
a  proper  order,  to  investigate  either  the  truth  or  fidsity  of  a 
proposition,  dr  to  demonstrate  it  to  others  when  it  has  been 
fi>und  out— -This  is  either  Analytical  or  Syntheucal. 

19.  AniUy 919 J  or  the  AntdytU  Method^  i%  the  art  or  mode 
of  finding  out  the  truth  of  a  proposition,  by  first  supposing 
the  thing  to  be  done,  and  then  reasoning  back,  step  by  step, 
till  we  arrive  at  some  known  trujth. — This  is  also  called  the 
Method  of  Invention^  or  JRe9olution  /  and  is  that  which  is  com- 
monly used  in  Algebra.      < 

30.  Synthe9i9f  or  the  Synthetic  Method^  b  the  searching 
out  truth,  by  first  laying  down  some  simple  and  easy  princi- 
ples, and  pursuing  the  consequences  flowing  from  them  till 
we  arrive  at  the  conclusion.-— This  is  also  <»lled  the  Method 
of  €ontfi09ition  ;  and  is  the  reverse  of  the  Analytic  method,  as* 
this  proceeds  from  known  principles  to  an  unknown  conclu- 
sion ;  while  the  other  goes  in  a  retrograde  order,  from  the 
thing  sought,  considered  as  if  it  were  true,  to  some  known 
principle  or  &ct.  And  therefore,  when  any  truth  has  l^een 
£»und  out  by  the  Analytic  method,  it  may  be  demonstrated 
by  a  process  in  the  contrary  order,  by  Synthesis. 
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ARITHMETIC. 

XJL  RITHMETIC  is  the  art  or  science  of  numbering ;  be- 
ing thdt  branch  of  Mathematics  which  treats  of  the  nature 
and  properties  of  numbers.— When  it  treats  of  whole  num- 
bers,  it  is  called  Vulgar^  or  Common  Arithmetic  ;  but  when  of 
broken  numbers,  or  parts  of  numbers,  it  is  called  Fraction: 

Unity i  or  an  C/nt/|  is  that  by  which  every  thing  is  called 
one ;  being  the  beginning  of  number ;  as,  one  man,  one  ball) 
one  gun. 

JVumber  is  either  simply  one,  or  a  compound  of  several 
units  ;  as,  one  man,  three  men,  ten  men. 

An  Integer,  or  tVhoie  JAimber,  is  some  certain  precise 
quantity  of  units  ;  as,  one,  three,  ten.— These  are  so  called  as 
distinguished  from  Fractionty  which  are  broken  numbers,  or 
parts  of  numbers  ;  as,  one-half,  two-thirds^  or  three-fourths. 


NOTATION  AHD  NUMERATION. 


Notation,  or  Numeration,  teaches  to  denote  or  ex- 
press anv  proposed  number,  either  by  words  or  characters  ; 
or  to  read  and  write  down  any  sum  or  number. 

The  numbers  in  Arithmetic  are  expressed  by  the  following 
ten  digits,  or  Arabic  numeral  figures,  which  were  introduced 
into  Europe  by  the  Moors,  Sbout  eight  or  nine  hundred 
years  since  ;  viz.  1  one,  2  two,  3  three,  4  four,  5  five,  6  six, 
7  seven,  8  eight,  9  nine,  0  cipher,  or  nothing.  These  cha- 
racters or  figures  were  formerly  all  called  by  the  general 
name  of  Cifihera  ;  whence  it  came  to  pass  that  the  art  of 
Arithmetic  was  then  often  called  Gfihering.  Also  the  first 
nine  are  called  5!rj7t(/Ecan/ i^t|r<irff«,  as  distinguished  from  tho 
cipher,  which  is  of  itself  quite  insignificant. 

Besides  this  value  of  those  figures,  they  have  also  another 
l^hich  depends  on  the  place  they  stand  in  when  joined  toge* 
ther }  as  in  the  following  table : 

Unifs 


I 


I 
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9 

i  ^ 


e 


i 


o      5    2    3     3     8    fi    I     i    I 

I  Sec      98765^321 

''•T6543       2 

8  7       6       5       4       3 

9  8       7       6       5       4 
9       8       7       6       5 

9       8       7       6 
h  9       8       7 

I  9       8 

9 


Here  aBy  figure  in  the  first  place,  reckoning  from  right  to 
left,  denotes  only  its  own  simple  yalue ;  but  that  in  the 
second  place,  denotes  ten  times  its  umple  value ;  and  that  in 
the  third  place,  a  hundred  times  its  simple  value  ;  and  so  on : 
the  valne  of  any  figure,  in  each  successive  place,  being  always 
ten  times  its  former  value. 

Thus,  in  the  number  l4^96,  the  6  m  the  first  place  denotes 
*  only  six  units,  or  simply  ux  ;  9  in  the  second  place  signifies 

nine  tens,  or  ninety  ;  7  in  the  third  place,  seven  hundred ; 
and  the  I  in  the  fourth  place,  one  thousand :  so  that  the 
whole  number  is  read  thus,  one  thousand  seven  hundred  and 
nSnety-six. 

As  to  the  cipher,  0,  though  it  signify  nothing  of  iUelf,  yet 
being  joined  on  the  right-hand  side  to  other  figures,  it  in- 
creases their  value  in  the  same  ten-fold  proportion  :  thus,  5 
signifies  onlv  five ;  but  50  denotes  5  tens,  or  fifty ;  and  500  is 
five  hundred ;  and  so  on. 

For  the  more  easily  reading  of  large  numbers,  they  are 
ffivided  into  periods  and  half-periods,  each  half-period  con- 
sisting of  three  figures;  the  name  of  the  first  period  being 
units ;  of  the  second,  nullions ;  of  the  third,  millions  of 
millions,  or  bi-millions,  contracted  to  billions :  of  the  fourth, 
numonsof  nullions  of  millions,  or  tri-millions,  contracted  to 
trillions,  and  so  on.  Also  the  first  part  of  any  period  is  so 
xnany  units  of  it,  and  the  latte  r  part  so  many  thousands. 

The 


6  ARITHMETIC. 

The  following  Table  contains  a  summary  of  the  ¥riiole 
doctrine. 


...»  ■* 


j  Periods.  Quadrill.;  Trillions;  Billions;  Millions ;  Units, 


Half-per. 


Figures. 


th.  uo.      th.  un.     th.  un.      th.  un.*     th.  un. 


123,456;  789,098;  765,432;  101,234;  567,  890. 


NuMKRATioM  is  the  reading  of  any  num^f  in  words 
that  is  proposed  or  set  down  in  figures;  which  will  be  easily 
done  by  help  of  the  following  rvJ^y  deduced  from  the  fore- 
going tablets  tfid  observations-^viz. 

Divide  the  figures  in  the  proposed  number,  as  in  the  sum- 
mary above,  into  periods  and  half  periods  ;  then  begin  at  the 
left-hand  side,  and  read  the  figures  with  the  names  set  to 
them  in  the  two  foregoing  tables. 

SXAMPLSS. 

Express  in  words  the  following  numbers ;  viz. 

34  15080  13405670 

96  72003  47050023 

180  109026  309025600 

304  483500  4723507689 

6134  2500639  274856390000 

9028  7523000  6578600307024 

Notation  is  the  setting  down  in  figures  any  number  pro- 
posed in  words ;  which  is  done  by  setting  down  the  figures 
instead  of  the  words  or  names  belonging  to  them  in  the  sum-* 
maiy  above ;  supplying  the  vacant  places  with  ciphers  where 
any  words  dp  not  occur. 

EXAMPLES. 

Set  down  in  figures  the  fi)llowing  numbers  ; 
Fifty-seven. 

Two  hundred  eighty-six. 
Nine  thousand  two  hundred  and  ten. 
Twenty-seven  thousand  five  hundred  and  ninety-four. 
Six  hundred  and  forty  thousand,  four  hundred  and  eighty-one. 
Three  millionS|  two  hundred  sixty  thousand,  one  hundred 

and  six. 

Four 
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Four  hundred  and  eight  millions,  two  hundred  and  fifiy-five 
thoU9aad»  one  hundred  end  mnety-two. 

Twenty -seven  thousand  and  eight  millions^  ninety-six  thou- 
sand two  hundred  and  four. 

Two  hundred  thousand  and  five  hundred  and  fifty  millions^ 
one  hundred  and  ten  thousand,  and  sixteen. 

Twenty-one  billions,  eight  hundred  and  ten  millions,  sixty- 
four  thousand,  one  hundred  and  fifty. 

Of  the  Roman  Notation. 

The  Romans,  like  several  other  nations,  expressed  their 
numbers  by  certain  letters  of  the  alphabet.  The  Romans 
used  only  seven  numeral  letters,  being  the  seven  following 
capitals  :  viz.  I  for  one  ;  V  forjlve ,-  X  for  ten  ;  L  for  Jijiy  ; 
C  for  an  hundred  $  D  iov  Jive  hundred  i  M  for  a  thousand. 
The  other  numbers  they  expressed  by  various  repetitions  and 
combinations  of  these,  after  the  following  manner  : 
1  ^=1 

3  =  II  As  often  ap  any  character  is  re- 

3  =  III  peated,  so  many  times  is  its 


4  =  IIII  or  IV 

5  =V 

6  =  VI 

7  =  vn 

8  *  VIII 

9  =IX 

io  =  x 

50  =L 
100  =  C 
SCO  »  D  or  lO 

1000  *s  M  or  CIO 
2000  =9  MM 


value  repeated. 

A  less  character  before  a  great- 
er diminishes  its  value. 

A  less  character  after  a  greater 
increases  its  value. 


5000  =  V^or  100 
6000  =  VI 
lOOOO  =  X  or  CCIOO 
50000  =  Lor  lOOO 
60000  =LX 

lOQOOO  _  C  or  CCCIOOO 
lOOOOOO  =  M  or  CCCCI0300 

2000000=  MM    -^ 
Sec.  &c. 


For  every  o  annexed,  this  be- 
comes 10  times  as  many. 

For  every  C  and  0,  placed  one 
at  each  end,  it  becomes  10 
times  1^8  much. 

A  bar  over  any  number  in- 
creases it  1000  fold. 


EXPLA- 
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Explanation  or  cb&tain  CHAEACTsms. 

There  are  varioas  characters  or  marks  used  in  Arithmetic^ 
uid  Algebra,  to  denote  several  of  the  operations  and  propoai- 
tiona  ;  the  chief  of  which  are  as  follow : 

+  signifies  /Utu^  or  addition. 
—    -    -     minify  or  subtraction. 
X  or.  -     multiplication, 
•f*    -    *     division. 
:  ::  :    -,    proportion. 
=    -    -  -  equality. 
>/    -    -     square  root 
V'     -    -      cube  root,  kc. 

03    •    -     diff.  between  two  numbers  when  it  is  not  known 
which  is  the  greater. 


Thus, 

5  +  3|  denotes  that  3  is  to  be  added  to  5. 

6  —  2,  denotes  that  3  is  to  be  taken  from  6. 

7  X  3,  or  7  •  3,  denotes  that  7  is  to  be  multiplied  by  S. 
8-2-4,  denotes  that  8  is  to  be  divided  by  4. 

3 :  3  : :  4 : 6,  shows  that  2i8to3as4isto6. 
6+4=10,  shows  that  the  sum  of  6  and  4  is  equal  to  10. 
y  3,  or  3},  denotes  the  square  root  of  the  number  3. 
^  5,  or  5^,  denotes  the  cube  root  of  the  number  S. 
7*,  denotes  that  the  number  7  is  to  be  squared. 
8>,  denotes  that  the  number  8  is  to  be  cubed. 
&c. 


OF  ADDITION. 

AnniTiON  is  the  coUecUng  or  putting  of  several  numbers 
together,  In  order  to  find  their  ^umj  or  the  total  amount  of  the 
whole.    This  is  done  as  follows : 

Set  or  place  the  numbers  under  each  other,  so  that  each 
figure  nvLy  stand  exactly  under  the  figures  of  the  same  value, 

that 


ADDITION.  9 

that  Uj  waita  under  unitSftenB  under  tais»  bimdreds  under 
kundreds*  tec.  and  draw  a  line  under  the  lowest  number^  to 
separate  the  given  numbers  from  their  sum^  when  it  is  found. 
•^Then  add  up  the  figures  in  the  column  or  row  of  units, 
and  find  how  many  tens  are  contained  in  that  sum^— Set« 
down  exactly  below  what  remains  more  than  those  tens,  or 
if  nothing  remains,  a  cipher,  and  carry  as  many  ones  to  the 
next  row  as  there  are  tens.-— Next  add  up  the  second  row, 
together  with  the  number  carried,  in  the  same  manner  as-  the 
first.  And  thus  proceed  till  the  whole  is  finbhed,  setting 
down  the  total  amount  of  the  last  row. 


To  PROTs  AnniTioN. 

Fir^t  JMSrrAoc/.— Begin  at  the  top,  and  add  together  all  the 
rows  of  numbers  downwards ;  in  the  same  manner  as  thejf 
were  befiH«  added  upwards  ;  then  if  the  two  sums  agree,  it 
may  be  presumed  the  work  is  right. — This  method  of  proof 
b  only  doing  the  same  work  twice  over,  a  little  yaried* 

Second  Method, — Draw  a  line  below  the  uppermost  number, 
and  suppose  it  cut  off. — Then  add  all  the  rest  of  the  numbers 
together  in  the  usual  way,  and  set  their  sum  under  the  num- 
ber to  be  proved.— Lastly,  add  this  last  fiound  number 
and  the  uppermost  line  together  ;  then  if  their  sum  be  the 
same  as  that  found  by  the  first  addition,  it  may  be  presumed 
the  work  is  right.^-This  method  of  proof  is  founded  on  the 
pfadn  axiom,  that  *^  The  whole  is  equal  to  all  its  parts  taken 
together/ 


» 


Tfdrd  method^'^hdA  the  figures  in 
the  uppermost  line  together,  and  find 
how  many  nines  are  contained  in 
their  sum. — Reject  those  nines,  and  3497     j|     5 

set  ^wn  the  remainder  towards  the    -       6512     a     5 
right-hand  directly  even    with  the  8395    ^     6 

figures  in  the  line,  as  in  the  annexed  '^ 

example.-— Do,  the  same  with  .each 
of  the  proposed  lines  of  numbers,  set- 
ting all  these  excessesof  nines  in  a  co- 
lumn on  the  right-hand,  as  here  5,  5, 6.  Then,  if  the  excess 
erf*  9*8  in  this  sum,  found  as  before,  be  equal  to  the  -excess 
of9's  in  the  total  sum  18304,  the  work  is  probably  right.— 
Thus,  the  sura  of  the  right-hand  column,  5,  5,  6,  is  16,  the 
excess  of  which  above  9  is  7.     Also  the  sum  of  the  figures  in 

Vol.  I.  C  the 


EXAMPLE  I. 

3497 

6512 

8395 

18304 

10 
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the  sum  total  1S504,  is  \€y  the  excess  of  which  above  9  Is 
also  7y  the  same  as  the  former*. 


OTRSB  EJiAHPLES. 

3. 

3. 

4. 

19345 

12S45 

13345 

67890 

67690 

876 

98765 

9876 

9087 

43310 

643 

56 

13345 

31 

334 

67890 

9 

1013 

303445 


90684 


33610 


390100 


78339 


11365 


303445 


90684 


33610 


*  This  method  of  proof  depends  on  a  property  of  the  uunber  9, 
^'hich  except  the  number  3,  belongs  to  no  other  digit  whatever; 
namely,  tliat  <*  any  number  divided  by  9,  will  leave  the  same  i-emainder 
asthelButt  of  its  figures  or  digits  divided  by  9  .*"  which  may  be 
demonstrated  in  this  msnner. 

Demofutration.  Let  there  be  any  number  proposed^  as  4658.  Hus* 
separated  into  its  seversl  parts,  becomes  4000  +  600  +  ^0-4-8.  But 
40OO=n:4X  1800«4X(999+l)«4x999+4.  In  like  man- 
ner  600  =  6  X  99  +  6  »  and50  =s  5  X  9  +  5.  Therefore  the  given 
number  4658  *=  4  X  999  + 4 +6  x  9«+  6  +  5x  9  +  5+8=4 
X  999+6x99  +  5x9  +  4  +  6  +  5  +  8;  and  4658  ^9=»(4x 
999 +  6X99  +  5X9 +  4  + 6+5 +  8) +  9.  But  4 X  999  +  6 
X  '99  +  5  X9  is  evidehtly  divisible  by  9,  without  a  remainder ;  there* 
fore  if  the  given  number  4658  be  divided  by  nine«  it  will  leave  the 
same  remainder  as4  +  6  +  5  +  8  divided  by  9.  And  the  same,  it  is 
evident,  will 'hold  for  any  other  number  whatever. 

In  like  maimer,  the  same  property  mav  be  shown  to  belong  to  the 
number  3  ;  but  the  preference  is  usually  given  to  the  nui&ber  9,  on 
account  of  its  being  more  convenient  in  practice. 

Now,  from  the  demonstration  above  given,  the  reason  of  the  rule 
itself  is  evident :  for  the  excess  of  9*8  in  two  or  more  numbers  being 
taken  separately,  and  the  excess  of  9*8  taken  also  out  of  the  sum  of 
the  former  excesses,  it  is  plain  that  this  last  excess  must  be  equal  to 
the  excess  of  9's  contained  in  the  total  sum  of  all  these  numbers ;  all 
the  P<^s  taken  together  being  equal  to  the  whole  <—»-This  rule 
was  nrst  given  by  Doctor  Wsllis  in  his  Aritlimetic,  published  Ii 


year  1657. 


in  the 
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SUBTRACTION.  u 

Ex.  5.  Add  3436  ;    9034;    5106;    8890;  1304,  together. 

Abb.  t27650. 

6.  Add  509267  ;  335809  ;  73930  ;  8398  ;  430;  31  ;  and  9, 
together.  Ant*  836838. 

7.  Add  3;  19;  817;  4398;  50916;  730305;  9180634, 
together.  Ans.  9966891 . 

8.  How  OMny  days  are  in  the  twelve  calendar  months  ?     « 

Ans.  365. 

9.  How  manj  days  are  there  from  the  15th  day  of  April  to 
the  34th  day  ot  November,  both  days  included  ?        Ans.  334. 

10.  An  army  consisting  of  53714  in&ntry*,  or  foot,  5110 
horse,  6350  dragoon^  3987  lightrborse,  938  artillery,  or 
gunners,  1410  pioneers,  850  «ap|iars,  and  406  miners :  what 
is  the  whole  number  of  men  ?  Ans.  70995. 


OF   SUBTRACTION. 

SuBTBAcnoN  teaches  to  find  how  much  one  number 
exceeds  another,  called  their  differ ence^  or  the  remainder^  by 
taking  the  less  from  the  greater.  The  method  of  doing  which 
is  as  follows  : 

Place  the  less  number  under  the  greater,  in  the  same  man- 
ner as  in  Addition,  that  is,  units  under  units,  tens  under  tens, 
and  so  on  ;  and  draw  a  line  below  them. — Begin  at  the  right- 
hand,  and  take  each  figure  in  the  lower  line,  or  number,  from 
the  figure  above  it,  setting  down  the  remainder  below  it. — 
But  if  the  figure  in  the  lower  line  be  greater  than  that  above 
it,  first  borrow,  or  add,  10  to  the  upper  one,  and  then  take 
the  lower  figure  from  that  sum,  setting  down  the  remainder, 
and  carrying  I,  fot  what  was  borrowed,  to  the  neiLt  lower 
figure,  with  which  proceed  as  before  ;  and  so  on  till  the 
whole  is  finished. 


*  The  whole  boidy  of  foot  soldiers  is  denoted  by  the  word  Jnfantry  / 
I  and  all  those  that  charge  on  horseback  by  the  word  Cavalr y.-^Somc 

Mithors  conjecture  that  the  term  infantry  is  derived  from  a  certain  In- 
!  ,    fiinta  of  Spam,  who,  6ndin£^  that  the  array  commanded  by  the  king^  her 

father  had  been  defeated  by  the  Moors,  assembled  a  body  of  the  peu- 
pie  together  on  foot,  with  which  she  engaged  and  totally  routed  the 
enemy.  In  honour  of  this  event,  and  to  disUn^ish  the  foot  soldiers, 
who  were  not  before  held  in  much  estimation,  they  received  the  name 
of  Infantry,  from  her  own  title  of  Infanta. 

To 
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To  PROVB  SUBT&ACTIOK. 

Abd  the  remainder  to  the  less  number,  or  that  which  is 
just  above  it ;  and  if  the  sum  be  equal  to  the  greater  or  upper- 
most nuraber,  the  work  is  right*. 


1. 
From  5386427 
Take  2164315 


SXAMPLKS. 

S. 

From  53864?7 
Tile  t258793 


3. 
From  1334567 
Take     702973 


Rem.  3222112 


Rem.  1127635 


Rem.     531594 


Proof.  5386427 


Proof.  5386427 


Proof.  1234567 


4.  From  53318^6  take  5073918. 

5.  Fi-om  7020974  take  2766809. 

6.  From  8503602  take  574271. 


Ans.  257888. 
Ans.  4254165. 
Ans.  7929131. 


7.  Sir  Isaac  Newton  was  bom  in  the  year  1642,  and  he 
died  in  1727 :  how  old  was  he  at  the  time  of  his  decease  ? 

Ans  85  years. 

8.  Homer  was  bom  2543  years  ago,  and  Christ  1810  years 
ago :  then  how  long  before  Christ  was  the  birth  of  Homer  I 

Ans.  733  years. 

9.  Noah's  flood  l^ppened  about  the  year  of  the  world  1656, 
and  the  birth  of  Christ  about  the  year  400o  :  then  how  long 
was  the  flood  before  Christ  ?  Ans.  2344  years. 

10.  The  Arabian  or  Indian  method  of  notation  was  first 
known  in  England  about  the  year  1150:  then  how  long  is 
it  since  to  this  present  year  18 10  ?  Ans.  660  years* 

11.  Gunpowder  was  invented  in  the  year  1330  :  then  how 
long  was  this  before  the  invention  of  printing,  which  was 
in  1441  ?  Ans.  1 1 1  years. 

1 2.  The  mariner's  compass  was  invented  in  Europe  in  the 
year  1302:  then  how  long  was  that  before  the  discovery  of 
America  by  Columbus,  which  happened  in  1492  ? 

Ans.  190  years. 


*  The  reasoB  of  this  method  of  proof  is  evident ;  for  if  the  difler- 
enc«  of  two  numbers  be  added  to  the  less,  it  must  manifestly  make  up 
a  sum  equal  to  the  neater. 

OF 
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OF  MULTIPLICATION. 

Multiplication  is  a  compendious  method  of  Addition, 
teaching  how  to  find  the  amount  of  any  given  number  when 
repealed  a  certain  number  of  times ;  as,  4  times  6,  which 
is  34. 

The  number  to  be  multiplied,  or  repeated,  is  called  the 
Multift&cand. — The  number  you  muldply  by,  or  the  number  of 
repetitions,  is  the  MuMpUer.^^MiA  xh^  number  found,  being 
the  total  amount,  is  called  the  /'roc/tt^r.— Also,  both  the 
multiplier  and  multiplicand  are,  in  general,  named  the  7Vrm« 
•r  FacmrM. 

Before  proceeding  to  any  operations  in  this  rule,  it  is  ne- 
cessary to  ieamoff  very  perfectly  the  following  Table,  of  all 
the  products  of  the  first  12  numbers,  commonly  called  the 
Multiplication  Table,  or  sometimes  Pythagoras's  Table,  from 
iulnyeDtor. 


Multiplication  Table. 


■ 


1 

2 

3    4 

5. 

6 

r 

14 

2L1 
28 
35 

<  8 

1  9 

1  10 
20' 

"so". 

40 
50  I 
60| 
70; 

« 

80  1 

90 

100 

110 

120 

11 

12  1 

2 

4 

6   b 

9   i  12 

1 

10 
15 

12 
18 
24 
30 

16  i  18 
24  j  27 
32   36 
40   45 

22  )  24 
33   36 
44.  48 
55      60 

t 

66      72 
77  \    84 
88  1  96 
99  1108 

3 

6 

4 
5 

8 

> 

10 

12  1  16 

15  1  20 

1 

18  i  24 
21  j  28 
24  1  S2 
27   36 
30   40 

20 
25 
30 

6 

7 

r 

12 
14 
16 
18 
20 

36 

42 
49 
56 
63 
70 

48 
56 
64 
72 
80 

54 

63 
72 
81 
"90" 
99 
108 

35 
40 
45 

50 

42 

48 

54 

IT 

8 
9 

10 

110 
121 
132 

120 
132 

11 

22 

:  ,4 

33  '  44 
36  !  48 

55 

66 

77 
!  84 

88 
96 

12 

i  60 

72 

r* 
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To  multifily  any  Given  Mtmber  by  a  Single  Figure^  or  6y  any 

Jfumber  not  more  thmn  12. 

*  Set  the  multiplier  under  the  units  figure,  or  right-hand 
place,  of  the  multiplicand,  and  draw  a  line  below  it.-— Tlien 
beginning^  at  the  ri^ht-hand,  multiply  every  figure  in  this  by 
the  multiplier. — Count  how  many  tens  there  are  in  the  pro- 
duct of  every  single  figure,  and  set  down  the  remainder  di- 
rectly under  the  figure  that  is  multiplied;  and  if  nothing 
remains,  set  down  a  cipher. — Carry  as  many  units  or  ones  as 
there  are  tens  counted,  to  the  product  of  the  next  figures  j 
and  proceed  in  the  same  manner  uil  the  whole  is  finished* 


KXAMPLB. 

Multiply  9876543210  the  Multiplicand. 
By      -     -      -     -     2  the  Multiplier. 

19753086420  the  Product. 


To  multifily  by  a  Mtmber  conmting  t^  Several  Figures. 

t  Set  the  multiplier  below  the  multiplicand,  placing  them 
as  in  Addition,  namely,  units  under  units,  tens  under  tensf  &c. 
drawing  a  line  below  it. — Multiply  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier,  as  In  the  last  airticle  ; 

setting 


5678 
*  The  resson  of  this  rule  is  the  tsnie  as  for  4 

the  proeess  in  Addition,  in  .which  1  is  car- 
ried for  every  10»  to  the  next  place,  gra- 
dually as  the  aeveral  products  are  produced 
one  after  another,  instead  of  setting  them 
all  down  one  below  each  other,  as  in  the  an- 
nexed example. 


t  After  having  found  the  produce  of  the  multiplicand  by  the  first 
figure  of  the  multiplier,  as  in  the  former  case,  the  multiplier  is  sup- 
posed to  be  divided  into  parts,  and  the  product  is  found  for  tlie  second 
figure  in  the  same  manner :  but  as  this  figure  stands  in  tlie  place  of 
tens,  the  product  nnist  be  ten  times  its  aimple  vidtie ;  and  therefore  the 
first  figtue  of  this  product  must  be  set  in  the  place  of  teoi »  or^  which 

is 


32 

-   8 

X 

4 

280 

^    70 

X 

4 

2400 

«  600 

X 

4 

20000 

s:5000 

X 

4 

22712 

==5678  X 

4 

'  f 
I 


1 1 

ii 

I 
'  I 

i 
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MULTIPLICATION.  is 

setting  down  a  line  of  products  for  each  figure  in  the  muld- 
ptier,«o  as  that  the  first  figure  of  each  line  may  stand  straight 
under  the  figure  DMikiplytng  by. — Add  all  the  lines  of  pro- 
ducts  together,  in  tiie  order  as  they  stand,  and  their  sum  will 
be  the  answer  or  whole  product  required. 


To  PROYB  Multiplication. 

There  are  three  differept  ways  of  proving  Multiplicationj 
which  are  as  below  : 

lirat  Method^^M^ke  the  multiplicand  and  multiplier 
change  places,  and  multiply  the  latter  by  the  former  in  the 
same  maimer  as  before.  Then  if  the  product  found  in  this 
way  be  the  same  as  the  former,  the  number  is  right 

Second  Method. — ^*Cast  al)  tlie  9's  out  of  the  sum  of  the 
figures  in  each  of  the  two  fiictors,  as  in  Addition,  and  set 
down  the  remainders.  Multiply  these  two  remainders 
together,  and  cast  the  9's  out  oT  the  product,  as  also  out  of 


Uthe  ammething,  directly  under  the  figure  moltiplied  by.    And  pro- 
.  eeeding  in  thit  manner  lepa- 

I  nxtiy  with  all  the  figures  of 

I  the  multiplier,  it  is  evident        1234567    the  multiplicand. 

that  we  abaU  multiply  sll  the  4567 

^?  pans  of  tbe  multiplicand  by 

I    ■  .K  ■■         a1 A.   _  _  Jl  ^   t_      _  1  ^  * 


^  all  the  parts  of  the   multi-        8641969=      7  times  the  mult 

!i  plier,  or  the  whole  of  the      7407402  «=    60  times  ditto. 

;;  mu'tiplicsnd  by  the    whole    6172335    ■=»  500  times  ditto. 

I  af  the  multiplier:  therefore  493^268      «s4000  times  ditto, 

these  several  products  being  — i.*-^— -»     •_ 
added  together, wlU  be  equjJ  5638267489»4567  timea  ditto. 

I  lothe  whole  required   pro-  ■■■. 

duct ;  as  in  the  example  an- 
nexed. 

•  This  method  of  proof  is  derived  from  the  peculiar  property  of  tlie 
number  9,  mentioned  in  the  proof  of  Addition,  and  the  reason  for  the 
I  ope  may  serve  for  that  of  the  other.    Another  more  ample  demonatra- 

^  tion  of  ibis  riUe  may  be  as  follows :— Let  P  and  Q  denote  the  number 

of  9's  m  the  factors  to  be  multiplied,  and  a  and  h  what  remain  ;  then  9 
P+a  and  9  Q-f  6  will  be  the  numbers  themselves,  and  their  product  ia 

(9Px9Q)  +  (9PxA)  +  (9QXa)  +  (aXA);buttheSr8tth«» 
ot  thesepr(Hiucta  are  each  a  precise  number  of  9's,  because  their  fac- 
tors are  so,  either  one  or  both :  these  therefore  being  cast  away,  there 
feraains  only  a  x  ^  ;  and  if  the  9's  also  be  cast  out  of  this,  the  ezoesa 
a  the  excess  of  9's  in  tlie  total  product :  but  a  and  ^  are  the  ex- 
cesses m  the  factors  themselves,  and  a  X  6  ia  their  product ;  therefora 
the  rule  is  true. 


the 
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the  whole  product  or  answer  of  the  question*  reservnip  the 
remainders  of  these  last  two,  which  remainders  must  be  equal 
when  the  work  is  rightw— JVbre,  his  common  to  set  the  four 
remainders  within  the  four  angular  spaces  of  a  croasi  as  in  the 
example  below. 

Third  Method, — Multiplication  is  also  very  naturally 
proved  by  Division ;  for  the  product  divided  by  either  of  the 
factors,  will  evidently  gite  the  other.  But  this  cannot  he 
practised  till  the  rule  of  Division  is  learned. 


BXAICPLSS. 

Mult.  3542 
by        6196 

Proof: 

or  Mult  6196 
by        3542 

21353 
31878 
3542 
21252 

X 

12392 
34784 
30980 
18588 

31946233  Product 

21946333  Proof. 

OTHER  BXjLMPLXS. 


Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 


133456789 

133456789 

123456789 

123456789 

123456789 

123456789 

123456789 

133456789 

123456789 

303914603 

273580961 

403097316 

82164973 

7564900 

8496427 

2760325 


by  3.  Ans. 

by  4.  Ans. 

fay  5.  Ans. 

by  6.  Ans. 

by  7.  Ans. 

by  8.  ^  Ans. 

by  9.  Ans. 

by  11.  Ans. 

by  13.  Ans. 

by  16.  Ans. 

by  23.  Ans. 
by  195.    '  Ans. 

by  3027.  Ans. 

by  579.  Ans. 

by  874359.  Ans. 

by  37072.  Ans. 


370370367. 

493827156. 

617283945. 

740740734. 

864197523. 

987654312. 

llllllUOl. 

1358024679. 

1481481468. 

4846633648« 

6293363 103. 

78408976620. 

248713373271. 

4380077100. 

7428927415393. 

103330768400. 


CONTRAC- 
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CONTmACTIONi^  IN  MULTIPLICATION. 

L    9Vhen  there  are  Cifiher9  in  the  Factors. 

Ir  the  ciphers  be  at  the  right-hand  of  the  numbers  ;  mul- 
tiplj  the  other  figures  only,  and  annex  as  many  ciphei-s  to 
the  right-hand  of  the  whole  produc^i  as  are  in  both  the  fac- 
tors.F-— When  the  ciphers  are  in  the  middle  parts  of  the  mul* 
tiplier ;  neglect  them  as  before,  *«niy  taking  care  to  place 
the  first  figure  of  eyery  line  of  products  exactly  under  the 
figure  multiplying  with. 

SXAHPLES. 
1.  3. 

Mult  900 1 635  Mult.  390790400 

by      -     70100  by     -       4O600O 


9001635  23443224 

63011445  15628816 


631014613500    Products      15863248J400<X)0 


3.  Multiply  81508600  by  7030.  Ans.  572970308000. 

4.  Multiply  9030100     by  2100.  Ans.   16963210000. 

5.  Multiply  8057069     by  70050.         Ans.  564397683450. 

II.  iVheu  the  multiplier  is  the  Product  of  two  or  more  JVumders 

in  the  Table  ;  then 

*  Multiply  6y  each  of  those  parts  separately,  instead  of 
the  whole  number  at  once. 

EXAMPLES. 

1.  Multiply  51307298  by  56,  or  7  times  8. 

51307^^8 
7 


359151086 
8 

2873208688 


*  The  reaflon  of  this  rule  is  obvious  enough-;  fbr  any  number  mul- 
tiplied by  the  component  pans  of  another,  must  give  the  same  pro- 
duct as  if  it  were  raulti]51ied  by  that  number  at  once.  Thus,  in  the 
1st  example,  7  times  the  product  of  8  by  lie  giw  n  number,  makes  56 
tiroes  the  same  number,  as  plainly  as  7  times  8  makes  S6, 

Vol- I.  D  2.Miil- 
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* 

2.  Muluj^l^  dlV04593     by  96«  Afis.  1141965312. 

3.  Multiply  39753804    by  72.  Ans.  2142273888. 

4.  MuHlplf  1 12^368       by  96.  Afi».  S84323328. 

5.  Multiply   160430800  by  108.  Ans.   17326526400. 

6.  Multiply  61835720     by   1320.         Atift.  81623150400. 

7.  There  wa^  ah  army  tonrflteed  of  104  *  battalions,  eiieh 
consisting  of  stfO  fnen  ^  Jl#lfat  Kraift  the  tttimber  erf  men  coh- 
tained  in  the  irhole  ?  AUb.  52000. 

8.  A  coAvoy  tk  amMtiniticttl  f  htekdj  coriststityg  of  ^so 
waggons,  and  each  vaggofi  botttitiiifitg  S20  lotfres,  having 
been  intercepted  and  taken  by  the  enemy  i  whui  is  tbe  hum- 
ber  of  loayes  lost  ?  Ans.  80000. 


Of  division. 

Division  id  a  kind  of  compendious  method  of  Subtrac* 
tion,  teaching  tb  find  how  often  one  numbed  is  cxMMained  in* 
another, or  may  betiikenoutof  it:  which  is  the  same  thing. 

The  niithber  to  he  ^vided  is  called  the  DMdend. — 
The  numbet  t6  ditide  by,  is  the  iDftrt«Of  .--.And  the  number 
of  times  the  ^vidend  contains  the  diviso^,*  is  called  iht  Quo^ 
tieiit. — Sormetltoes  there  is  a  RemtOndeir  foft»  afu^  the  cliviaion 
is  finished. 

The  usual  manner  of  placing  the  terms,  is,  the  dividend  in 
the  middle,  having  the  divisor  on  the  left  hand,  and  the  quo- 
tient on  the  right,  each  separated  by  a  curve  line ;  as,  t% 
divide  12  by  4.  the  quotient  is  3, 

Dividend  12 

Divisor  4)  12  (3  Quotient;  4  subtr. 

showing  that  the  number  4  is  3  times        •« 
contained   in.  12,   or  may   be  3  times  8 

subtracted  out  of  it,  as  in  the  margin.  4  siibtr. 

%  JRu/e.— Having  placed  Xht    divftor        — 
before  the  dividend,  as  above    direct-  4 

ed,  find  how  often  the  divisor  is  con-  4  subtr. 

tained  in  as  many  figures  of  the  divi*        -^ 
dend  as  are  just  necessary,  and  place  the  0 

number  on  the  right  in  the  quotient.  •*- 

Mul- 


*  A  battalion  is  a  body  of  foot,  consisting  of  500^  or  600,  or  700  men, 
more  or  less. 

t  The  annnunition  bread,  is  that  wfaicli  is  provided  for,  sad  distri- 
buted to,  the  soldiers ;  the  usual  allowaace  being  a  loaf  of  6  pounds  to 
every  soldier,  once  in  4  days. 

^Intliis  Wj^y  the  dm<und  is  resolved  into  parts,  and  by  trial  is 

found 
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Midtiply  tbe  diTiaor  by  lliis  number^  and  set  the  product 
under  the  figures  of  the  dividend  belbre-tnentioned.-*Sub- 
tract  thb  product  ^ni  that  part  of  the  dividend  under  which 
it  stands^  ^nd  bring  dovn  th.e  next  figure  of  the  dividend,  or 
more  if  necessary,  to  jof  n  on  the  right  of  the  remainder.— -Di- 
vide thisnumber,  so  iQcreaaed,  in  the  same  manner  as  before  ; 
and  so  oo  till  all  the  figures  are  binug)it  dovn  and  us^d. 

M  B.  If  it  be  necessary  to  bring  down  more  figures  than 
one  to  ^y  remauyi^r,  in  order  to  make  it  as  large  as  the 
diviser^  or  larger,  a  cipher  must  be  set  in  the  quotient  for 
^very  figtire  so  brought  down  more  than  one. 


To  PROVB  Division. 

*  MvLTiPLT  the  quotient  by  tlie  divisor ;  to  this  product 
add  the  remainder,  if  there  be  any ;  then  the  sum  will  be  equal 
to  the  dividend  when  the  work  is  right. 


foQDd  how  often  the  divisor  is  contained  in  each  of  those  parts,  one 
tfber  another,  arvaiiging  t^e  several  figures  of  the  quotient  one  after 
another,  into  one  number. 

Vhen  there  is  ne  ressainder  to  a  difision,  <fac  auoiintt  is  the  viiole 
wd  perfect  answer  to  the  question.    But  when  .there  is  ik  remainder, 
it  gees  so  much  towards  snother  time,  ss  it  ippr^QAches  t9  ,th,e  ^ivisor ; 
90,  if  the  ^m^nder  te  half  the  divisor^  it  wijj  go  the  hs)f  of  a  tine 
.     .  More ;  if  tbe  4|J^  part  of  the  divisor^  it  will  go  one  fourth  of  a  time 

BMire ;  and  so  on.  Therefore,  to  complete  the  quotient^  set  the  re- 
mainder at  the  end  of  it,  above  a  small  line,  and  the  divisor  below  it, 
thns  (Sanaing  a  fractional  part  of  the  whole  iyiotient. 

*  Tbis  method  of  proof  is  plaif  enough:  ibr  since  the  quotient 
is  th<e  number  of  times  the  dividend  comains  the  divisor,  the  Quo- 
tient multiplied  by  the  divisor  miist  evidently  be  equal  to  tbe  oivi- 
dend. 

Iheie  are  also  several  odier  methods  sometimes  used  for  proving 
I  ^visusvp  son^  of  the  jnoft  us^ul  of  which  f^.as  ^Ilow  : 

Secftfd  Methodr^iihtrM/ct  the  remainder  from  the  dividend  ;  and 

^nde  wh^  is  left  by  the  quotient ;  so  shall  the  new  quotient  from 

d^  last  division  be  equal  to  the  former  divisor,  when  the  work  is 

right 

Third  Mtthod.'^I^  ta^pe^li^the  ceiip#in4cr  and  all  the  products  of 

i  the  several  quotient  figures  by  the  divisor,  according  to  the  order  in 

r  ^shjiich  they  stand  in  the  w^r^ ;  and  the  sum  will  be  equal  to  the  divi* 

^  dendwl^entheworkisrligbt 
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EXAMPLES. 

1 

1. 

3)  1234567 
12 

Quot. 
(^11522 
mult.  3 

37) 

2. 
12345678 

in 

124* 
111 

135 
HI 

246 
222 

Quot. 

(333666. 

37 

3 

3 

1234566 
add  1 

2335662 
1000998 
rem  36 

4 

1234567 
Proof. 

Z    - 

12345678 

15 
15 

Proof. 

6  . 
6 

1 

247 

222 

7 
6 

« 

258 

222 

Rem.  1 

Rem.  36 

k 

3.  Divide  73146085  by  4. 

4.  Divide  5317986027  by  7. 

5.  Divide  570196382  by    12. 

6.  Divide  7-4638105  by  37. 
,7.  Divide   1378^6254  by  97. 
8.  Divide  35821649  by  764. 
9    Divide  72091365  by  52ul. 


Ans-    18286524. 
Ans.  7697)2289^, 
Ans.  47516366^. 
Ans.  2017246.^^. 
Ans     14J 16  !(>!«. 
Ans.  46886jf|. 
Ai«.  1386l^'^«j\. 
Ans    8U496fj.|0|. 


10.  Divide  4637064283  by  57606. 

11.  Suppose  471  men  are  formed  into  ranks  oi  3  deep, 
what  is  the  number  in  each  rank  ?  Ans.   1 57. 

12.  A  party  at  the  distance  of  378  miles  from  the  head 
quarters,  receive  orders  to  join  their  corps  in  18  days  :  what 
number  of  miles  must  they  march  each  day  to  obey  their 
orders?  Ans.  21. 

13.  The  annual  revenue   of  a   gentleman  being    38330/;' 
how  much  per  day  is  that  equivalent  to,  there  being  365  days 
in  the  year  ?  Ans.  104/. 


Contractions  in  Division." 

There  are  certain  contractions  in  Division,  by  which  the 
operation  in  particular  cases  may  be  performed  in  a  shorter 
manner:  as  follows: 

I.  Divi' 


i 


DIVISION.  21 

I.  Drvitian  by  any  SmuU  Mimbrr,  not  greater  that  12,  may 
be  expeditioosiy  performed,  by  multiplyin{j:  and  subtracting 
mentally,  omitting  to  set  down  the  work,  except  oniy  the 
quotient  immediately  below  the  dividend. 


3)  56103961 
Dt  187013201 

KXAMPLE8. 

4)  52619675 

5)   1379192 

6)  38672940 

7)  81396627 

0 

8)  23718920 

9)  43981962- 

• 
* 

11)  576  4230 

12)  27980373 

It 

II  II.  •  fVhen  Ci/iAers  hre  annexed  to  the  Divisor  ;  cut  off  those 

ciphers  from  it,  and  cut  off  the  same  number  of  figures  from 

\  the  right-hand  of  the  dividend  ;  then  divide  with  the  remain- 

ing figures,  as  usual.  And  if  therejbe  any  thing  remaining 
alter  this  division,  place  the  figures  cut  off  from  the  dividend 
to  the  ri^ht  of  it,  and  the  whole  will  be  the  true  remainder  ; 
otherwise,  the  figures  cut  off  only  will  be  the  remainder. 

EXAMPLES. 

1.  Divide  3704196  by  20.    2.  Divide  31086901  by  7100. 
2,0)  370419,6       71,00)  310869,01  (  4378f  jjj. 

»  284 

Quot.  1852091»  

268 
213 


556 
497 


599 
568 

31 

3.  Divide 


'  *  This  method  is  only  to  tvoid  a  needless  repetition  of  ciphera 
which  would  happen  in  the  common  way.    And  the  truth  of  the 

principle 


n  ARITHMILTIC. 

3.  Divide  7380964  by  23000.  Ao».  330||}^$.  * 

4.  Divide  3304109  by  5800.  Ans.  397||Sf 

III.  Wh€n  the  DiyUor  U  the  exact  Product  of  two  or  more 
qfthe  wmaU  Numbers  not  greater  than  13  :  *  Divide  by  each 
of  those  numbers  separately t  instead  of  the  whole  divisor  at 
once. 

A!  B,  There  are  commonly  several  remainders  in  work- 
ing by  this  rule,  one  to  each  division ;  and  to  find  the  true  or 
whole  remainder,  the  same  as  if  the  division  had  been  per- 
formed all  at  once,  proceed  as  follows :  Multiply  the  last 
I'emainder  by  the  preceding  divisor,  or  last  but  one,  and  to 
the  product  add  the  preceding  remainder  ;  multiply  this  sum 
by  the  next  preceding  divisor,  and  to  the  product  add  the 
next  preceding  remainder ;  and  so  on,  till  you  have  gone 
backward  through  all  the  divisors  and  remainders  to  the  first. 
As  in  the  example  following : 

EXAMPLES. 

•  1.  Divide  31046835  by  56  o«  7  times  8. 

7)  31046135  6  the  last  rem. 


m^m 


$)    4435369-^1  first  reni. 


mult  7  preced.  divisor. 


42 


554407—^6  second  rem*  add    1  the  Utrem. 


Ans.  554407^^  43  whole  rem. 

3.  Divide  7014^96    1^    73.  Ans.  97424|i. 

3.  Divide  5130653    by  132.  Ans.  38868^. 

4.  Divide  83016573  by  240.        ^        Ans.  345903,^ 

principle  on  which  it  is  fousvled,  it  evident ;  for,  cutting  off  the 
same  number  of  ciphert,  or  figures,  from  each,  is  the  same  as  di- 
viding each  of  them  by  10,  or  100,  or  1000,  &c.  according  to  the 
number  of  ciphers  cutoff;  and  it  is  •  evident,  that  as  often  aa  the 
whole  diviaor  ii  contained  in  the  whole  dividend,  so  often  must  any 
part  of  the  former  be  contained  in  a  like  part  of  the  latter. 

*  Tliis  follows  from  the  second  contraction  in  Multiplication,  being 
only  the  converse  of  it  (  for  the  half  of  the  third  part  of  any  thing, 
is  evidently  the  same  as  the  sixth  part  of  the  whole  ;  and  so  of  aAy 
other  numbers.*— The  reason  of  the  method  of  finding  the  whole  re- 
mainder  from  tbe  several  particular  ones,  wiU  best  appear  from  the 
nature  of  Vulgar  fractions.  Thus,  in  the  first  esample  above,  the 
first  remainder  being  1,  when  the  divisor  is  7,  makes  \ ;  this  must  be 
added  to  the  second  remainder,  6^  making  6^  to  the  divisor  8,  or  to  be 
divided  by  8.    But64.  =  6x7+1        43 

43        43  a^;    and  this  divided  by  8 

gives  —  =s  — .  7  T 

7  X  8      «« 

IV.  Common 


ftEOOCTION.  -^      as 


« 


« 


IV.  Common  Diviwrn  may  be  fierformtd  more  concisely ^ 
by  omittmg;  the  acteral  f^roductS)  and  setting  down  only  the  re- 
mainders ;  namely,  multiply  the  ^visor  by  the  quotient  figures 
as  bejbre,  and,  without  setting  down  the  product,  subtract  each 
figure  of  it  frofli  the  dividend,  as  it  is  produced ;  always  re- 
membering to  carry  as  many  to  the  next  figure  as  were  bor- 
rowed before. 

EZAllPLKS. 

'       1.  Divide  3104679  by  833. 

833)  310467^  (  3727^.        * 
6056 
2257 
5919 
B$ 

2.  Divide  79165238  by  238.     Ans.  332627 JU*. 

3.  Divide  29137062  by  5317.     Ans.  5479|f4i. 

4.  Divide  62015735  by  7803.     Ans.  7947f|»|., 


OF  REDUCTION. 

RfebtrcTiON  is  the  chan^g  of  numbers  from  one  tiaftie 

or  denomination  to  another,  without  altering  their  value. 

f  his  is  chiefly  (jottterhed  ih  reducing  money,  weights,  and 
measures. 

Wbeh  the  mimbers  ate  to  be  reduced  ftam  a  higher  name 
to  a  loWer,  it  is  called  Reduction  Descending ;  but  when, 
GoMntlyiiHse,  from  a  lower  name  to  a  higher,  it  is  Reduction 
Ascending, 

Before  proceeding  to  the  rules  and  questions  of  Reduction^ 
it  will  be  proper  to  set  down  the  usual  Tables  of  money, 
weights,  and  measures,  which  are  as  follow : 


Of  MONET,  WEIGHTS,  and  MEASURES. 

1*ABLXS  or  MOVET.* 

2  Farthings  s=  1  Halfpenny  \ 

4  Farthings  =s  1  Fenny        d 

12  F^ice        =:  I  Shilling     s 

20  Shillings    =  I  Pound      £ 


qrs  d 

4=1  9 

48  r=     12  =     1       £ 


960  =s  240  =  20  s  1 

P£NGfc 


.Ali<HMM«^M^MMBMMMMM.Mrtl^a^Ma 


*  £  denotes  pounds.  #  ihUlinsfs,  and  d  denotes  pence. 
i     denotcSi  1  farthing,  or  one  quarter  of  any  thing. 
t    denotes  a  hatfpemiy,  or  the  half  of  any  thing. 
T    denotes  3  farthings,  or  three  quarters  of  any  thing. 


The 


.  ••  <■'!%.  U 


t'\  ^ 

ARITHMETIC. 

• 

PENCE  TABLE. 

SHILLINGS  TAI 

d 

9    d 

9 

d 

20 

is       1     8 

1 

is     12 

30 

—       2     6 

2 

—     24 

40 

—       3     4 

3 

—     S6 

50 

—       4     2 

4 

—     48 

60 

—       5     0 

S 

—     60 

70 

• 

—       5    10 

6 

—     72 

80 

—       6     8 

7 

—     84 

90 

—       7     6 

8 

—     96 

100 

—       8     4 

9 

—   108 

uo 

-^9     2 

10 

—   120 

120 

—     10     0 

11 

—  133 

FEDERAL  MONEt. 


10  Mills  (m) 
10  Cents 
10  Dimes 
10  Dollars 


1  Cent  e 
I  Dime  d 
1  Dollar/) 
1  Eagle  £ 


Standard  Weight*  dwt  gr 
The  Cent  weighs     6  i3  Copper 
Dollar  17     1|  Silver 

Eagle  II     4|Gold 


The  standard  for  Federal  Money  of  Gold  and  Silver  is  1 1 
parts  fine,  and  1  part  alloy. 

A  Dollar  is  equal  to  4«and  M  in  South-Carolina, to  6«  in  the 
New*En gland  States  and  Virginia,  to  7«  and  6d  in  New- 
Jersey,  Pennsylvania,  Delaware,  and  Maryland,  and  to  8«  in 
New- York,  and  North-Carolina. 

Trot 


The  full  weight  and  value  of  the  English  |^ld  and  silver  coin,  ia  as 
here  below : 


Gold. 


Value. 


£   t     d 
A  Guinea  110 

Half-^iinea  0  10  •  6 
Seven  Shill'uigs  0  7  0 
Quarter-guinea  0    5    3 


Weight. 

dvotgr 
5    91 
2  16| 
1  191 

1    sf 


Silver. 

Value. 

Weight. 

M    d 

dwt  gr 

A  Crown 

5    0 

19    8i 
9  16| 

Half-crown 

2  i> 

ShUling 

1    0 

3  21 

Sixpence 

0    6 

I  22i 

The  usual  value  of  gold  is  nearly  4/  an  ounce,  or  2</  a  grain ;  and 
that  of  silver  is  nearly  5«  an  ounce.  Also  the  value  of  any  quantity 
of  gold,  is  to  the  value  of  the  same  weight  of  standard  silver,  nearly 
aa  15  to  1,  or  more  nearly  as  15  and  l-14th  to  1. 

Pure  gold,  free  from  mixture  wiUi  other  metals,  usually  called 
fine  gold,   is  of  so  pure  a  nature,   that  it   will    endure    the   fire 

'without 


i 


TABLED  t*  WEttiHTS. 
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Grains         -        -        marked  jt 

24  Grains  make  1  PennyWeif^fat  dwt 

20  Pennyiceights  1  Ounce  .    oz 

13  Ounces  1  Pound  ib 

By  this  weight  are  weighed  Gold 


gr      dvt 
34:-     1       oz  . 
480       SO=s    1    lb 
5760=:?40=12=l 
)  SilVer^^and  Jewels. 


Apothecaries*  Weight. 

Grains    -     -        marke^jfr 

30  Gnuns  make  -  1  Scruple  ac  or  3 

d  Scruples  -    -  1  Dram    dr  or  x 

8  Drams  .  -    -  1  Ounce    oz  or -J 

12  Ounces    -    -  1  Pound    /dorfc 

gr  it 

30  :=£        1  d^ 

60  =       3=1  oz 

'  480  s:=     34  ss     8  s:      1         id 
i76Q  ss  388  =  96  =  12  =   1 

This  is  th6  same  as  Troy  weight,  only  having  some  differ- 
ed diTisid^.  At>bthecan6^  i^ake  use  of  this  weight  in  com- 
ikrondtiig  their  Medicines ;  but  they  buy  and  ^ell  their  Drugs 
if  AtoMtrpois  weight. 

Avoir- 


t  ^  ^j<  —     f  ■»  *  *^—  *  * 


Without  vstflfaiff ,  though  it  be  kept  continually  melted.  But  silver,  not 
lumng  the  purity  of  gold,  ^ill  not  endure  the  fire  like  it ;  yet  fine 
alver  vUlt  wute  but  a  yery  Ut|le  by  being  in  the  fire  any  moderate 
time  ;  whereat  copper,  tin^  lead,*  &^  wiU  nut  only  waste,  but  may  be 
cafaantd,  or  burnt  to  a  powder. 

Both  gold  and  aUver^in  their  purity,  ore  so  very  8of\  and  flexible 
(like  new  lead,  &c.);  that  they  a^  not  so  useful,  either  in  coin  or 
otherwise-(ezcept  to  beat  into  leif  gold  or  sUver),  as  when  they  are 
'  allayed,  or  mixed  and  hardened  with  copper  or  brass.  And  though 
most  nations  diffetf,  more  or  le&s,  in  the  quantity  of  such  allay,  as  well 
as  in  the  same  place  at  Afferent  tira^s,  yet  in  tlnifland  the  standard  for 
gold  and  inMr  coin  has*  b^^n  fur  a  long  time  as  fd^Uows — viz.  That  22 
parts  of  fyai  gold,  and  2  partA  of  copper,  being  malted  together,  shall 
Ite  esteemed  the  true  standard  for  gold  coin  .*  And  that  tl  ounces  and 
2  pennyweights  of  fine  silver,  ind  18  pennxit'e^hts  of  copperj  h^me 
melted  together,  is  esteemed  the  true  standard  lor  silver  coin,  called 
Sterling  rilv«t.  ^ 

*Thfe  OHi^nid  of  all  weights  used  in  England,  was  a  grain  or 
*B».of  WheSt,  gifthered  out  of  the  middle  of  the  ear,  and,  being 
well  dri^',  92  of  theiii  were  to  make  one  penny  weighty  20  penny- 
weights 

Vol.  I.  E 

* 

*  •  •  ■ 


•• 
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Drams 
16  Drams 
16  Ounces 
28  Pounds 
4  Quarters 


ARITHMSjTIC. 

A^iaDUPOIS  WslGHT. 

marked  dr 
make  1  Ounce  -  -  oz 
-  I  Pound  -  -  /A 
*  1  Quarter  .  -  yr 
I  Hundred  Weight        c)at 

ton 


20  UuD9i;pd  Weight  I  Ton 
*      dr  oz 

16=1  lb 

256  ss         16  =         1         gr  > 

7168  =       448  =      28  =     1         cvft  *  * 

28«r2  =     1792=     112=     4     .      1      ton 
573440  =:  35840  =  2240  =  80  =  20  =  1 

By  this  weight  are  weighed  all  things  of  a  coarse  or  drossy 
nature,  as  Com,  Bread,  Butter,  Cheese,  Flesh,  Grocery 
Wares,  and  some  Liquids  ;  also  all  Metals^  except  Silver  and 
Gold. 

oz  dvft  gr^ 
JVbfgy  that  Mb  Avoirdupois  ==  14  11  15^  Troy, 
loz        -        .      =     0,  18     5i  ^ 

\dr        -        -      =     0     1     3| 

Hence  it  appears  that  the  pound  Avoirdupois  contains  6999^'* 
grains,  and  the  pound  Troy  5760  ;  the  former  df  which  aug- 
mented by  half  a  grain  becomes  7000,  and  its  ratio  to  the  latter^ 
is  therefore  very  nearly  as  700  to  576,  that  is,  as  175  to  i44  ; 
Consequeptly  144  pounds  Avoirdupois  are  very  nearly  equal  to 
1 75  pounds  Troy :  and  hence  we  infer  that  the  ounce  Avoirdu- 
pois is  to  the  ounce  Troy  as  175  to  192. 

Long  Mkasurb. 


3  Barley -^oms  make 

I  Inch 

- 

In 

12  Inches 

1  Foot        ^ 

• 

^t .. 

3  Feet 

1  Yard       - 

m 

Yd" 

6  Feet           r 

1  Fathom  - 

m 

Fth 

5  Yardsandalialf- 

1  Pole  er  Rod 

. 

PI 

40  Poles 

1  Furlong  - 

- 

Fur 

8  Furlongs    - 

1  Mile       - 

- 

mie     - 

3  Miles 

1  League  - 

• 

Lea 

,  '  69|  Miles  nearly     - 

1  JDegree  - 

- 

Deg  or  0. 

weights  one  ounce,  and  12  ounces  one  pound.  But  in  latter  times*  it 
was  thought  sufficient  to  divide  the  same  pennyweight  into  24  equal 
parts,  still  called  grams,  being  the  least  weight  now  in  common  juse  ; 
and  from  thence  the  rest  are  computed,  as  in  the  Tables  abo?e. 

In 


«. 


\      • 
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In 

Ft 

,          • 

12   = 

1 

Yd 

36  = 

3     =s 

1               PI 

198  = 

16}  = 

5}  «        1       Fu% 

7930  = 

660     = 

330  *  =s    .40  :*   1        MiU 

63360  = 

5280     =r 

1760     =  320  =  8  =   J 

Clotb  Measure. 


3  Inches  and  a  quarter  make  1  Nail  -        -  *^^« 

4  Nails         .        .         -         1  Quarter  of  a  lArd  Qr 

3  Quarters   -        -        -         I  Ell  Flemish        -  £  ^ ' 

4  Quarters   -        -        -         l  Yard  -     #-  Yd 

5  Quarters   -        -        -         1  Ell  English         -  ^  ^ 
'4  Quarters  1^  Inch        -         1  Ell  Scotch          -  E  S 


SquARE  Measure. 


■ 

• 

• 

• 

•  144    Squara  Inches  make  1  SqFkxH    ^    Ft 

•     • 

9     Square  Feet      - 

I  SqYard    -     Yd 

30^  Square  Yards    - 

1  SqPole     -    Pole 

1 

40    Square  Poles    - 

1  Rood    ^    '    Bd 

4    Roods 

I  Acre    -    -    Mr 

1 

Sq.  Inc         Sq  Ft 

% 

144  =            1 

Sg  Yd 

1396  sr            9     = 

1           SgPl 

\ 

39304  =       373^  = 

30J  =        1       Ed 

1568160  =   10890     = 

1310     =     40  5=    1       jlcr 

6372640  z=  43560     ^ 

4840     s=   160  =  4  ==    1 

By  this  measure,  Land  9  and  Husbandmen  and  Gardeners' 
work  are  measured ;  also  Artificers'  work,  such  as  Board, 
Glass,  Pavements,  Plastering,  Wainscoting,  Tiling,  Flooring, 
and  every  dimension  of  length  and  breadth  only. 

When  three  dimensions  are  concerned,  namely,  length, 
breadth,  and  d^pth  or  thickness,  it  is  called  cubic  or  solid 
measure,  which  is  used  to  measure  Timber,  Stone,  8cc. 

The  culbic  or  solid  Foot,  which  is  13  inches  in  length  and 
breadth  and  thickness,  contains  1738  cubic  or  solid  mches, 
and  27  solid  feet  make  one  solid  yiffd. 

*  Det 


«; 


oa 


MtIT8M£Tie. 

« 

DvLtf  or  Corn  Mkasube. 

> 

3  Pints  make 

1  Quart 

Qf 

2  Quarts     •- 

I  FotUe 

Pot 

2  Potties 

4  Gallon    '      - 

Gal 

2  Gailons  *  - 

I  Peck 

Fee 

4  Pecks 

1  Bushel 

Bu 

8  Busiiels     - 

1  Quarter 

Qr 

5  Quarters    - 

I  W«y,  Load^  or  Ton 

,      Wey 

2  Weys 

1  Last     -        -.        -  ' 

•   '    iMt 

Pi9 '-      Gaf 

8  =     i 

fee    ^ 

16  :«       2  = 

=       1         Bu 

64  =       8  = 

=      4.  =*     I        Qt 

512  =     64  =; 

p     32  =     8  =      1. 

Wey 

2560  =  320  = 

=    160  e=   40  =     5   = 

I       La^ 

5120  =s  640  = 

=  320  =  80  =   10  = 

2  =   1 

« 


By  this  are  measured  all  dry  wares,  as,  Com,  Seeds,  Roots, 
Fruit,  Salt,  Coals,  Sand,  Oysters,.  8(C. 

^  The  standard  Galloo  diy-measure  cohtsons  268f  cubic  or 
solid  inches,  and  the  Cqrii  or  ^Vinchffster  bushel  2150^  cubic 
inches ;  fpr  the  dim^i^siona  of  the  Winchester  bushel,  by  the 
Statute,  ai^  8.  inches  dee^,  and  ISj-  inches  wide  or  in,diameter. 
But  the  Co&l  bushel  must  be  19^  inches  in  diameter  ;  and  36  ' 
bushels,  heaped  up,  make  a  London,  chaldron  qfi  c^Mds,  the 
T^elght  of  whiphis  31561b  Avdrdupoia. 


Alx  ajud  Bi^ER  MiSASVJiix. 


2  Pints  makp 
4  Quarts 
36  Gallons     - 

1  Barrel  and  a  half 

2  Barrels      - 

3  Hogsheads 
2  Butu 


1  Quart 
1  Gallon      • 
■I  Bai'rel 

1  Hogshead 
1  Punchepn 
I  Butt 
1  Tun 


Gal 

Bar 

Hhd^ 

Pun. 

Butt 

Tun 


Pt9 

2  = 
433   =: 


Qt 


Gal 
4  =       1       Btfr 
144  =      36  =;=   1.         JpKi 
316  =      54=    1|  s:    1       Butt 
864  s>432  =s    108  =  3     =  2  =»    1 


Mhttf  The  Ale  Gallon  contains  383  cubic  gr  solid  inches*      « 


t\bLES  Of  JH^ASUItfiS  AVD  TIME.  ^  %9 


3  Pints  make        -  .7^ 

1  Quart       T    Qt 
\  Qalloa.    -    e<U 

4  QuarU       -         -% 

42  GaikMis      -        - 

,  1  Tierce      -     Tier 

63  Gallons  *or  H  Tierces 

1  Ho]^sh0ftd-    J»kf 

2  Tierces    -        - 

1  Puncheon  -    Pun 

2  Hogheads 

1  Pip^QrButt  Pi 

2  PipeBor4Hhd8 

1  Tun      -    -     nn 

Pu           Qt 

*2  ==          1           Gal 

* 

«  ^.        4  =-p       1      : 

RfT 

V. 

336  =;?      I6«i  ^     49  .« 

f 

^(b<^ 

5^   ?«      35!?   :p=       M   >» 

i) 

m>^  1          JHfH 

«;7!i^  qi=     334  :p:     84  :;=; 

a 

«4.4 1»  L     r 

1008  ^     504  a  1^4  «i 

5 

^  %    :m  \^  m  I      Tnn 

^16  ;k    \0Q&  9  a$9  =3 

f 

w  4     ^1    ^  %  m  \ 

• 

Abftf)  B]^  this  are  mettsnredJ!  att  Wines,  Spirit^  Sireng" 
HMerB,  Cycler,  Mead,  Perry,  ViQegsir,  Oik  Honey,  fcc. 

The  Wine  Gallon  oontaifns  25)  cubic  or  solid  melics.  Af^ 
k  is  remarkable,  that  the  Wine'and  Ale  Gallons  have  the  same 
proportion  to  each  other,  as  the  Tio^  and  Ayoirdupois  Pounds 
have ;  thai  is,  as  one  Pound  Troy%  to  oneiPoun^  Avoirdu- 
pois, so  is  one  Wibe  G^tton  l»  one  Ale  OaUen. 


I                          '^                  Of  TtME. 

1 

« 

60  Seconds  or  60^^  make 

1  Minute    -    ilf  or 

60  Minutes           .        .«        . 

1  Hour        -^  Br 

24  Hours      .... 

I  Day          -    Day 

7  Days        .        .        .        - 

\  Week      .     Wk 

4  Weeks    ...        .  ♦ 

H  Month     -     Mo 

13  McmthsM  Day  6  Hours,  > 
or  365  Days  6  Hours  ^ 

•1  Julian  Year   Yr 

^              See            Mn 

* 

60  9»             I             J& 

» 

3400  ^           40  s«         1 

36400  ^        H40  »       3(4  aft 

1        WJt 

«P4B00  =s      10080  s      168  » 

7.     a    1        M> 

^                  !^419900  =     4P320  =     672  =; 

2ft      :?=    4    =    1 

31557600  s  525960  =   8766  =  365^  ==  X   T^r 

Or 
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Wk  Da  Hr     Mo  Da  Br  ,  x 

Or  51^    1       6=13     I      6  z=,\  JuUanYear 
Da  Hr  M    Sec       %* 
But  365     Sk''  48     48  =  1   S(^r  Tear. 


4    '^ 

4 


RULES  FOR  aEDUCtlON. 


•  '\ 


m 

1.  When  the  Mimberaart  to  be  redudedfrom  a  lEgher  Den^- 

nUnation  to  a^I^ower : 

MULTIPLY  th*' number  in  the  highest  /lenomination  by  as 
many  as  of  the.  next  lower  nfake  an  integer,  ©•  1,  in  that 
higher ;  to  this  product  add  the  number,  if  ai^,  which  was 
in  this  lower  denomination  fj^fsfore,  and  set  down  the  ameunt. 

Reduce  ftiis  ainount  in  likb  manner,  by  multipi|ll|g  it  by 
as  many  as  of  th4next  lowd^  mak«  911  integer  of  tAis^  taking 
in  the  odd  part'fe  of  this  *]owe^,^as  before.  And  so  prociSbd 
through  all  the . denominations,  to  the  lowest;  so  shall  the 
number  last  found  be  the  value  of  all  the  numbers  which 
were  in  the  Higher  denominations,  taken  together.*^ 


'      *         EXAMPLE. 


4 


if  In  1234/  15*  7d,  how  many  feithings  ? 
^      I        s      d 

1234     15     7      ^  ^  ^ 

20     n 


"   H 


24695  Shillings 
12 


296347*Pcnce 
4^         • 


^  Answer  1185388  FAthings. 


«<     % 


u|iiyui5  vuviu  uy  M.a  I  sua  pence  inio  larunnny  ay  muiapxjing  oy  4; 
and  the  reverse  of  tAis  rule  by  Division.— And  the  sune,  it  is  evident^ 
will  be  true  in  the  Redaction  of  numb^  consisting  of  any  denomina- 
tions whaterer.  •        #  • 

XL  When 


e 
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II.  Whin  the  Mtmberg  are  Jo  he  reduced  frvm  a  Lower  De- 

notmnakoji  to  a  Higher  : 

DitIde  tke  ^ven  number  by  as  many  as  of  that  denomi- 
natkm  make  1  of  the  ne^t  higier,  and  set  down^what  remains, 
as  well  as  l^e  quotient. 

^Divide  the  quotient  by  as  many  as  of  tHi?  denomination 
make  1  of  the  next  higher ;  dietting  down  the  new'  quotient) 
and  remainder,  as  before^      "  • 

'  ^  Proceed  in  the  same  manner  through  all  the  denomina- 

tions,  to  the  highest ;  and  the  qu<ltl^nt  l^st  found,  together 

/       with  the  several  remainders,  if  any,  will  be  tf  the  same  value 
as  the  first  ng^ber  proposed.    ' 


; 


^  *» 


^ 


^%  BZAMFLES. 


^Reduce  1185388  faAhings  into  ppun^s,  shillings, and 


pence 


\  ^ 


^1185388 
12)    29.6347  d  ^ 


4 

■* 


2,0)  I  2469,5  s^7d    ^   j,    • 

•  _^ 

I 

Answer  1234/  15«  7d 


3.  Reduce  24/ to  iarthings.*    '  *       .  Ans.  23040. 

4  Reduce  337587  farthings  to  pounds,  &c. 

/Ans.  3§  1/1 3*  01. 
^    5.  How  many  farthings  are  in  36  guineas  ?  Ans.  36288. 

6.  In  36288  farthings  how  many  guineas  ?  *  Ans.  36. 

7.  In  59  lb  13  dwts  5  gj  how  many  grains  ?  Ans.  "    340157. 

8.  In  80 12 131  grains  how  inanypGtinds,  8cc.^ 

'  *"  Ans!  1390  lb  1 1  oz  18  dwt  19  gr 

9.  rt  35'ten  17  cwt  I  qr  231b  7oz  13  dr  how  many  dramj? 
^  -  *  .  .  Ans  20571005. 

10.  How  many  barley-corns  will  fbach  round  the  earth, 
supposing  it,  according  to  the  best  calculations,  to  be  2S0OO 
miles  ?  ^t.  4752000000 

11.  How  many  seconds  are  in  a  solar  |tear,  or  3^5  days 
5  hrs  48  min  48  sec  ?  ^         ^    Ans.  31556928. 

12.  In  a  lunar  month,  or,  29  ds  I2*hr3  44min  3  sec,  how 
many  seconds  ?  ^  Ans.  2551443. 

COM 
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COMPOUND  ADDITION.   ^ 

« 

CoMPouMD* ADDiTtoiff  showi  boW  t6  ftdd  or  collect  severa 
numbers  of  differed  denominations  into  one  sum. 

RuL£.-^Plate  the  mimbers  so,  thtt  thos6  of  th«  uAitt  de- 
nomination tqay  fttand  directly  fhider.each  other,  HM  dmwii 
line  below  them^  Add  up  the  figures  ih  the  bwC«t  dl^ftoliti* 
natit)ti)  ai|dj&ndy  by  Reduttton^  how  many  units,  or  trnts^  jof 
'  the  next  higher  denomination  are  contained  in  thd)*  sufli»>^ 
Set  down  the  remainder  below  its  prdfifcr  ctriuiim^  and  tstfy 
thdse  unlt^  or  ones  to  the  next  d^nominatioh^  whi^h  mW  up 
in  the  same  maimer  as  before.-M-Proceed  thus  through  all  tl^ 
denominations,  to  the  highe^  Whose  sun^  to^thtf  WiUi  tte^ 
several  remaipders,  will  give  the  aniwer  sought^ 

The  meUuxl  of  proof  is  the  same  as  in  Simple  Addition. 


% 

EXAM^tlfcS  Ot  StOHBY. 

'    #4* 

:• 

1. 

2. 

« 

^3. 

^ 

/      9 

a 

.  r  8 

d   . 

/ 

9 

42 

/     * 

d% 

7  13 

3 

14     7 

* 

5.  ^ 

15 

\7 

53   14 

*# 

3     5 

10| 

8  J9 

H 

3 

14 

6 

5   10 

3| 

6  "18 

7 

•     7     8 

li 

23 

6 

2* 

93   U 

6 

0     U 

5| 

2U    2 

9 

14 

9 

** 

7     5 

0 

4-    0 

3    . 

.   ^7-16 

«i« 

15 

6 

4 

13     2 

5 

47   15 

1 

0     4 

3 

6 

12 

9| 

0   H 

7 

39*15 

< 

6i 

— 

# 

3«     2, 

39  15 

H 

1 

• 

5. 

m 

6. 

*     • 

i. 

8. 

I      9 

d 

/     « 

d 

/ 

9 

tf 

/     9 

d 

14     0 

n 

37  15 

8 

61 

3 

21 

472   15 

-3 

8   15 

3 

U  12 

9J 

7 

16 

6 

^i  2 

H 

62     4 

7.  ' 

17  14 

9 

29 

13 

1C| 

27   12 

H 

•  4  \t 

8 

23   10 

^J 

12 

16 

2 

370  1($ 

H 

123     0 

*l 

d     6 

0 

0 

1 

H 

13     *' 

4 

€,  6 

f   • 

14     0 

5i 

24 

13 

0 

6   10 

H 

91     0 

loi 

'  54     2 

4 

5 

0 

!0| 

30     0 

H| 

• 

• 

4 

V 
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<:0MPOUND  ADDITION. 


da 


£ie&M.  9.  A  nobleman^  goin^  out  of  towxi)  is  informed  by 
his-  stewardthat  his  butcher's  bill  comes  to  197/  13«  7\d  ;  his, 
baker*s  to  SV  ^'  ^i^  i  ^i*  brewer's  to  85^  ;  his  wine-mer- 
<  chant's  to  103/  13«;  to  his  com-chandlei:  is  due  75/  Zd;Xo 
.his  tadoW'^cbandler  and  cheesemonger,  ,27/  15«  11^;  and 
to  his  tailor  55/  d«  S^d  j  also^or  rent,  servants'  wages,  and 
other  chargks^  137/3«  :'  Now,  supposing  he  would  Uke  100/ 
with  him  ta*  defray  his  charges  on  the  road,  for  what  sum 

Ans.8dO/ U«6|<{. 


must  he  send  to  his  banker  ? 


10  The  strength  of  a  regiment  of  foot,  of  10  companies, 
and  tne  amount  of  their  subsistence*,  for  a  month  of  30  d«ys, 
according  to  the  annexed  Table,  are  required  \ 


\4 


V 


Numb. 

Kank: 

Subsistence  for 

a  Month. 

/     • 

d 

^     1 

Colonel 

S7     0 

0 

^      1 

LieuteQi^t  Colond 

19  10 

0 

1 

Alajor  "^ 

^             17     5 

0 

,       7 

Captains 

78   15 

0 

U 

Lieutenants 

57   15 

0 

9 

Ensigns 

40   iO 

0 

1 

Chaplain 

7   10 

0 

1 

Adjutant 

4  10 

0 

1 

Quarter-Master 

5     5 

0 

1 

Surgeon 

4  10 

0 

1 

Surgeon's  Mate 

4  10 

0 

30 

Serjeants 

45     0 

0 

30 

Corporals 

30     0 

0 

SO 

Drummers 

^20     0 

0 

3 

Fifers 

2     0 

0 

390 

Private  Men 

1 

292   10 

0 

507  . 

Totol 

656   10 

« .—I 

*  SabsiBteTice  Money,  is  the  money  paid  to  tlie  soldiers  weekly* 
vHich  U  abort  of  their  fall  pay»  because  their  cbothes,  aecoutrementa, 
&c.  are  to  be  acooonted  for.  It  is  likewise  the  money  advanced  to 
officers  till  their  accounts  are  made  up»  which  is  commonly  once 
aycsr,  when  they  are  paid  tlieir  arrears.  The  following  TaUe  sliowa 
the  fiiU  pay  and 'subsistence  of  each  rank  on  the  English  establiah^ 
nent 
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I 

h 


SXASfFLES  OF  WJ&IQHTS9  MSAlVJIKtf  &e. 

TROT  WEIGHT.  APOTHECARIES*  WEIGHT. 

I.  2.  3.  4. 


2b  oz  dwt'  oz  dwt  gr 

17     3     15  37  9     3 

794.  Sts  5     3 

O   10       7  8  12    12 

9     5       0  17  7     8 

176     2      17  *    5  9     0 

23  U      13  3  0   19 


lb  ot  dr  8c 

3     5     7     2 


3 

6 


13  7 

19  10 

0  9      I 

36  3     5 

5  8 


0 
2 
S 
0 
6     1 


oz  dr  sc  g;r 

3  5  1  17 
7  3  2     1 

16  7  0  It 

7  3  2     9 

4  1  2  1ft 
36  4  1    14 


■ 

"  — 

AVjOIROUPOIS  WEIGHT. 

LOKO  MEASURE. 

5. 

6. 

7. 

8. 

lb  oz  'dr 

cwt  qr  lb 

mis  fur  pis 

yds  feet  inc 

^7  10  13 

15     2   \S 

29     3   14 

127     I     5 

5  14     8 

6.     3  24 

19     6  29 

12     2     9 

12     9   18 

*    9     1    14 

7     0  24 

10     0  10 

'»t7     1     6 

V-  9     1   17 

9     I  37 

54     1    U 

0     4     0 

10     2     6 

7     0     3 

5     2     7 

6  14,10 

3     0     3 

4     5     9 

23     0     5 

>       *      CLOTH  MEASURE. 

— -  V 

LAND  MEASURE. 

9 

10. 

11. 

12. 

yds  qrnls 

el  en  qrs  nls 

RC  ro    p 

^c  ro    p 

26     3     ^ 

270      1     0 

225     3  37 

19     0  16 

13     1     2 

57,;4     3 

16     1  25 

270     3  29 

9     1.2 

18     1     2 

7     ?   18 

6     3   13 

217    a   < 

0     3     2 

4     2     9 

33     0  34 

9     I     0 

10     1     0 

42     1   19 

7     2   16 

•55     3      I 

4     4     1 

7^  0    6 

75     0  23 

WIRE  XEAST7RB. 

ALE  l|nd  BEER  MEASURE. 

13. 

14. 

15. 

16. 

t  hdsgal 

hdsgalptii 

fads  gal  pts 

hds  gal  pts 

13    3  15 

15  61     i 

17  37     3 

29  43     5 

8     1  37 

17  14  13 

9   10  15 

^2   19     7 

14     1  20 

i9  23     7 

3     6     2 

14   16     6 

25     0^12 

3   15      1 

5   14     0** 

6     8      1 

3   19. 

«.    16     8     0 

12     9     6 

57   13     4 

72     S  21 

4  36     6 

8  42     4 

5     6     0 

COM- 
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COMPOUND  SUBTRACTION. 

CoMpouKD  Subtraction  shows  how  to  Qndthe  difference 
between  any  two  numbers  of  different  denominations.  To 
X>erform  which,  observe  the  following  Hale : 

*  Plack  the  less  number  below  the  greater^  so  that  the 
parts  of  the  same  denomination  may  stand  directly  under 
«ach  other;  and  draw  a  line  below  them.— Begin  at  the 
rlght*hand,  and  subtract  each  number  or  part  in  the  lower 
line,  from  the  one  just  above  it,  and  set  the  remainder 
straight  below  it. — But  if  any  number  in  the  lower  line  be 
greater  than  that  above  it,  add- as  many  to  the  upper  nmnber 
as  make  1  of  the  next  higher  denomination ; ,  then  take  the 
lower  number  from  the  upper  one  thus  increased,  and  stt 
down  the  remainder.  Carry  the  unit  borrowed  to  the  next 
number  in  the  lower  line  ;  suter  which  subtract  this  number 
fioip  the  one  above  it,  as  before ;  and  so  proceed  till  the  whoK^ 
is  finished.  Then  the  several  remainders,  taken  together, 
ivilli>e  the  whole  difference  sought. 

The  method  cf  proof  is  the  same  as  in  Simple  Subtraction. 


SXAVPLES  OF  MO^TET. 

1.                      3.                      3.  4. 

lad           I      9     d          I     ^    d  I    P     d 

From   79   17     8|     103     3     2^       81    10   11  354  i3     e 

Take    35   12     4^       71   12     5|      29   13     3|  37     9     4| 


Rem.    44     5     4j       31   U)     8| 
Proof  79   17     8  J     103     3-    2^ 


i.  What  is  the  difference  betweeit  73/  5^  and  19/ 1 3«  lOd  ^ 

Ans.  53/ 6«  7\d. 


*  The  reason  of  this  Rule  will  easily  appear  from  what  has  been 
said  In  Simple  Subtraction  ;  for  the  borrowing  depends  on  th^  same 
principle,  and  is  only  differcatas  the  noflibers  to  be  subtracted  are  of 
djilerent  denominations. 

Ex.  6.' 
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Ex.  ti.  A  lends  to  B  100/,  how  much  is  B  in  dcht  after  A 
has  taken  goods  of  him  to  the  amount  of  73/  12«  4|  ^ 

Ans.  26/  r*  7 Jtf. 

7.  Suppose  that  my  rent  for  half  a  year  is  20/  12«,  and 
that  I  have  laid  out  for  the  land-tax  U«  6</,  and  for  several 
repairs  1/  3#  3^^.what  have  I  to  pay  9f  my  half-year's  rent  ? 

Ans.  18/ 14«  2^. 

8.  A  trader,  £uling,  owes  to  A  35/  7«  6c/|  to  B  9 1/  13«  ^d, 
to  C  53/  r^d,  to  D  87/  5^>  and  to  £  111/ 3t  S^d.  When 
this  happened,  he  had  by  him  in  cash  23/  7#  Sdj  in  wares 
53/  1 U  ]a|flf,  in  household  furniture  63/  I7«  7|(/,  and .  in  re- 
coTerable  book-debts  25/  7«  $d.  What  will  his  creditors  lose 
by  him,  suppose  these  things  deli?ered  to  them  ? 

Ans.212/5«3i</. 

KXAMFLES  OF  IfEIGHTSy  MBASURES,  fce. 


From 
Take 

Rem. 

Proof 


TKOY  WEIGHT. 


1. 


lb  oz  dwt  gr 
9  2  12  10 
5     4     6   17 


AFOTBECARIBS  WElGHt. 

2.  •;  3.     ' 

lb  ozdwtgr  lb  oz  drscr  gr 

7   10     4  17  73    4     7     0'  14 

3     7  16  12  29    5     3     4  19 


From 
Take 

Rem. 

Proof 


ATOIRDUPOIS  WEIGHT. 

4.  5. 

c  qrs  lb  lb  oz  dr 
5  0  17  71  5  9 
2     3  10  "     17     9   18 


LOVG  MEASURE. 
6.  7. 

m  fii  pi         yd    fp  in 

14    3  17  96    0    4 

7     6  11  72  .  2     9 


CLOTH  MEASURE. 

LAND  MEASURE. 

8.                       9. 

10.                        11. 

yd  qr  nl        yd  qr  nl 

ac  ro    p         ac  ro 

P 

From  17     2     1           9    0    2 

17      1    14           57     1 

16 

Take    9     0    2           7    2     1 

16     2     8          22     3 

29 

Rem. 
Proof 


mA^ 


WIKE 


««                            ARITHMETIC* 

WIN»  MEASyik*.                    ALB  S^  B«M  MBA&UM. 

12.                     13..                        U.                        15. 
t  hdgal        hfipl  pt            hdgal  pt          hdgal  pt 
From  17    2  23           5     0     4              14  29     3            7l    16     5 
Take    9     1  36           2  12     6               9  35     7           19     7     1 

Rem. 

• 

'VvQoi 

■ 

DRY  Id^EASURE. 
16,                         17. 

la  qr  btt        bu  gal  pt 
From  9    4    7        13    7    1 
Take    6    3     5          9     2    7 

TIME. 

18.                      19. 
mo  we  da         ds  hrs  min 
71     2     5         114   17    26 
17     1     6          72  10    37 

ll^m. 

Proof 

20.  The  line  of  defence  in  a  certain  polygon  being  236 
}pard&9  and  that  part  of  it  which  b  terminated  by  the  curtain 
and  shoulder  being  146  yards  1  foot 4  inches;  what  then  was 
the  length  of  the  &ce  of  the  baatlon  ?      Ans.  89  yds  I  ft  8  in. 


COMPOUND  MULTIPLICATION. 

CoMPOVND  MuLi*! PLICATION  shows  how  to  find  the  amount 
of  any  given  number  of  difierent  denominations  repeated  a 
certain  proposed  numbfef  of  times ;  which  is  pe  A)rmed  by 
the  following  rule. 

Set  the  multiplier  under  the  lowest  number  of  the 
multiplicand,  and  draw  a  line  below  it.— Multiply  the  num- 
ber in  the  lowest  denomination  by  the  multiplier,  and  find 
how  many  usits  of  the  next  higher  denomination  are  con- 
tained in  the  product,  setting  down  .what  remains. — In  like 
manner,  multiply  the  number  lA  the  next  denomination,  and 
to  the  product  carry  or  add  the  titf  ts,  before,  found,  and  find 
how  many  units  of  the  next  higher  denomination  are  in  this 

amount, 


I 

\ 


COMPOUND  MULTIPLICATION.  5% 

amoutit,  trhich  carry  in  like  manner  to  the  next  product, 
setting  down  the  overphis. — Proceed  thus  to  the  highest  de- 
nominati<Hi  proposed :  so  shall  the  last  product)  with  the  se- 
veral remainders,  taken  as  one  compouna  number,  be  tho 
whole  amount  required.— The  method  of  Proof,  and  the 
reason  of  the  Ruiq>  are  the  safaie  as  in  Simple  MuldpUcatlion. 


BXAMPLBS   OV   MOVBT. 

1 .  To  find  the  amount  of  8  lb  of  Tea^  at  5#  S^d  per  1^, 

«    d 
5    Si 
8 


;C2    5    8  Answer. 


a,    4  lb  of  Tea,  at  7«  Sd  per  lb.  Ans.    1  10  8 

S.    6  lb  of  Butter,  at  9^  per  lb.  Ans.  0    4  t 

'4.    7  lb  of  Tobacco,  at  U  8|d  per  lb.  Ans.   0  1 1  1  l^r 

5.  9  stone  of  Beef,  at  3«  7Li  per  st.  Ans.    1     1  O 

6.  10  cwt  of  Cheese,  at  3/  17«  \0d  per  cwt«  Ans.  28  18  i** 
*7.  12  cwt  of  Sugar,  9lZi  7$  4d  per  cwt.      Ans.  40     8  O 

I    '  CONTRAtTIOMS. 

j  I.  If  the  multiplier  exceed  12,  multiply  successively  by  its 

I  ynponent  parts,  instead  of  the  whole  number  at  once. 

.  BtAMPLBS. 

1.  /1 5  cwt  of  Cheese,  at  17»  6d  per  cwt. 
•  I    s     d 

0  17     6  * 


S 


• 


2   12    % 
5 


1 3  :.  2     6  Answer. 

lad 
2,  20  cwt  of  Hops,  at  4/  7«  ^  per  cwt.  Ans.  87  3  4 
S.  24  tons  of  Kay,  at  3/  7«  6d  per  ton.  Ads.  81     0    0 

4.  45  ells  of  Cloth,  at  Is  6d  per  ell.  Ans.    3     7     6 

£x.  5. 


X 


0 

d 

1 

9 

0 

0 

4 

0 

0 

0 

JO 

0 

0 

0 
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£x.  5.  63  gallons  of  Oil)  at  %t  2d  per  gall.      Ads.     7 

6.  70  barrels  of  Ale,  at  W  4*  per  barrel.  Ans.    84 

7. 84  quarters  of  Oats,  at  1/ 12«8</perqr.  Ans.  137 

8. 96  quarters  of  Bai*ley,at  U  3«  4d  per  qr.  Ans.  1 1 2 

.    9.  120  days'  Wages,  at  5*  9d  per  day.       Ans.    34 

1 0. 1 44  reams  of  Paper,  at  1 3«  4d  per  ream.  Ans.   9 6 

II.  If  the  multiplier  cannot  be  exactly  produced  by  tlic 
ynultiplication  of  simple  numbers,  take  the  nearest  number  to 
it,  either  greater  or  less,  which  can  be  so  produced,  and  mul- 
tiply by  its  parts,  as  before.-*— Then  multiply  the  giveif  mul- 
tiplicand by  the  difference  between  this  assumed  number  and 
the  multiplier,  and  add  the  product  to  that  before  found,  when 
the  assumed  nilmber  is  less  than  the  multiplier,  but  subtract 
the  same  when  it  is  greater. 

.*  BXAM»LES. 

I.  ^6  yards  of  Cloth,  at  3«  0^  per  yard, 

i     9    d 
0     3    0| 
5^ 


0 

15 

3| 
5 

3 

16 
3 

OJ 

£3 

19 

ri 

(J 


Answer. 

/     •     d 

2.  29  quarters  of  Com,  at  2/ 5«  3^  per  qr.  Ans.   65  12^0^ 

3.  53  loads  of  Hay,  at  3/  15«  2d  per  load.   Ans.  199     3  10 

4.  79bushelsofWheat,atlU5Jrfperbush.Ans.    45     6  lOj 

5.  97  casks  of  Beer,  at  l^^  2rf  per  cask.      Ans.   59    0    2 

6.  1 14  stone  of  Meat,  at  15«3|£^  per  stone.  Ans.   87    5    7J'« 

EXAMPLES  OF   WEIGHTS    AND    MSASTTRES. 
I. 

lb  OZ  dwt  gr 
28     7     U     10  « 

5 


2. 
lb  oz  dr  sc 
2^  6     3    2 

10 
8 

cwt 

29 

3. 

qr     lb    oz 

2     16     14 

IS 
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4. 

ink     fu   pis  yds 

22       5    29       & 

4 

5. 

yds     qrs 
126         3 

na 

I 
7 

mo 
172 

ac 
28 

6. 

ro 
3 

27 
9 

1 

wc 
3 

7. 

tuns  hhd  gal  pts 

20     2     36     2 

S 

8. 

we  qr  bu  pe 

24    2    5     3 

6 

da  ho 
5   16 

min 
49 
10 

COMPOUND  DIVISION. 

Compound  Division  teaches  how  to  diride  a  number  of 
several  denominations  by  any  given  number,  or  into  any  num- 
ber of  equal  parts ;  as  follows : 

Place  the  divisor  on  the  left  of  the  dividend,  as  in  Simple 
Division.— Begin  at  the  left-hand,  and  divide  the  number  of/ 
the  highest  denomination  by  th«  divisor,  setting  aown  the 
quotient  in  its  proper  place.^^If  there  be  any  remainder  after 
this  ^vision,  reduce  it  to  the  next  lower  denomination, 
which  add  to  the  number,  if  any,  belonging  to  that  denomi- 
nation, and  divide  the  sum  by  the  divisor.— Set  down  again 
this  quotient,  reduce  its  remainder  to  the  next  lower  deno- 
mination again,  and  soon  through  all  the  denominations  to 
die  last 

^  EXAMPLES  OP  MONET. 

1.  Divide  237/ 8«  6dby2. 

I      9   d 
2)  237     8     6 

£118  14    3  the  Quotient 

2.  Divide 
Vol.  I.  G 
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I      •     d  I      $  d 

2.  Divide    432  l»     1|  bf    3.  AiMl.  144    4  0| 

3.  Divide     507    3     5    by    4.  Aub.  196  15  \0\ 

4.  Divide     632     7     6^  by     5.  Aas.  126    9  6 
5   BtTtde    690  14     3|  by     6f  Ana.  115     3  4i 
6.  Divide     705  10     2     by     7.  Ans.  100  15  8j 
r.  Divide    760    5     6    by    »;  An*.    95    O  8^ 

8.  Divide     761     5     7j  by     9.  Ans.     84  11  8| 

9.  Divide     829   17  10    by  tO.  Ans.     82  l9  9| 

10.  Ditide    9Vr     8     af  by  II.  Ans.    8S    4  5 

11.  Dhridte  1145  11     4J  by  t2.  Ans.    95    9  3^ 


CONTRACTIONS* 

T.  If  the  divisor  exceed  12,  find  what  shnple  numbers^ 
multiplied  together,  will  produce  it,  and  divide  by  them  se- 
parately, as  in  Simple  Dividoi^  as  below. 


L  WhatisClMseyer cwt, if  16  cwt coat ^LBlHnMX 

i      •      d 
4)  25      14     8 

4)    6     #  e 


£    I     12    2  the  Ans#tBr. 


i    «    tf 


2.  If  20  cwt  of  Tobaccd  come  to>  .       y  ,a  a 

150^  6*  8if,  what  is  that  per  cwt  ?  J  ^^^  7  lo  4 

3.  Divide  9iB/  d«  fay  36.  Ans.  2  14  8 

4.  Divide  71/  13«l0crby56.  Ans.  I  5  7| 

5.  Divide  44/  4«  by  96.  Ans.  o  9  2| 

6.  At  31/ 10«  per  cwt>  how  much  per  lb  ?  Ans.  0  5  7| 

II.  If  the  divisor  ouinot  be  produced  by  the  multiplication 
of  small  numbers,  divide  by  the  whole  divisor  at  once,  after 
the  manner  of  Long  DivisioUi  as  follows. 


EXAM- 


COMPQUVD  PIV7SION.  fs 

BXAMPLS^ 

I.  Divide  59/  6«  3|^  bf  19. 
I    9    d  I    •    d 

19)  59    ?  34      ^3    2     5^  Atis. 
57 


19  (1 

I     9      d  I    s    d 

2.  Divide    39  14    5^  by    57.  Ans.  O  13  11^ 

3.  DiFide    125    4    9    by     43.  Ans.  t  18    3 

4.  Divide  543     7  iO    by    97.  Ans.  5  11   10 

5.  Divide  123  U     3^  by  127.  Ans.  0  19     5| 


XZiJfPLXS  OF  WE^OflTS  AHD  VSA9URE8. 

1.  Divide  171b  9  oz  0  div!ts  2  gr  by  7. 

Ans.  2  lb  6  oz  8  dwts  14  gr. 

2.  Divide  1 7  lb  5  oz  2  dr  1  scr  4  gr  by  12. 

Ans.  1  lb  5  oz  3  dr  1  scr  12  gr. 

3.  Divide  178  cwt  3  qrs  14  lb  by  53.  Ans.  3  cwt  1  qr  14  lb. 

4.  Biride  144 0U4  fur  2  po  J  yd  2 ft  0  in  by  39* 

Aas.  3  mi  5  for  26  po  0  y^  2  ft  8  in. 

5.  Divide  534  yds  2  qrs  2  na  by  47.     Ans.  1 1  yds  1  qr  2  na- 

6.  Divide  71  |ic  4  ro  33  po  by  5 1.  Ans.  1  ac  2  ro  3  po. 

7.  Divide  7  tu  0  hhds  47  gal  7  pi  by  65.  Ans.  27  gal.  7  pi. 
».  Divide  387  la  9  qr  by  72.  Ans.  5  la  3  qrs  7  bu. 
9.  Divide  206  mo  4  da  by  26.                Ans.  7  nio  3  we  5  ds. 

The 
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The  golden  RULE,  or  RULE  OF  THREE. 

The  Rule  of  Three  teaches  how  to  find  a  fourth  pro- 
portional to  three  numbers  given  :  for  which  reason  it  is 
sometimes  called  the  Rule  of  Proportion.  It  is  called  the 
Rule  of  Three,  because  three  terms  or  numbers  are  given,  to 
find  a  fourth.  And  because  of  its  great  and  extensive  use- 
fulness, it  is  often  called  the  Golden  Rule.  This  Rule  is 
usuallf  considered  as  of  two  kinds,  namely,  Direct,  and 
Inverse. 

The  Rule  of  Three  Direct  is  that  in  which  more  requires 
more,  or  less  requires  less.  As  in  this ;  if  3  men  dig  21  yards 
of  trench  in  a  certain  time,  how  much  will  6  men  dig  in  the 
same  time  ?  Here  more  requires  more,  that  is,  6  men,  which 
are  more  than  3  men,  will  also  perform  more  work,'  in  the 
^ame  time.  Or  when  it  is  thus:  if  6  men  dig  42  yards,  how 
much  will  3  men  dig  in  the  same  time  ?  Here  then,  less  re- 
quires less,  or  3  men  will  perform  proportionably  less  work 
than  6  men,  in  the  same  time.  In  bot|i  these  cases  then,  the 
Rule,  or  the  Proportion,  is  Direct ;  and  the  stating  must  be 

thus,'  As  3  :  2 1 : :  6 :  42, 
or  thus,  As  6 :  42 : :  3  :  21. 

But  the  Rule  of  Three  Inverse,  is  when  more  requires  less, 
or  less  requires  more.  As  in  this :  if  3  men  dig  a  certain 
quantity  of  trench  in  14  hours,  in  how  many  hours  will  6 
men  dig  the  like  quantity  ?  Here  it  is  evident  that  6  men, 
being  more  than  3,  will  perform  an  equal  quantity  of  work  in 
less  time,  or  fewer  hours.  Or  thus :  if  6  men  perform  a 
certain  quantity  of  work  in  7  hours,  in  how  many  hours  will 
3  men  perform  the  same  ?  Here  less  requires  more,  for  3 
men  wUl  take  more  hours  than  6  to  perform  the  same  work. 
In  both  these  cases  then  the  Rule,  or  the  Proportion,  is 
Inverse ;  and  the  stating  must  be 

thus,  As  6  :  14  : :  3:    7, 
or  thus.  As  3  :    7  : :  6 :  14. 

And  in  all  these  statings,  the  fourth  term  is  found,  by 
multiplying  the  2d  and  3d  terms  together,  and  dividing  the 
product  by  the  1st  term. 

Of  the  three  given  numbers ;  two  of  them  contain  the 
supposition,  and  the  third  a  demand.  And  for  stating  ftnd 
working  questions  of  these  kinds,  observe  the  following  ge- 
neral Rule : 

State 
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State  the  question,  by  setting  down  in  a  straight  tine  the 
three  given  numbers,  in  the  following  manner,  viz.  so  that 
the  3d  tenn  be  that  number  of  supposition  which  is  of  the 
same  kind  that  the  answer  or  fourth  term  is  to  be  ;  making  the 
other  number  of  supposition  the  1st  term,  and  the  demanding 
number  the  3d  term,  when  the  question  is  in  direct  propor- 
tion ;  but  contrariwise,  the  other  number  of  supposition  the 
3d  term,  and  the  demanding  number  the  1st  term,  when  the 
question  has  inverse  proportion. 

Then,  in  both  cases,  multiply  the  3d  and  3d  terms  together, 
and  divide  the  product  by  the  1st,  which  will  give  the  an- 
swer, or  4th  term  sought,  viz.  of  the  same  denomination  as 
the  second  term. 

Abr^,  If  the  first  and  third  terms  consist  of  different  deno- 
minations, reduce  them  both  to  the  same  :  and  if  the  second 
term  be  a  compound  number,  it  is  mostly  convenient  to  re- 
duce it  to  the  lowest  denomination  mentioned.— If,  after  di- 
▼isioo,  there  be  any  remainder,  reduce  it  to  the  next  lower 
denomination,  and  divide  by  the  same  divisor  as  before,  and 
the  quotient  will  be  of  this  last  denomination.  Pixx:eed  in 
the  same  manner  with  all  the  remainders,  till  they  be  re- 
duced to  the  lowest  denomination  which  the  second  admits 
of,  and  the  several  quotients  taken  together  will  be  the  an- 
swer required. 

^ote  also,  The  reason  for  the  foregoing  Rules  will  appear, 
when  we  come  to  treat  of  the  nature  of  proportions. — Some- 
times two  or  more  statings  are  necessary^  which  may  always 
be  known  from  the  nature  of  the  question. 

*  EXAMPLES. 

1 .  If  8  yards  of  Cloth  cost  1/  4«,  what  will  96  yards  cost  ? 

yds  1   s     yds   1    s 

As  8  :  1  4 ::  96 :  14  8  the  Answer. 
30 

34 
96 

144 

216 

8)  2304 

2,0)28,8« 

£  14  8  Answer. 

Ex.2. 
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Ex.9.  Aa  engineer  ha)iriiig  niied  iOO  yards  of  it  certmn 
work  in  S4  di^8  with  5  men ;  hov  manjr  men  mml  he  em- 
ploy to  finish  a  like  quantity  of  work  in  15  days  ? 

<li  men   ds   men 
As  15  :Sxt34  :8  Ans. 


t 


15)  130  (a  Answer. 
120 

3.  What  will  73  yards  of  cloth  cost*  at  the  rata  of  9  yards 
for  5/  13«  ?  Ans.  44/  16#. 

4.  A  penicm's  annual  income  being  146/  «*  how  much  is 
that  per  day  ?  Ans.  S$. 

5.  If  3  paces  or  common  steps  of  a  certain  persoo  be  equal 
to  3  yai'ds,  how  many  yards  will  160  of  his  pacob  make  ? 

Ans.  106  yds  3  ft 

6.  What  length  must  be  cut  off  a  board,  that  is  9  inches 
bi^d,  to  make  a  square  foot,  or  as  much  as  13  inches  in 
length  and  13  in  breadth  contains  ?  '  Ans.  16  inches. 

7.  If  750  men  require  33500  rations  of  bread  for  a  month  ; 
how  many  rations  will  a  garrison  of  1900  men  require  ? 

Ans.  36000. 

8.  Iff  cwt  1  qr  of  sugar  cost  36/  \09  ^  ;  what  will  be  the 
-price  of  43  cwt  3  qra  \  An^.  I59i  3«. 

9  The  clothing  of  a  regiment  of  loot  of  750  men  amount'^ 
ing  to  3831/5*;  what  will  the  clothing  of  a  body  of  3500 
men  amount  to  ?  Ans.  13313/  10#. 

10.  How  many'  yards  of  matting,  that  is  3  ft  broad,  will 
cover  a  floor  that  is  37  feet  long  and  30  feet  broad  \ 

Ans.  60  yards. 

11.  What  is  the  value  of  6  bushels  of  coals,  at  the  rate  of 
1/  14«  6c/  the  chaldron  ?  Ans.  5«  9d. 

13.  If  6353  stones  of  3  feet  long  complete  a  certain  quan- 
tity of  walling ;  how  many  stones  of  3  feet  long  will  raise  a 
like  quantity  ?  Ans.  9538. 

13.  What  must  be  given  for  a  piece  of  silver  weighing 
73  lb  5  oz  15  dwts,  at  the  rate  of  5ff  9d  per  ounce  \ 

Ans.  353/  10«  Old. 

14.  A  garrison  of  536  men  having  provision  for  13  months  ; 
how  long  will  those  provisions  last,  if  the  gaitrison  be  increased 
to  1 134  men  ?  Ans.  174  days  and  i\ix' 

15.  What  will  be  the  tax  upon  763/  15«,  at  the  rate  of 
35  6d  per  pound  sterling  ?  Ans.  133/ 13#  \\d, 

16.  A 
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t6(.  A  ceitaill  Work  bein^^ raised  in  12  d«f s,  by  working  4 
hotirs  each  day  ;  how  kmg  wo«kl  it  ha?e  been  in  railing  by 
workifig  6  hours  per  day  ?  Ans.  8  days. 

If.  What  quantity  of  com  can  I  buy  for  90  gubeas,  at  the 
rate  of  6a  the  bushel  ?  Ana.  39  qrs  3  bti. 

IS.  A  person,  &iling  m  trade,  owes  in  all  977/ ;  at  which 
time  he  has,  in  nxmey,  goods,  and  recoverable  debts,  420/  6* 
3|d;  now  sapposing  these  things  delivered  to  his  creditorsf 
how  much  will  they  get  per  pound  f  Ans.  8«  7^d. 

19.  A  plain  of  a  certain  extent  having  supplied  a  body  of 
3000  horse  with  forage  for  18  days;  then  ftiow  many  dajrs 
i^nld  the  same  plain  have  supplied  a  body  of  3000  horse  ? 

Ans,  27  days. 

^.  Suppose  a  gentfeman's  income  is  60a  guineas  a  yeai^ 
and  that  to  spends  35«  6d  per  day,  one  day  with  another ; 
how  much  will  he  have  saved  at  the  year's  end  ? 

Ans.  164/  13t  M. 

21.  What  cost  50  pieces  of  lead>  each  weighing  1  cwt  ISlb» 
^t  the  rate  of  16«  4</the  cwt  ?  Ans.  27/  2»  6d. 

t%.  The  govertior  of  abeseiged  placv  having  provision  for 
54  days,  at  the  rate  of  l^lb  of  bread  ;  but  being  desirous  to 
prolong  the  riege  to  80  days,  in  expectation  of  succour,  in 
that  case  what  must  the  ration  of  bread  be  ?  Ans.  l^V^^* 

33.  At  half  a  guinea  per  week,  how  long  can  I  be  boarded 
for  30  pounds  \  Ans.  ^^-m  v^s* 

34.  How  much  will  75  chaldrons  7  bushels  of  coals  come 
uy,  at  the  rate  of  1/  i3i  M  per  chaklrMi  ? 

Ans.  135/  1 9«  0^. 

Its.  If  the  pehnyfooff  weigh  8  oimces  when  the  bushel  of 

Wh^t  costs  ia  3tf,  what  ought  the  penAy  loaf  to  weigh  when 

tbe  Wheat  is  at  8«  Ad  f  Ans.  6  oz  1 5  J^r. 

3tS.  tlow  much  a  year  will  173  acres  2  roods  14  poles  of 

laud  give^  at  the  rat6  of  1/  7$  M  per  acre  ? 

Ans.  240/  2«  7^j^d. 
9t.  To  how  miuch  amounts  73  pieces  of  lead,  each  weigh- 
ing 1  cwt  3  qrs  7  lb,  at  10/  4«  per  fother  of  19  J  cwt  ? 

Ans  69/4«3^1|fq. 

38.  How  Onany  yards  of  stuff,  of  3  qrs  wide,  will  line  a 
oloakrthat  is  Ij  yards  SI  length  and  3^  yards  wide  ? 

Ans.  8  yds  0  qrs  3|  nl. 

39.  If  5  yardlBOf  cloth  cost  14«  3tf,  what  must  be  given  for 
9  pieces,  containing  each  2 1  yards  1  quarter  ? 

Ans.  37/  \s  \0^c(. 
30.  If  a  gentteman's  esute  be  worth  2107/  I2«ayear; 
what  may  he  spend  per  day,  to  save  500/  in  the  year  ? 

Ans.  4/  8«  1^1^. 
31.  Wanting 
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31.  Wanting  just  an  acre  of  land  cut  off  fcom  a  piece 
which  is  13|  poles  in  breadth^  what  length  must  the  piece  be  ? 

Ans.  1 1  po  4  yds  3  ft  0  J^  io. 

32.  At  7«  9\d  per  yard,  what  is  the  value  of  a  piece  of 
cloth  containing  53  ells  English  1  qu.  Ans.  25/  18«  1|^. 

33.  If  the  carriage  of  5  cwt  14  lb  for  96  miles  be  U\29  6di 
how  £ir  may  I  have  3  cwt  1  qr  carried  for  the  same  money  ? 

•  Ans.  151  m  3  fur  3-^^^  pol. 

34*  Bought  a  silver  tankard,  weighing  1  lb7  oz  14  dwts  ; 

what  did  it  cost  me  at  6<  Ad  die  ounce  ?  Ans.  61 4«  9^d. 

35.  What  is  the  half  year's  rent  of  547  acres  of  land,  at 
15«  6d  the  acre  ?  Ans.  211/  19«  3cf. 

36.  A  wall  that  is  to  be  built  to  the  height  of  36  feet,  was 
raised  9  feet  high  by  16  men  in  6  days ;  then  how  many  men 
must  be  employed  to  finish  the  wall  in  4  days,  at  the  same 
rate  of  working  ?  Ans.  72  men. 

37.  What  will  be  the  pharge  of  keeping  20  horses  for  a 
year,  at  the  rate  of  I4^d  per  day  for  each  horse  ? 

Ans.  441/ 0«  lOd. 

38.  If  18  ells  of  stuff  that  is  |  yard  wide,  cost  39«  6d  s 
,  what  will  50  ells,  of  the  same  goodness,  cost,  being  yard  wide  ? 

Ans.  7/  6«  3||^ 

39.  How  many  yards  of  paper  that  is  30  inches  wide,  will 
hang  a  room  that  is  20  yai*ds  in  circuit  and  9  feet  high. 

Ans.  72  yards. 

40.  If  a  gentleman's  estate  be  worth  384/  1 69  a  year,  and 
the  land-tax  be  assessed  at  2^  9^d  per  pound,  what  is  his  net 
annual  income  ?  Ans.  331/  U  9^d, 

41.  The  circumference  of  the  earth  is  about  25000  miles  ; 
at  what  rate  per  hour  is  a  person  at  the  middle  of  its  surface 
carried  round,  one  whole  rotation  being  made  in  23  hours 
56  minutes?  Ans.  1 044^^^^ miles. 

42.  If  a  person  drink  20  bottles  of  wine  per  month,  when 
it  costs  8«  a  gallon ;  how  many  bottles  per  month  may  he 
drink,  without  increasing  the  expense,  when  wine  costs  10« 
the  gallon  ?  Ans.  1 6  bottles. 

43.  What  cost  43  qrs  5  bushels  of  com,  at  1/  8«  6d  the 
quarter.  Ans.  62/  3«  3|d. 

44.  How  many  yards  of  canvas  that  is  ell  wide  will  line 
50  yards  of  say  that  is  3  quarters. wide  ?  Ans.  3u  yds. 

45.  if  an  ounce  of  gold  cost  4  guineas,  what  is  the  vulue 
of  a  grain  ?  Ans  2  j^/. 

46.  If  3  cwt  of  tea  cost  40/  12«  ;  at  how  much  a  pound 
must  it  be  retailed,  to  gain  10/ by  the  whole  ?  Ans.  3^^, 


COMPOUND 


[^3 


COMPOUND  PROPORTION. 


Compound  Proportion  shows  how  to  fesolre  such  ques* 
lions  as  require  two  or  more  statings  by  Simple  Proportion  ; 
and  these  maj  be  either  Director  Inverse. 

In  tliese  questions}  there  is  alwa3rs  given  an  odd  number  of 
terms,  either  five  or  seven^  or  nine^  &c.  These  are  distin- 
guished into  terms  of  supposition,  and  terms  of  demand, 
Uiere  being  alwajrs  one  term  more  of  the  former  than  of  the 
latter,  which  is  of  the  same  kind  with  the  answer  sought. 
The  method  is  thus : 

Set  down  in  the  middle  phice  that  term  of  supposition 
which  is  of  the  same  kind  with  the  answer  sought — Take 
«ne  of  the  other  terms  of  supposition,  and  one  of  the  demand* 
ing  terms  which  is  of  the  same  kind  with  it ;  then  place  one 
of  them  for  a  first  term,  and  the  other  for  a  third,  according 
to  the  directions  given  in  the  Rule  of  Three. — Do  the  same 
with  another  term  of  supposition,  and  its  corresponding  de- 
manding term ;  and  so  on  if  there  be  more  terms  of  each 
kind ;  setting  the  numbers  under  each  other  which  fall  all  on 
the  left-hand  side  ef  the  middle  term,  and  the  same  for  the 
others  on  the  right-hand  side. — Then,  to  work 

By  several  Qfurutioh9. — Take  the  two  upper  terms  and 
the  middle  term,  in  the  same  order  as  they  stand,  for  the  first 
Rule-of-Three  qu#stion  to  be  worked,  whence  will  be  found 
a  fourth  term.  Then  take  this  fourtli  number,  so  found,  for 
the  middle  term  of  a  second  Rule-of-Three  question,  and  the 
next  two  under  terms  in  the  general  stating,  in  the  same 
order  as  they  stand,  finding  a  fourth  term  for  them.  And  so 
on,  as  far  as  there  are  any  numbers  in  the  general  stating, 
making  always  the  fourth  number,  resulting  from  each  simple 
stating,  to  be  the  second  term  in  the  next  following  one. 
So  shdl  Che  last  resulting  number  he  the  answer  to  the 
question. 

My  ^m  OtieraHon. — ^Multiply  together  all  the  terms  stand- 
ing under  each  other^  on  the  left-hand  side  of  the  middle 
term ;  andyin  like  manner,  muhipiy  together  all  those  on  the 
right-'hand  aide  of  it.  Then  multipfy  the  middle  term  by 
tbst  latter  |»roduct9  and  divide  the  result  by  the  former  pro- 
duct ;  so  shall  the  quotient  be  the  answer  sought 
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ARITHMETIC. 

KXAMPLKS. 


1.  How  many  men  can  complete  a  trench  of  135  yards 
long  m  8  days,  when  16  men  can  dig  54  yards  in  6  days  ? 


General  Stating. 


yds    54  :  16  : :  135  yds 
days    8  6  days 

432  810 

16 

4860 

81      men 

432  )  12960  (  30  Ans.  by  one  operation. 
1296 


1st 

As  54:  16:  :  135  :  40 

16 

810 
135 

54)  2160  (40 
216 


The  9ame  by  two  Ofierationa. 


2d. 
As  8  :  40  : 9  6  :  30 
6 


8)  240  (30  Ans. 
24 


2.  If  100/  in  one  year  gain  5/  interest,  what  will  be  the 
mterest  of  750/  for  7  years  ?  Ans.  262/  \0a. 

3.  if  a  family  of  8  persons  expend  200/  in  9  months  ;  how 
much  vnW  serve  a  family  of  18  people  12  months  ? 

4.  u  2r#  be  the  wages  of  4  men  for  7  days  ;  what  will  be 
the  wages  of  14  men  for  10  days  ?  Ans.  6/  15#. 

5.  Ifa  footman  travel  130  miles  in  3  days,  when  the  days 
are  12  hours  long;  in  how  many  days,  of  10  hours  each, 
nwiy  he  travel  360  miles  ?  Ans.  9 J|  days. 

Ex.  6. 
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£x.  6.  If  130  bushels  of  com  can  serve  14  horses  56  days  ; 
bow  many  days  will  94  bushels  serve  6  horses  ? 

Ans.  1 02 1 J  days. 

7.  If  3000  lb.  of  beef  sewe  340  men  15  days ;  how  i|iany 
lbs  will  serve  120  men  for  25  days  ?        Ans.  1764  lb  1  \^  oz. 

8.  If  a  barrel  of  beer  be  sufficient  to  last  a  family  of  8  per- 
sons 12  days  ;  how  many  barrels  will  be  drank  by  16  persons 
in  the  space  of  a  year  ?  Ans.  60|  barrels. 

9.  If  180  men,  in  6  days,  of  10  hours  each,  can  dig  a 
trench  200  yards  long,  3  wide,  and  2  deep ;  in  how  many 
days,  of  8  hours  long,  will  100  men  dig  a  trench  of  360  yards 
lofig,  4  wide,  and  3  deep  ?  Ans.  1 5  days. 


OF  VULGAR  FRACTIONS.. 

A  Fractiom,  or  broken  number,  is  an  expression  of  a 
part,  or  some  parts^  of  something  considered  as  a  whole. 

It  is  denoted  by  two  numbers,  placed  one  below  the  other, 
with  a  line  between  them : 

3  numerator     1 

Thus,-  V  which  is  named  3-fourths. 

4  denominator  J 

The  denominator,  or  number  placed  below  the  line,  shows 
how  many  equal  parts  the  whole  quantity  is  divided  into  ; 
and  it  represents  the  Divisor  in  Division/i-i-And  the  Numera- 
tor, or  number  set  above  the  line,  shows  how  many-of  these 
parts  are  expressed  by  the  Fraction :  being  tl^e  remainder 
after  division.— Also,  both  these  numbers  are,  in  general, 
named  the  T^rms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound, 
or  Mixed. 

A  Proper  Fraction,  is  when  the  numerator  is  less  than  the 
denominator ;  as,  ^,  or.|,  or  |.,  &c. 

An  In^proper  Fraction,  is  when  the  numerator  is  equal  to, 
or  exceeds,  the  denominator ;  as,  ^,  or  ^^  or  ^,  Sec. 

'A  Simple  Fraction,  is  a  single  expression,  'denoting  any 
number  of  parts  of  the  integer ;  as,  |,  or  |. 

A  Compound  Fraction,  is  the  fraction  of  a  fraction,  or 
several  fractions  connected  with  the  word  of  between  them ; 
as,  ^  of  4^  or  I  of  |.  of  3,  Sec. 

A  Mixed  Number,  is  composed  of  a  whole  number  and  a 
fraction  together  ;  as,  3|,or  12f,  Sec. 

A  whole 
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A  whole  or  integer  number  may  be  expressed  tike  a  frac- 
tion, by  writing  1  below  it)  as  a  denominator ;  so  3  is  |,  or 
4is:f,kc. 

A  fraction  denotes  division ;  and  its  value  is  equal  to  the 
quotient  obtained  by  dividing  the  numerator  by  the  deno- 
minator ;  so  y  is  equal  to  S,  and  ^  is  equal  to  4. 

Hence  then,  if  the  numerator  be  leas  than  the  denominator, 
the  value  of  the  fraction  is  less  than  1.  But  if  the  numerator 
be  the  same  as  the  denominator,  the  fraction  is  just'  equal 
to  1.  And  if  the  numerator  be  greater  than  the  deooni- 
nator,the  fraction  is  greater  than  1. 


REDUCTION  OF  VULGAR  FRACTIONS. 

Reduction  of  Vulgar  Fractions,  is  the  bringing  them 
out  of  one  form  or  denominauon  into  another ;  commonly  to 
prepare  them  for  the  operations  of  Addition,  Subtractions  tec- 
of  which  there  are  several  cases. 


PEOBLBM. 

Tojind  the  Greatest  Common  Measure  qf  TVpoot  more  Mimbers, 

Thb  Common  Measure  of  two  or  more  numbers^  is  that 
number  which  will  divide  them  both  without  remainder ;  so, 
3  is  a  common  measure  of  18  and  d4  ;  the  quotient  of  tJie 
former  being  6,  and  of  the  latter  g.  And  the  greatest  num- 
ber that  will  do  this,  is  the  greatest  common  measures  so  6 
is  the  greatest  common  measure  of  \  8  and  34 ;  the  quotient 
of  the  fiormer  being  3,  and  of  the  latter  4,  which  will  not  both 
diyide  further. 

&ULE. 

If  there  be  two  numbers  only ;  divide  the  greater  by  the 
less;  then  divide  the  divisor  by  the  remainder;  and  so  on, 
dividing  always  the  last  divisor  by  the  last  remainder,  tiH  no- 
thing remains ;  so  shall  the  last  divisor  of  M  be  the  greatest 
common  measure  sought. 

When  there  are  more  than  two  numbers,  find  the  greatest 
comnMn  measure  of  two  of  them,  as  before  ;  then  do  the 
^ame  for  that  common  measure  and  another  of  the  numbers ; 

and 
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and  «o  on,  trough  all  the  numbers ;  so  wUl  the  greatest  com- 
mon measure  laat  found  be  the  answer. 

If  it  happen  that  the  ccmimon  measure  thus  iMind  is  1 ; 
then  the  numbers  are  stud  to  be  incommensurable,  or  not 
haying  any  common  measure. 

XXAMPLES. 

1.  To  find  the  greatest  common  measure  of  1908,  936, 
and  630. 

936)  1908  (2  So  that  36  is  the  greatest'conmion 

1872  measure  of  1908  and  9^6. 

36)  936  (26  Hence  56)  630  (17 
73  36 

316  370 

216  353 


18)  36  (2 
36 

Hence  then  18  is  the  answer  required. 

2.  What  is  the  greatest  common  measure  of  346  and  373  I 

Ans.  6. 

3.  What  is  the  greatest  common  measure  of  334,  612,  and 
^032  ?  Ans.  13. 

CASE  I. 

To  Jbbreviate  or  Reduce  Fractions  to  their  Lowest  Terms. 

*  DiYiDE  the  terms  of  the  given  fraction  by  any  number 
that  will  divide  them  without  a  remainder ;  then  divide  these 

quotients 


*  That  dividing  both  the  terms  of  the  fraction  by  the  same  number* 
^rbatever  it  be,  wiU  give  another  fraction  equal  to  the  former,  is  evi- 
dent And  when  these  divitiona  are  performed  as  often  as  can  be 
done,  or  when  the  common  divisor  is  the  greatest  possible,  the  terms 
at  the  resulting  fraction  must  be  the  least  possible. 

/Vote  1.  Any  number  endiag  with  an  even  number,  or  a  cipher,  is 
diTisible,  or  can  be  divided,  by  2. 

2>  Any  number  ending  with  5,  or  0>  is  divbible  by  5. 

3.  If 
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quotients  again  in  the  same  manner ;  and  so  on,  till  it  appears 
that  there  is  no  number  greater  than  I  which  will  divide 
them ;  then  the  fraction  will  be  in  its  lowest  terms. 

Or^  divide  botli  the  terms  of  the  Fraction  by  their  greatest 
common  measure  at  once,  and  the  quotients  will  be  the  terms 
of  the  fraction  required,  of  the  same  value  as  at  first. 


EXAMPLES. 

i.  Reduce  f^  to  its  least  terms. 
Ill  =  f I  =  14=  I J  =  I  =  J,  the  answer. 
Or  thus : 
216)  288  (1  Therefore  72  is  the  greatest  common 

216  measure  ;   and  72)  ||f  =  J  the  An- 

swer, the  same  as  before. 
72)  216  (3 
216 


2.  Reduce 


3.  If  the  right-hand  place  of  any  number  be  0,  the  whole  is  diyiwblc 
by  10 ;  if  there  be  two  ciphers,  it  is  divisible  by  100 ;  if  three  ciphers 
by  1000  :  and  so  on  ;  which  is  only  cutting  off  those  ciphers. 

4.  If  the  two  right-hand  figures  of  any  number  be  divisible  by  4,  the 
whole  is  divisible  by  4.  And  if  the  three  right-hand  figures  be  divisi- 
ble by  8,  the  whole  is  divisible  by  8.    And  so  on. 

5.  If  the  sum  of  the  digits  in  any  number  be  divisible  by  3,  or  by  9, 
the  whole  is  divisible  by  3,  or  by  9. 

6.  If  the  right-hand  digit  be  even,  and  the  sum  of  all  the  digiU  be 
divisible  by  6,  then  the  whole  is  divisible  by  6-. 

7.  A  number  is  divisible  by  11,  when  the  sum  of  the  1st,  3d,  5th, 
Sec.  or  all  the  odd  places,  is  equal  to  the  sum  of  thfe  2d,  4th,  6th,  fee.  or 
«f  all  the  even  places  of  digits. 

8.  If  amimbcrcannotbe  divided  by  some  quantity  1«"  ^^*M^ 
square  root  of  the  same,  that  number  is  a  prime,  or  cannot  be  divided 
by  any  number  whatever. 

9.  K\\  prime  numbers,  except  2  and  5,  have  cither  1,  3,  7,  or  9» 
iii  the  place  of  units ;  and  all  other  numbers  are  composite,  or  can  be 
divided. 

10.  When 
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2.  Reduce  m  to  its  lowest  terms,  Ans.  ^ 

3.  Reduce  j^  to  its  lowest  terms.  Ans.  ^ 

4.  Reduce  |||.  to  its  lowest  terms.  Ans.  f . 


CASE  II. 

To  Reduce  a  Jl^jcedMimbertoits  JEguivaleni  Imfirofier  Fmetion, 

*  Multiply  the  integer  or  whole  number  by  the  deno- 
minator of  the  fraction,  and  tQ  the  product  add  the  numera- 
tor ;  then  set  that  sum  above  the  denominator  for  the  frac<> 
lien  required. 

EXAMPLES. 

1.  Reduce  23|  to  a  fraction. 

33  * 


1J5  Or, 

2  (23x5)-|-3        117 

■"—  ■"  = J  the  Answer. 

117  5  5 


2.  Reduce  \^  to  a  fraction.  Ans.  *i'. 

3.  Reduce  14^  to  a  fraction.  Ans.  *^. 

4.  Reduce  183^^-^  to  a  fraction.  Ans.  ^^^•. 


10  When  numbers,  with  the  sign  of  addition  or  substraction  be- 
tween them,  are  to  be  divided  by  any  number*  then  each  of  those 

10+«-4 
numbers  'must  be  divided  by  it.    Thus  »  5  4. 4^2  3=  7. 

2 
11.  But  if  the  numbers  have  the  sign  of  moltipKcation  between 
them,  only  one  of  them  mast  be  divided.    Thus, 

10X8X3        10X4X3      10x4x1      10X2X1        20 
CX2  6X1  2X1  IXl    ~    1" 

•  This  18  no  more  than  first  multiplying  a  quantity  by  some  num. 
btt,  and  then  dividing  the  result  back  again  by  the  same  ;  which  it  is 
evident  does  not  alter  the  value  ;  for  any  fraction  represents  a  division 
of  the  numerator  by  the  denominator. 

CASE 
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CA8B  III. 

To  Reduce  an  Imfirofitr  Fraction  to  its  Rguivaleni   Whole  or 

Mxed  Mimber. 

*  Divide  the  numerator  by  the  denominator,   and    the 
quotient  will  be  the  whole  or  mixed  number  sought. 

EXAMPLBS. 

1 .  Reduce  ^  to  its  equivalent  number. 
Here  y  or  13  -r  3  =  4,  the  Answer. 

2.  Reduce  \f  to  its  equivalent  number. 
Here  y  or  15  -^  7  s  2^  the  Answer. 

S«  Reduce  y^  to  its  equivalent  number. 

Thus,17)  749  (447V 
68    ' 

69  So  that  Tjflj^  =  44/p  the  Answer. 

68 

r 

I 

_  « 

4.  Reduce  'y^  to  its  equivalent  nitfober.  Ans.  8. 

5.  Reduce  *|f  *  to  its  equivalent  number.  Ans.  54||. 

6.  Reduce  *}|*  to  its  equivalent  number.         Ans.  i7m. 

CASE  IV. 

To  Reduce  a  TVhole  Mtmberto  an  Equivalent  FracHon^having 

a  Given  denominatot, 

t  Multiply  the  whole  number  by  the  given  denominator: 
then  set  the  product  over  the  ssad  denominator,  and  it  will 
form  the  fraction  required. 


*  This  nileH  evidently  the  reverse  of  the  former;  and  the  reason 
of  it  is  manifest  from  the  nature  f>f  ComiDon  Division. 

f  Multiplication  and  Division  being  here  equally  used,  the  result 
must  be  the  same  as  the  quantity  first  proposed. 

EXAMPLES. 


r 


ItEDUCnON  or  VULGAR  FRACTIONa       «r 

XXAMPLKS.      ^ 

1.  Reduce  9  to  k  finction  whose  denotninator  shall  be  T. 

Here  9  x  7  =  63  :  then  y  is  the  Answer  ;     a.  .        . 

For  y  =x  63  ^  7  ss=  9,  the  Proof.  /.  ,    ^ 

2.  Reduce  12  to^  fraction  whose  denominktor  shall  1)^  13.^ 

/    .!.  >  AnV«^.^ 

3.  Reduce  37  to  a  fraction  whose  denominatpr  shall  be  1 1. 

•Ans.^/. ''      '* 

'  CASB  r. 

To  Reduce  a  Compound  fraction  to  an  £gurvalent  Simfile  6ne,  *«  •  f, 

*  Multiply  all  the  numerators  together  for  a  numerator, 
and  all  the  denominators  together  for  a  denominatoi^  and 
thej  will  form  the  simple  fr|ction  sought.         ^        * 

When  part  of  the  compound  fraction  is.  a  whole  or  miiced  **  • 

number,  it  mustSrst  be  reduced  to  a 'fraction  by  bne  of  the*  p 

former  cases.  " 

And»  when  it  can  be  done,  any  two  terms  of  th«|^fractioB 
may  be  divided  by  the  same  number,  and  the  quotients  .used  *  .^ 

instead  of  them.  Or,  when  there  are  terms  that  are  common, 
they  may  be^  omitted,  or  cancell^. 

.     .       SXAHPLES.  '  .  4       ■ 

\t  f 

1.  Bedoce  f  of  |  of  |  to  a  simple  fractlbn^ 

f.'^lxSxS      €^     I  * 

»  Here — Jr= — ^  — ,,  the  Answer. 


4 

>ine  Answer. 
V  ,,^3X3X4-    34^     4  *, 

ixixtf      1   *  "''  V  *     * 

Or,*    4     ■    -  =  — ,  bf  cpcefttig  the  2*s  a$d  3^8?  n, 

^xi'X4  ^ ^   /  ^  *  #     '' 

m  111    I  ■  ■    I  !■    I I     I    I      >  il»ii    I      »         ■  ■        ■*•      iifc  ■■     - 

*  The  truth  of  this  Rule  may  be  shown  as  follows:  Let  the  com-    ^ 
pound  fnctioo  be  |  of  |.  Now  -^  of  f  is  i-f-^^which  is  ^^  consequent^ 
ly  I  of  ^  will  be  *!.  X  3  or  ^1 ;  that  is  Ae  numerators  are  multiplied 
together,  sndtlso  the  denomin^ors,  as  in  the  Rule.    When  the  com-  ^ 
pound  fraction  consists  of  more  thaatwo  single  «nes  ;  having  first  re-     ^ 
doced  ^o  of  tfiem  as  above,  then  the  resulting  fraetjonand  a  third 
wHl  life  the  same  as  Aompaund  fraation  of  t:F0  parts  ;  snd  so  on  to 

ihehtttof  all.  »  ^  •      ^  ^ 

'*  2.  Reduce 

Vol.  r.  "^      '  I 


•*  .  ' 


.•• 


5^         '^  ARITHMETIC. 

S.  Reduce  |  of  4  of  -f  ^  ta-a  simple  fi'action. 

2  X  irxAP      60      12      4 
Here*— —.-=3:—-=  —  s  •— i  the  Answer. 

^     3'X  5  X  11       165      33       II 

*      /    2x^X1:^       4 
^     Oi*;     ~— — .  =  — ,  tlic  same  as  before,  by  cancelling' 
•  ^       >    -afxff  xjl       U 
***      the  3's,  and  dividing  by  5*8.   . 

{'    3.  Red|,ce  ^  of  |  to  a  simple  fraction.  Ans.  -!{• 

4.  Reduce  f  of -J  df  {  to  a  simple  fraction.  Ans.  |. 

5.  Mduce  I  of  I  of  3^  to  a  simple  fraction.  Ans.  {. 
Ot  Kbduce  ^  of  I  of  }  of  4  to  a  simple  fracuoa  Ans.  |. 
7.  Reduce  2  and  |  of  |  to  a  fraction.  Ans.  •}. 

.f  "  CASE  VI. 

^  I* 

7b  JSrcfure  Fractions  of  Different  IXenohiinatort^  to  Equivalent  » 
A  Fractions  having'  a  Common  Denominator, 

♦     ;  » 

^      .  *  Mu^^LT  each  nomerator  by  all  the  denominators  ex- 
'         cept  its  ^n,   for  the  new  numerators  :  and  multiply  all  the 
denominators  together  for  a  common  denominator. 

JVbtey  It  is  evident  th£t  in.^s  and  several  other  operations^ 
when  any  of  the  proposed  ()Vkntities  are  integers,  or  mixed  p, 
.numbbrs,«or  compound  fractions,  they  must  firtft  be  reduced,. 
,i  ^  by  their  prefer  Rules,  to  the  form  of  sj^ple  fractions. 
'*    r  f 

*  9      ^     •  E^MLMPLES.  ^ 

1 .  Reduce  ^,  |,  and  |ff|»  a  common  aenominator.  % 

4.  *1   x  3  K  4  =^  12^enewm*nerator  for^ 

.i     2^  S,.X  4^  \&\'  ditto  f  ,   . 

^    ■  3  X   2  •x  3  =  Iff^        .r  "^itto  ^     i  . 


^  2  X  3  X  4#=^4thc  comnAnfibnomH^tor.  ,*- 

Thcrerifre  the  equivalent  fractionp-are  ^J,  ^J,  and  J|. 

Or  the  whole  operatifm  of  multiplying  may  be  best  per* 
formed  mentally,  only  sitting  down  the  results  and  given 
fractions   thus  7  ^^  |,  |,  =  H,  t J,  i|  =    ^\y  f„  /,    bf 
'  abbreviatioh.  » 

2.  Reduce  ^  ^d  |  to  fractions  of  a  common  denominator. 

Ans.  Ill  If 


m  ^ 


*  This  is  evidently  no  more  Uian  multiply infi^  each  numerator  and  its 
denominator  1^  tbe  same  quantity,  and  consequently  the  ^ue  of  the 
fraction  isdiot  altered.  '    <*,  ^ 

■*  ^.-3.  Reduce 


i 


Deduction  d»  vulgar  fractions.      5# 

3.  Reduce  f,  |y  and  I  to  a  eoo^mon  denominator. 

Ana.  th  Is.  n- 

4.  Reduce  |,  2f ,  and  4  to  &£ommon  dopominator. 

MteL  When  the  denominators  of  two  ^iven  fracti(ftis 
have  a  common  measure,  let  them  be  dtvidied  by  it ;  then 
multiply  the  terms  of  each  givon  frac^on  by  the  quotient 
ari^ng  from  the  other's  denominator. 

jEx.  ^  and  ,\  ^  ^  and  ^  by  muitiplying  the  fflirmer 
5  7  by  7,  and  the  latter  by  5. 

3.  When  the  less  denominator  of  two  fractions  exactly 
divides  the  greater,  multiply  the  terms  of  that  which  ha^^ 
the  less  denominator  by  the  quotient. 

£xT  ^  and  -^^  =  ^^  and  -^j  by  mul(.  the  former  by  2. 

2  '  ^ 

3.  When  more  than  two  fractions  are  proposed,  it  is  'some- 
times convenient,  iirst  to* reduce  two  of  theq^to  a  vomipon 
^enotntsa^or  ;  then  these  an^  a  third  ;  and  so  on  till  they  be 
all  reduced  to  their  least  common  denominator. 

.fijT.  f  ai^i  S  and  I  ^  |Mid|andf  =  i2-and|j;and4^. 


^    V 


*  9ASE  VII.  '  « 

To  find  the  value  of  aWraction  in  Porta  of  the  Integer. 

MuLTiPLi*-the  integer  .by-  the  liumerator,  and  divide  the         ^ 
product  by  the  denominatoi^  by  Compound  Multi^ication    ^ 
•*  and  Division,  if  the  integer  be  a  compound  quantity.  -  * 

Or,  if  it  be  a  single  integer,  multiply  the  numerator  by  the 
j^rlsin  thenextioferior  deiMmination,  and  divide  the  pro- 
dtict  by  the  denominator.  Then,  if  any  thing*  remains,  mul- 
tiply it  by  the  parts  in  the  next  inferior  denomination,'imd 
divide  hj^  the  denominator  as  before  ;  and  so  on  as  far  as 
necessary ;  so  shall  the  quotients,  -placed  in  ordet^  be  the 
value  of  the  fraction  required*.  ;.  ■        • 

—  ■■■  ^         ■  ;     >  **  ■ 

*  The  numerator  of  a  fraction  being  considered  as  a  remainder,  jn 
Divirion,  and  the  denominator  as  ifce  divisor,  this  rule  h  of  the  salne 
nature  as  Compound  Division,  or  the  valuation  of  remainders  in  the 
Kide  of  Thr^fla»beibfe  expl^ijincd. 


♦. 


r.KAMFLES. 


*  -: 


60 


ARITHMETIC. 


EXAMPLES. 


•< 


1.  What  is  the  I  bf  S/ 6«  ? 

B^  the  former  part  of  the  Rule 

3/6* 
'4 


5)  A  4  "• 

Ans.       1/  16«9</3|7.    * 


92.  What  is  the  value  of  |  of  I/? 
By  the  3d  part  of  the  Rule^ 

30 

3)  40  (13#4d  Ads. 


1 

12 


3)   12  (4rf 


i      3.  Find  the  value  of  f  oifa  pound  sterling.        Ans*  7»  6d. 

4.  \Yhat  is  the  value  of  |  of  a  guinea  ?  Ans.  4«  Sd, 

5.  What  is  the  value  of  j  of  ^  half  crown  ?   Ans.  It  lO^cf. 

6.  What  is  the  value  of  |  of  4«  lOd  ?  Ans.  U  1 1|</. 

7.  iWhat  is  thp.  value  of  -J  lb  tlby  ?  *      Ans,  9  oz  12  dwts. 

8.  What  is  the  value  of  jf  of  acwt  ?  Ans.  1  qr  7  lb. 

9.  Wfiia  is  the  value  of  |  of  an  acre  ?        Ans.  3  ro.  20  po. 
10.  What  is  the  value  of  ^\  of  a  day  ?    Ans.  7  hrs  12  min. 

CASE   VIU.  ,    « 

^  T\  Reduce  a  FrtnHQfiftvm  on&  Denomination  to  another, 

*  Consider  how  many  of  the  less  denomination  make  one 
of  the  greater  ;4hen  multiply  the  numerator  by  that  number, 
if  ^  tKe  reduction  be  to  a  le^s  nanik)  but  multiply  the  denomU 
nator>  if  to  a  greater. 


EXAMPLES. 

1 .  Reduce  |  of  a  pound  to  the  fraction  of  a  penny. 


so 


«2   480 


X    V:?= 


"%   ^    1    ^     T   -^     "5 


^1*,  the  Answer. 


*  This  is  the  8S|ne  as  the  Rule  of  Beduction  in  whole  numbers  from 
6ne  denomination  to  another. 


V 

2.  Reduce 


ADDITION  o»  VULGAR  FRACTIONS.  61 

2.  Reduce  -^  of  a  penny  to  the  fraction  of  a  pound* 

T  X  iT.^  »V=  7TT  ^^  Answer. 

3.  Reduce  -j^  to  the  fraction  of  a  penny.  Ans.  y  cf. 

4.  Reduce  |q  to  the  fraction  of  a  pound.  Ans.  xm* 

5.  Reduce  |^  cwt  to  the  fraction  of  a  lb.  Ans.  \'. 

6.  Reduce  |.  dwt  to  the  fraction  of  a  lb  troy.  Ans.  -^J^. 

7.  Reduce  |  crown  to  the  fraction  of  a  guinea.  Ans.  ■/,. 
B.  Reduce  |  half-crown  to  the  fract.  of  a  shilling.  Ans.  f  |. 
9.  Reduce  2«  6d  to  the  fraction  of  a  £,  Ans.  }. 

10.  Re<lace  ITs  7d  S^g  to  the  fraction  of  a  £, 


ADDITION  OF  VULGAR  FRACTIONS. 


Jr  the  iractions  have  a  common  denominator ;  add  all  the 
numerators  together,  then  place  the  sum  over  the  common 
idenominator,  and  that  will  be  the  sum  of  the  fractions 
required. 

*  If  the  proposed  fractions  have  not  a  common  denomina- 
tor, they  must  be  reduced  to  one.  Also  compound  fractions 
must  be  reduced  to  simple  ones,  and  fractions  of  difiHirent 
denominations  to  those  of  the  same  denomination.  Then 
add  the  numeratol*s  as  before.  As  to  mixed  numbers^  they 
may  either  be  reduced  to  improper  fractions,  and  so  added 
with  the  others  ;  or  else  the  fractional  parts  only  add/cd,  and 
the  integers  united  afterwards* 


*  Befere  frictions  are  reduced  to  a  common  denominator,  they  are 
quite  dissimilar,  as  much  as  shillings  and  pence  are,  and  therefore 
cannot  be  incorporated  with  one  another,  any  more  than  these  can. 
Bat  when  they  are  reduced  to  a  common  denominator,  and  made  parts 
of  the  same  thing,  their  sum,  or  difference,  nay  then  be  as  properly ' 
expressed  by  the  sum  or  difference  of  the  numerators,  as  the  sum  or 
dinerence  of  any  two  quantities  whatever,  by  the  sum  or  difference  of 
their  individuals.  Whence  the  reason  of  the  Bule  is  manifest,  both 
for  Addition  and  Subtraction. 

When  several  fractions  are  to  be  collected,  it  is  commonly  best  first 
to  add  two  of  them  together  that  most  easily  reduce  to  a  common  de- 
nominator ;  then  add  their  sum  and  alliird,  and  so  on. 

EXAMPLES. 


"     / 


62  AMTHMETIC. 

BXAlfPLES. 


1 .  To  add  I  and  |  together. 

Here  |  +  4  =  |^  =  1|,  the  Answer. 

2.  To  add  -|  and  |  together. 

T  +  I  =  14+1*  =  H=  I  ll^the  Answer. 

3.  To  add  I  and  7^  and  ^  of  A  together. 

4.  To  add  ^  and  ^  together.  Ans.  1|. 

5.  To  add  I  and  |  together.  Ans.  1|J. 

6.  Add  y  and  ^  together.  Ans.  ^. 

7.  What  is  the  sum  of  |  and  |  and  |  ?  Ans.  1|^ 

8.  What  is  the  sum  of}  and  |  and  2^  ?  Ans.  3|§. 

9.  What  is  the  sum  of  4  and  |  of  |,  and  9^«y  ?  Ans.  10y\y. 

10.  What  is  the  sum  of  |  of  a  pound  and  |  of  a  shilling  f 

Ans.  '!««  or  13*  lOrf  Sfy. 

11.  What  is  the  sum  off  of  a  sliiliing  and  y^  of  a  penny  \ 

A119.  *^^d  or  7d  mq. 

13.  What  is  the  sum  of  |  of  a  pound,  and  |  of  a  shilling. 

and  /j  of  penny  ?  Ans.  |^»|*  or  3«  Id  1  Joy. 


SUBTRACTION  or  VULGAR  FRACTIONS.    * 

Prepare  the  fractions  the  same  as  for  Addition,  when 
necessary  ;  then  subtract  the  one  numerator  from  the  other, 
and  set  the  remainder  over  the  common  denominator,  for  the 
difference  of  the  fractions  sought 


EXAMPLES. 

1 .  To  find  the  difference  between  f  and  i. 

Here  | — (  =  |  =  |,  the  Answer. 

2.  To  find  the  difference  between  f  and  f . 

I— t  =  I*—  *7  =  A»  ^^«  Answer. 

3.  What 


MULTIPLICATION  of  VULGAR  FRACTIONS.    65 

3.  What  is  the  difference  between  ^^  and  -^  ?  Ans.  {. 

4.  What  is  the  differeace  between  -^  and  ^  ?        Ans.  ■^. 

5.  What  is  the  difference  between  -/j  and  ^  ?      Ans.  ^. 

6.  What  is  the  diff.  between  5|  and  |  of  4^  ?  Ana.       4^ . 

7.  What  is  the  difference  between  f  of  a  pound,  and  |  of 
}  of  a  shilling  ?  '    Ans.  <il^"«  or  10a  7d  l^f. 

8.  What  is  the  difference  between  ^  of  5|  of  a  poundi 
and  I  of  a  shilling  ?  Ans.  j^/  or  1/  8t  1 1^. 


MULTIPLICATION  of  VULGAR  FRACTIONS. 

*  Rebucb  mixed  numbers,  if  there  be  any,  to  equivalent 
fractions  ;  then  multiply  all  the  .numerators  together  for  a 
numerator,  and  all  the  denominators  together  for  a  denomi- 
nator, whiclv  will  give  the  product  required. 


KXAMFLES. 


1.  Required  the  product  of  |  and  |. 

Here  J  X  ^  ^^V  =  h  ^^^  Answer. 
Or|X   |  =  iX|  =  f 

3.  Required  the  continual  product  of  |,  3|,  5,  and  |  of  |. 

^      '   13       5       X       3         13  X  3       39 

Here  — X  _X  — X  — X— =* =  — =  4},Ans. 

3  4         14^  4x28 

3.  Required  the  product  of  ^  and  f .  Ans.  ^^^, 

4.  Required  the  product  of  ^  and  ,',.  Ans.  y^. 

5.  Required  the  product  of  |,|9  and  j^.  ^ns.  ,^. 


*  MoltipUcation  of  Any  thing  by  a  fraction,  implies  the  taking  some 
pMt  o(  parts  of  the  tiding ;  it  may  therefore  be  truly  expressed  by  a 
compound  fraction ;  which  is  resolved  by  multiplying  together  the 
nfimeritors  and  denominators. 

•  Note\  A  Flection  is  best  maltiplled  by  an  integer,  by  dividing  the 
denominator  hj  it ;  but  if  it  will  not  exactly  divide,  then  muhijlly  the 
nuoMrator  by  it. 

'    <  ^  6.  Required 


\  -" 


^  ARITHl^IETIG. 

6;  Required  the  product  of  j,  |,  and  3  j^s.  I , 

r.  Required  the  product  of  |,  |,  and  4  {^.  Ans.  2  3^, 

8.  Required  the  product  of  f ,  and  f  of  f.  * .    *  Ans.  IS. 

9.  Required  the  product  of  6,  and  |  of  5.  Ans.  20. 
10.  Required  the  productof  |  of  |,  and  |  of  3^  Ans.  H- 
H .  Required  the  product  of  3^  and  4  ^f  Atls.  1 4J|^. 

12.  Required  the  product  of  5,  |,. «  of  f  and  4*.  An^  2 j»^ 


DIVISION  OF  VULGAR  FRACTIONS. 


•  Prepare  the  fractions  as  before  in  multiplication  ;  then 
(^de  the  numerator  by  the  numerator,  and  the  deQoihin«|Dr. 
by  the  denominator,  if  they  will  exactly  divide :  but  if  not, 
then  invert  the  terms  of  the  divisor,  and  multiply  the  dividend 
by  it,  as  in  multiplication. 


"S 


^^ 


**, 


i 


EXAMPLES.      • 

1.  Divide  y  by|. 

Here  V  -4-  |  «  4  =  l|,by  the  first  method. 

2.  Divide  |  by  ^j, 

3.  It  is  required  to  divide  4|  by  |.  Ans.-f 

4.  It  is  required  to  divide -/^  by  J.  ,                 •    Ans.  y\. 

5.  It  is  required  to  divide  y  ^y  J.  .                       Ans.  1|.             y  « 

6.  It  is  required  to  divide  |  by  y .  Ans.  1!^.       ^ 

7.  It  is  required  to  divide  H  by  |. '  ,       Ans.|.   ^ 

8.  It  is  required  to  divide  f  by  |.  Ans.  jj.                i 


"r 


^ 


4. 


% 


.    *  Division  being  the  reverse  of  Multiplication^  the  season  «f  the 
Rule  is  evident. 


Note,  A  fraction  is  best  divided  by  an  integer,  by  dividinff  the  nuaR-  '    ^ 

Ltorby  it;  but  if  it  wilinotcxAGtly  divide^  then  multiply  the  deno-  "**,     «• 

minstor  by  it.                                                    \.  ^ 

'9.  It  • 


m 


RULE  OF  THREE  ik  VULGAR  FRACTIONS.     65 

9*  It  ift  required  to^vide  -^  by  3.  Ans.  -f^. 

10.  It  is  wquired  to  diyide  |  bj  ^^  Ans:  \\g. 

11.  It  is  required  to  divide  7|  by  9^.  Ans.  ||. 
'13.  k  u  required  to  divide  |  of  |  by  4  of  7|.  Abs.  ^.  ,  ^ 


.5 


RULE  o?  THREE  ih  VULGAR  FRACTIONS. 

Make  the  necesoary  preparations  as  before' directed  ;  then  ' 
multiply  continually  together,  the  second  and  third  termsy 
and  the  first  nath  its  parts  inverted  as  in  Division,  for  the 
answer*.  *  '^ 

V       '      .  KXAMPtms. 

■  \  St 

1 .  if  I  of  a^ard  d€  velvet  cost  ^  of  a  pound  sterling  ;  ivhat 
vrin/»ofayardcost  ?  .  .        '      * 

a'*  2      s     a     g     g^      r- 

—  :  —  ::  —  : —  x  — X  — =?  -J'  *  6a  8<f ,  Answer. 
8       5       16     3      iS    X)i( 

2.  What  will  3 1  oz  of  silver  cost,  at  6f  4<1  an  ounce  ? 

Ans  1/  l«  44</. 

3.  If  f^  6f  a  ship  be  worth 273/  2«  6d^;  vfbst  are  //of  her     ' 
worth?  ;,  Ana*  227/ I3#  Irf. 

4.  What  is  the  purchase  of  -1330/  bank-stocky  at  108|  per 
«^t  ?  •'  *  .  Ans*  1336/  U9rf.r^ 

5«  What  ia  the  interest  of  273/  15«  fiir  a  year  at  3}  per 
tent  ?  _  Ans.  il  \7a  \  l^rf. 

.  6.  If  I  of  a  ship  be  worth  7^/  U  tM  j  what  partof  her  is  ? 
worth  250/ 10*^  ^        ,        \  Ans..f.. 

7.  What  length  must  be  cut  off  i  board  that  n  74  inches    t 
broad,  to  contain  a  square  footf  or  as  much  as  another  piece  " 
of  12  inches  long  and  19  broad  I  Ans.  1 8  -j^^  inciies. 

a.  What  quantity  of  shaUoon  that  is  |  of  a  yard  wid^,  will 
'fine  9|  yapi^.of  cl(%h,  that  is  2j.  yarda  wide  ?        Ans.  3 1|  yd#. 


««W 


Ans.  3 1|  yd*.    C^ 
4 r- ' !^      ■'< 


•*  Thiris  enly  latthiplyiTisr  the  2d  sad  3d*teanis  together/,  and 
dividing  the  ivoaq^  by  the  €£rt»  as  in  4he  Rufe  of  'fhree*iD  whole 
numbers.  '.»'*" 


• 


4 


Vdtfl.    ,>  ,   r       '       K  »        "  ^         ♦    ^'  9.  If 


9 


66  AHITHBIETIC.  ' 

9.  If  tke  penuy'  loaf  weigh  6^  ott^  yfben  iStit  pfkc  ol 
.  ivhtat  is  59  the  bushel ;  wliat  ougM  it  fo  weigh   whea  the 

wheat  4s  8«  6d  thebu«hel  }-  ,Ans.  4^oz. 

10.  How  much  in  lengthy  of  9  |i«ce  of  land  that  is  11^ 
r  pole's  broad,  will  malte  an  atreof  land,  or  as  tmich  as  40  * 

poles  in  length  and  44n  breadth  ?  ^        Ans.  1  S^V?  poles. 

11.  If  a  courier  perfoftn  a  certain  journey  in  ^5^  days, 
travelling  t3|  hours  a  day  r  how  long  would  he  be  in  per- 
forming tb<B  same,  travelling  only  1  l-j^  hotirs  a  day  ? 

*  Ans.  iQiii  ^^y^' 

^  13.  A  tegimfcht  <^M>Mi6r&,  consi^ifigof  976  met^are  to 

b«  new  cloath^  ^^.each   coat  to  contain  2j-  yards   of  cloth 

*that4*is  14  yard'wid^f  aud  lined  with  slkaliooQ  |  yard  wide  :. 

how  many  yarda  of  abaUoon  will  line  theml 

^   '  Ans.  4531  fAs  1  qr  ^nailsi 
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.    V  DECIMAL  BRACTIONS.  *  ' 

A  DsciUAL  tttAtJTiON,  Isf  tbat  v^ich  lias  Ibr  ils.deno- 
itiinator  an  unit  (I),  with  as  piany  ciphers  annexed  as  the  *» 
numemtor  tias  places^  aad  it  is  usually  expressed  Insetting  .,    , 

down  the  numerator  only,  with  a  point  beforfe  it,  on  the  left-  »,  ^ 

^     hand,  ^hus,  ^  is  -4,  and  -^  i^  -24,  and  ^Ify  i»  '074,  and^  ^ 

-j^y^*P^  is  •00124;  where. ciphers  are  prefixed  to  mak« -iftp  aa'         *.' 
many  places  as  are  ciphers  in  tlie  denominator,  when  there 
is  a  dcficiettcy  of  figui^s.      *   , 
**    A  mixed  number  is  made  up  of  a  whole  number  with  some  .^ 
decimal  fraction,  the^  one  btdng  sepai'ated  iroiu,  ll|^  oi^er  by  '  *« 

a  point.     Thus*  3*25  is  \he  same  as  3*^^  ^^  flf* 

Ciphers  on  the  right-hand  of  decimals  make  ;no  alteration        v       -« 
in  their  value  ;   for  -4,  or  -40,  or  '400  arcf  decimals  having  all  -  ^ 

the  same  value,  each  beings  ^♦y,  or^.    But  when  tbey  are    ^ 
/  placed  on  the  ieft^uuid  they  decrease  Hia  value  in  a  teti-fold 
proportian)  Thus,  -4  is  j*^  el*  4  tenths  s  bat  -04  is  only -jl^* 
of  4  huodredtlii,  atod  -004  is  only  ^^^^,  or  4^  thousandths. 
The  I  St  place  of  deciiqaUi  counted  from  the  left-hand  tO'     ' 
ij^  vairdalhe  nght,*is  called  tiie  place  of  pniifes^  or   H>ths  ;  the*. 
.*  2d  is  The  pl^e  of  secondsnor  IpOths  ;  the  34  is  flie  plaofc  of 
lairds,  oriAothS;  and  sajon.*' For^in  declnrtils,  as  well  «* 
r      in  ^4ioli^^vibe9S,tl)e  v^ues  of  the  places  incceasettowari)^  .  .  ^ 

tiie  left-liami,  and  tlacreaaa.  towards,  tfie  riaht,  both  in  the       ^    ^ 


ADDITION  OF  DECIMALS. 


er 


-sAine  teD-fbkl  propCvtion  ;  as  in  the  following  Scale  or  Table 
-of  NotatioD.  * 


*9 
9 


1   S 


2     « 
2    -o 

^     «  •  « 

O  s  4> 

5  1^ 

0  o  S 

fi  -s  i 


3     3     3     3     3 


« 

0^  S.  -S   §   s 
§  ^  5   I  -s   ^ 

^  £    9  J  ?    § 
S    a    S    §    o    G    g  .-g 


3     3-33 


3     3     3     3 


11 


^ 
t 


*. 


%^ 


ADDITION  o9  DECIMALS. 

Set  the  numbers  under  each  other  according  to  the  value 
of  their  {Haoes,  like  as  In  whole  RuiHbeia  \  in  which  state  the 
decimal  separating  pdnts  will  stand  all  exactly  under '  each 
other.  Then,  beginning  at '  the  right-hand,  ad<}  up  all  fhe  ' 
columns  of  numjbers  as  in  integers  ;  and  point  off"  as  many 
places,  for  decimals,  as  are  in  the  greatest  nuftiber  of  decimal 
places  in  any  of  the  lines  that  are  added ;  or  place  the  poin^ 
directly  betow  all  the  oiher  points.  " 

EXAMPLES. 

I.  To  add  together  39*01 46>  and  31465,  and  9 109,  itM 
•634  IT,  and  14*10. 

29K)146 
3^46•5  * 

•62417      • 
14-16 


•  5299-29877  the  Sum. 


Ex.  2.  What  is  the  sum  of  276,   3!M213,  72014-9,  417, 
and  5032?        ^    '  .    •  ^. 

3.  What  is  the  sum  6f  7530,    16-201,    50142,    957-13, 
6-72119  and  •03014. 

4.  What  is  the  sum  of  3ie-09,  3-5711,  7195-6,    71^498, 
9739-21^,  179,  and  -0027  ? 

^  J  ■     " SUBTRACTION 


y 


•  4 


«' 


««  ARITHMETIC, 


♦    SUBTRACTION  or  DECIMALS. 


\ 


pLAps  the  numbers-  under  each  other  according  to  the 
value  of  their  pUj^es,  as  in  the  last  Rule.  Then,  beginning 
at  the  right*httid,  subtract  as  in  whole  nuoibersy  and  point 
off  the  decimals  as  in  Addition. 


BXAMPLES. 

!•  To  find  the  difference  between  9 1*73  and  2*438. 

9ir3 

f  2-138 


Ans.  89-592  the  Difference. 


2.  Find  the  diff:  between  l-9t8S  and  2-73.  Ans.  0*8115. 

3.  To  subtract  4-90 1 42  from  2 1 4-8 1 .  Ans.  209*90858. 

4.  Find  the  dift.  between  27 14  and  -9 16.     Ans.  2713-084. 


•  MULTIPLICATION  o¥  DECIMALS. 

*  Plage  the  factors^  and  multiply  them  together  the  same . 
as  if  they  were  whole  numberSd-^Then  point  off  in  the'  pro- 
'  duct  just  as  many  places  of  decimals  as  there  are  decimals  in 
'both  the  factors.    But  if  there  be  not  so  many,  figures  in  the 
product,  thf  n  supply  the  defect  by  prefixing  ciphers. 


• 


▼ 


t 


*  Ifte  Rule  will 'be  evident  from  this  ezaaple  :— Let  it  be  re- 
''  quired^to  mAtiply  *12  by  -361;  these  numbers  are  eqaivalent-to 

t|^  of  ^oution»  which  consists  of  ss  many  places  as  there  are  ciphers»\ 
that  is,'  of  as  myiy  places  as  there  are  in  l^oth  nambers.    And  in  like 
manner  for  any  other  Dumbers. 

BXAMfLKS. 


t 


MULTIPLICATION  ot  DECIMALS.  69 


KXAMPLSS. 

1.  Multiply  -331096 
by        -3465 

1605480 
1936576 
)384S84 
643193 

Abb.  -0791501640  the  Product. 


2.  Multiply  79-347  by  3315.  Ans.  1836-88305. 

3.  Multiply  •6.i478  by  •«304.  An»-  -520773513. 

4.  Multiply  389746  by  -00464.  Ans.  -00178986144. 


CONTRACTION  I. 


To  muUifily  DecimaU  by  1  with  any  number  of  Cifihera^  at  by 

10,  or  lOOy  or  1000,  ^c. 

This  is  done  by  only  removing  the  decimal  point  so  many 
•  places  farther  to  the  right-hand,  as  there  are  ciphers  la  the 
J  nmltipiier ;  and  subjoining  ciphers  if  need  be. 


XXAMFLKS. 


1.  The  product  of  51-3  and  1000  is  51300. 
>  2.  The  product  of  3-714  and  100  is 

3.  The  product^of  -9 » (5  and  1000  is 

4.  The  p^oduc^*of  31-31  and  10000  is 


CONTRACTION  II. 


l^Coniract  the  O/ieration^  aaa»  to  retain  only  aa  many  Decimals 
in  the  Product  as  may  be  thought  JVcceasaryj  when  the  Product 
would  naturally  contain  several  more  Places, 


the  units'  place  of  the  multiplier  under  that  figure  of 
the  multiplicand  whose  place  is  the  same  as  is  to  be  retained 
for  the  last  in  the  product ;  and  dispose  ^of  the  rest  of  the 
figures  in  the  inverted  or  contrary  order  to  what  they  are 
usually  placcfd  in.— Then,  in  multiplying,  reject  all  the  figures 
tiiat  are  more  to  the  right-hand  than  each  multiplying  figure^ 
and  set  ^own  the  products,'  so  that  their  right-hand  figures 

**  may 


1- 


ro  ARITHMETIC. 

may  fall  in  a  column  straight  below  each  other ;  but  obserring  .i|i 

to  increase  the  first  figure  of  eyery  line  with  what  would 
arise  from  the  figures  omitted,  in  this  manner,  namely  1  froia 
5  to  14,  3  from  15  to  24,  3  from  25  to  34,  8tc  ;  and  the  sum 
of  all  the  lines  will  be  the  product  a&  required,  commonly  to 
the  nearest  imit  in  the  last  figure. 

EX4MPI3S.  "^  # 

1/  To  multiply  27*14986  by  92-41035,,  so  as  to  retsdn  only 
four  places  of  decimals  in  the  product. 

Contracted  Way.  CQtnmon  Way, 

27-14986  2714986 

53014-29  92-41035 


24434874  131574930 

542997  81^4956 

108599  27 \<  ^86 

2715  108599144 

81  ^  54^997 

14  ^  24434874 


2508*9280  2508*92lft 


fiftJ6505lO 


2.  Nlultiply  480-I4936'by  2-r24I«,  retaiiang  only  fo^  de* 
cimals  in  the  product.  *       t^ 

3.  Multiply  2490*3048  by  *5f  S286,  retaining  only  five  de- 
cimals in  the  product.  y 

4.  Multiply  325*701428  by -7218393,  retaining  ooly  three 
decimals  in  the  product. 


DIVISION  OF  DECIMALS.  »     * 

Divzns  as  in  whole  numbers ;  and  point  off  itt  the  quo- 
tient as  many  places  for  decimals,  as  the  decimal  places  in  the 
dividend  exceed  those  in  the  divisor*. 


sw 


*  The  reason  of  this  Rule  is  e^id«nt ;  £^,  since  the  diviior  multipUed 
bv  the  quotient  fives  the  dividend,  thmfgre  the  number  of  decimal 
places  in  the  dindend,  is  equal  to  those  in  the  divisor  and  quotient* 
taken  tog^tlier,  by  the  nature  of  Multiplication  ;  and  consequently  the 
quotient  itself  must  eontain  at  many  as  the  dlTidend  exoeejU  the  dir 
visor. 

«  Another 


\ 


\ 


■  i 


DIVISION  09  DECIMALS. 


ri 


Another  way  to  know  ;be  |dacc  for  the  decimal  point,  is 
this  f  The  first  figure  of  the  quotient  auist  be  nadetooc-- 
cupy  the  same  pldce,  of  iiuegers  or  decimals,  as  doth  that 
<-  figure  of  the  dividend  which  staads  over  the  unit's  figure  of 
the  first  product. 

When  the  places  of  thequotient  are  not  so  ihany  as  the 
Rule  requires,  the  defect  is  to  be  supplied  by  prefixing 
ciders. 

^Then  there  happens  to  be  a  remainder  after  the  divisiodr 
or  when  the  decimal  phces  in  the  divisor  are  ;more  than  those 
in  the  ^vidend ;  then  ciphers  may  be  annexed  to  the  divi- 
dend, and  the  quotient  carried  on  as  far  as  required. 


b^akfxes. 


1. 

IM  )  -48520998  (  -00273589 
1292 
460 
1049 
U99 
17^8 
156 


2: 
•2639  )  37-00000  (  102-3U4 
6100 
8220 
3030 
3910 
12710 
2154 


^ 
o 


Divide  12370536  by  54-25. 

4.  Divide  12  by  7854. 

5.  Dtvjide  4195-68  by  |00. 

6.  Divide  -8397592  by  M58. 


Ans.  S'280ft. 
Ans.  15-278. 
Anji.  41^568. 
Ans.  5-4332^ 


COHTRACTIOK  f. 


WaBN  the  divisor  is  an  integer,  with  any  number  of  ci- 
phers annexed :  cut  off  those  ciphers,  and  remove  the  dcci- 
inal  pomt  in  the  dividend  as  many  places  farther  to  the  left 
as  there  are  ciphers  cut  off,  prefixing  ciphers  ifneed  be ;  then 
proceed  as  before.* 


*  This  is  no  more  than  dividio|f  both  divisor  and  dividend  by  the 
•¥•"»?  number,  either  1^  or  100,  or  1000,  &c.  aceording  to  the  number 
^  ^' j^*  ^^  ^®»  "w^hich,  leaving  them  in  the  Bsroe  proportion,  does 
J*»*J^<5t  the  quotient.  Aiad,  in  the  same  way,  the  decimal  point  may 
be  nioved  fbe  same  number  of  places  in  both  the  divisor  and  dividend, 
either  to  the  right  or  left,  whether  th'-y  have  ciphers  or  not. 

ft  ..        '..  EXAMPLES. 


*■■ 
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mXAMPLES. 

I.  Divide  45*5  by  3100. 

21-00)  -455  (-0316,  &c. 
35 
140 
14 

3.  Divide  41020  hj  32000. 

3.  Divide      953  by  2 1 600. 

4.  Divide        61  by  79000. 

CONTRACTION  II. 

Hence,  if  the  divisor  be  1  with  ciphers,  as  10,  100,  or 
1000,  &c :  then  the  quotient  will  be  round  by  merely  mov- 
ing the  decimal  point  in  the  dividend,  so  many  places  farther 
to  the  left,  as  the  divisor  has  ciphers ;  prefixing  ciphers  if 
need  be. 

EXAMPLES. 

So,  217-3    -r  100  =  3*173  And  419  ^      10  =r 

And    5-16  -f-  100  s  And  -21  -r  1000  =» 

CONTRACTION  III. 

When  there  are  many  figures  in  the  divisor ;  or  when 
only  a  certain  number  of  decimals  are  necessary  to  be  re- 
tained in  the  quotient ;  then  take  only  as  many  figures  of 
the  divisor  as  will  be  equal  to  the  number  of  figures,  both  in- 
tegers and  decimals,  to  be  in  the  quotient,  and  find  how 
many  umes  they  may  be  contained  in  the  first  figures  of  the 
dividend,  as  usual. 

Let  each  remainder  b»  a  new  dividend  ;  and  for  every  such 
dividend,  leave  out  one  figure  more  on  the  right-hand  aide  of 
the  divispr ;  remembering  to  carry  for  the  increase  of  the 
figures  cut  off,  as  in  the  2d  contraction  in  Multiplication. 

M>te»  When  there  are  not  so  many  figures  in  the  divisor, 
as  arc  required  to  be  in  the  quotient,  begin  the  operation 
with  all  the  figures,  and  continue  it  as  usual  till  the  numbec 
of  figures  in  the  divisor  be  equal  to  those  remsdning  to  ht 
found  in  the  quotient :  after  which  begin  the  contraction. 

EXAMPLES. 

■  •  ■ 

1.  Divide  2508*92806   by  92*41035,  so  as  to    hare  only 

four  decimals  in  the  quotient,  iq  which  case  the  quotient  will 

contain  six  figures. 

Contracted.        ^ 


KEBQCTION  pi  DECIMALS. 


rs 


f 


(hntrmettA. 
92^l03,5)t5Q8>9^/)6(37'  1498 
6607S1 
13649 
4608 
.     913 
80   » 
6 


Common. 
92-4l03,5)2508-9a8,06(27'l49«     ' 

66073106  '    • 

13848610 
,    46075750 
91116160 
794678SO 
5W9570     .       . 


3,  Divide  4109-3351  hy  .330'409|  60th«t  the  quotient  may 
contain  oolj  four  decinttds.  At^S.  17*8345.  ^ 

3.  Divide  37*10436  by  5713-96,  that  the  quotient' mpy  con- 
:tain  only  five  decimals.  \  Ans.  ■o0649« 

4.  Divide  91308  by  3137^3,  that  the  queiient  may  contain 
r«a]y  three  decimals. 


fr 

< 


REDUCTION  OF  DECIMALS. 


CASK  I. 

To  reduce  a  Fulgmf  ^aefion  to  il9  equivalent  DedmaL 

Divide  the  numerator  by  the  denominator  an  in  Division 
«tof  Decimals,  annexing  ciphers  to  the  numerator  as  far  as  ne- 
cessary ;  so  shall  the  quotient  be  the  decimal  required* 

EXAMPLES. 


K  Reduce  ^  to  a  decimal. 
34  ss  4  X  6.     Then 


4)  7- 
6)  1- 


750000. 
•391666^0. 


3.  fteduce  \j  and  |^.and  |,  to  decimals. 

Ans.  '359  and 'S^  and  -75. 

S.  Reduce  f  to  a  decimal.  Ans.  -635.  ^ 

4.  Reduce  -^^  to  a  decimal.  ^  Ans.  •  1 3. 

5.  Reduce  -f|j  to.a  decimal.  Ans.  031350. 

6.  Reduce  -ff^  to  a  decimal.  Ans.  '143^155  &c. 


Vol.  I. 


CASE 
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CASE  II. 

t 

To  find  the  Value  of  a  Decimal  in  terms  qf  the  Inferior  BetW" 

minatio7i§. 

Multiply  the  decimal  by  the  number  of  parts  in  the 
next  lower  denomination ;  and  cut  off  as  many  places  for  a 
remainder  to  the  light'handy  as  there  are  places  in  the  given 
decimal. 

Multiply  that  remainder  by  the  ports  in  the  next  lower 
.denomination  again,  cutting  off  for  another  remainder  as 
before. 

r 

Proceed  in  the  same  manner  through  all  the  parts  of  the 
integer ;  then  the  several  denominations  separated  on  the  left- 
hand,  will  make  up  the  answer. 

jVbrr,  This  operation  is  the  same  as  Reduction  Descending 
in  whole  numbers. 


-EXAMPLES. 

1.  Reqipred  to  find  the  value  of  -775  pounds  sterling. 

•775 
20 


«  15*500 
12 


d  6*000  Ans.  15«  ed. 


2.  What  is  the  value  of  -6^5  shil  ?  Ans.  r^d 

3.  What  is  the  value  of  -8635/  ^  Ans.  17«  3*.24d 

4.  What  is  the  value  of  -u  125  lb  troy  ?       •     Ans.  3  dwts. 

5.  What  is  the  value  of  -4694  lb  troy  ? 

Ans.  5  oz  12  dwts  15*744  gr. 
.6.  What  is  the  value  of  *625  cwt  ?  Ans.  2  qr  14  lb. 

7.  What  is  the  value  of  •009943  nules  ? 

Ans.  17  yd  1  ft  5-98848  inc. 

8.  What  is  the  value  of  *6875  yd  ?  Ans.  2  qr  3  nls. 

9.  What  b  the  value  of  *3375  acr  ?  Ans  1  rd  14  poles* 
.10.  What  is  the  value  of  -2083  hhd  of  wbe  ? 

Ans.  13*1229  gal. 


CASE 
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CASX   III. 

t'o  reduce  Integer*  or  Decimal*  to  Equivalent  Decimal*  of 

Mgher  DenomTuUion*, 

Divide  by  the  number  of  parts  in  the  next  higher  deno- 
mination; continuing' the  operation  to  as  many  higher  deno- 
minatioDS  as  may  be  necessary^  the  same  as  in  Reduction 
Ascending  of  whole  numbers. 

EXAMPLES. 

T.  Reduce  1  dwt  to  the  decimal  of  a  pound  troy. 


20 
13 


1  dwt 

0-05  oz 

0004166  ^c.  lb.  Ans. 


2.  Reduce  9d  to  the  decimal  of  a  pound.  Ans.  *0375/. 

3.  Reduce  7  drams  to  the  decimal  of  a  pound  avoird. 

Ans.  -0273437515. 

4.  Reduce  *26</ to  the  decimal  of  a  /.     Ans.  -00 10833  Sec.  I. 

5.  Reduce  3-15  lb  to  the  decimal  of  cwt. 

Ans.'019l96+cwt. 

6.  deduce  34  yards  to  tRe  decimal  of  a  mile. 

Ans.  -013636  &c.  mik. 

7.  Reduce  '056  pole  to  the  decimal  of  an  acre. 

Ans.  -00035  ac. 

8.  Reduce  1*3  pint  of  wine  to  the  decimal  of  a  hhd. 

Ans.  •00338+hhd. 

9.  Reduce  14  minutes  to  the  decimal  of  a  day. 

Ans.  -009733  &c.  da. 
f  0.  Reduce  *3 1  pint  to  t&e  decimal  of  a  peck« 

Ans. -013125  pec. 
1 1.  Reduce  28'  13"'  to  the  decimal  (^  a  minute. 

NoT£9  When  there  are  several  numbers^  to  be  t educed  all  tty 
the  decimal  of  the  highest  : 

Set  the  given  nun^ers  directly  under  each  other,  for  divi- 
dends, proceeding  orderly  from  the  lowest  denomination  to 
the  highest. 

Opposite  to  each  dividend,  on  the  left-hand,  set  such  a 
number  for  a  divisor  as  will  bring  it  to  the  next  higher  name  ; 
drawing  a  perpendicular  line  between  all  the  divisors  and 
dividends. 

Begin  at  the  uppermost,  and  perform  all  the  divisions : 
•nly  observing  to  set  the  quotient  of  each  division,  as  decimal 

parisy' 
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partS}  on  the  right-hand  of  the  dlridend  next  below  itrsa' 
shall  the  last  quotient  be  the  decimal  required. 

BXAMPLM. 

h  Reduce  lT«9|^tothedednial  ofapound. 

4       3- 
M       9-r5 
30     17-8125 

£  0-890635  Ans. 


.  3.  Reduce  19/  \79S{Jiol.  Ans.  19*86354166  &c./. 

3.  Reduce  15«  6d  to  the  decimal  of.  a/.  Ans.  *775/. 

4.  Reduce  74<'tothe  decimal  of  a  shilling.        Ans.  •635«. 

5.  Reduce  5-02  13  dwts  16  gr  tolb#         Ana.  -46944  fcc  lb» 


RULE  OF  THREE  is  DECIMAIS. 

pRSFARx  the  terms  by  reducing  the  vulgar  fracdou^tO' 
decimals)  and  any  compound  numbers  either  to  decimals  ot  the 
higher  denominations^  or  to  integers  of  the  lower,  also  the 
first  and  third  terms  to  the  same  name :  Then  mtdtiply  and. 
diyide  as  in  whole  numbers. 

Mitey  Any  of  the  eonvenient  Examples  in  the  Rule  of 
Three  or  Rule  of  Five  in  Integers,  or  Vulgar  Fractions,  may 
be  taken  as  proper  examples  to  the  same  rules  in  Decimals. 
-«-The  following  Example,  which  i^  the  first  in  Vulgar  Frac- 
tions, is  wroughti^out  here,  to  show  the  method. 

If  |of  a  yard  ef  velvet  cost  f/,  what  will  ^^^ydcoBt  ? 

yd        /         yd  /  »  d 

f  =  -375  -375  :  -4  ::  -3125  :  '333  8cc.    or6  ft 

•4 


I  s=  '4  .375)  -13500    (-333333  8cc. 

1350  30 

135      —— _-^ 


9  6*66666  h,C. 
^  a -3135^^  13 


Ans.  6«  8J.  d  7-99999  Sec.  =s8d. 


DUOMIf 
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DUODECIMALS. 

Duodecimals  or  Caoas  Muktiplicatioh,  is  a  rule  used 
by  workmen  axKi  artificers^  in  computing  the  contents  of 
their  works. 

Dimensions  are  usually  taken  in  feet,  inches,  and  quarters  ; 
any  parts  smaller  than  these  being  neglected  as  of  no  conse- 
quence.  And  the  same  in  multiplymg  them  together!  or 
casting  up  the  contents.    The  method  is  as  fellows. 

Set  down  the  two  dimensions  to  be  multiplied  together^ 
one  under  the  other,  so  that  feet  may  stand  under  feet,, 
inches  under  inches,  Sec. 

Multiply  each  term  in  the  multipticand,  beginning  at  the 
fowest,  by  the  feet  in  the  multiplier,  and  set  the  result  of 
each  straight  under  its  corresponding  term,  observing  ta 
carry  1  for  erery  12,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  inches^ 
and  parts  of  the  multiplier,  and  set  the  result  of  each  tenn 
one  place  remored  to  the  right-band  of  those  in  the  multipli- 
cand ;  omitting,  however,  what  is  below  parts  of  inches,  only 
carrying  to  these  the  proper  number  of  units  from  the  lowest 
deoombation. 

Or,  instead  of  multiplying  by  the  inches,  take  such  parts 
of  the  multiplicand  as  there  are  of  a  fool. 
•  Then  add  the  two  lines  together  after  the  manner  of 
Compound  Addition,  carrying  1  to  the  feet  for  12  iiichcs» 
when  these  come  to  so  many. 

XZaHPLES. 

1.  Muhiply  4 f  7 inc  2.  Multiply  Uf  9  inc 

by  6    4  by    4     6 

37     6  59     O 


Ans.  29    a|  Ans.  66    4^ 

5.  Multiply  4  feet  7  inches  by  9  f  6  inc.  Ans.    43  f.  6|  inc. 

4.  Multiply  1 2  f  5  inc  by  6  f  8  inc.  Ans.    83    9^ 

5.  Muldply  3S  f  4|  bic  by  13  f  3  inc.        Ans.  433    4^ 
&«  Multiply  64  f  6  inc  by  8  f  91  inc.         Ans.  565     8{ 

INVOLUTION. 


INVOLUTION. 


iwoivriov  is  thft  nismg  of  Powers  from  anjr  ^tcw 
number,  as  a  root. 

A  Power  a  a  qaantitj  produced  by  multiplying  any  giveir 
number,  called  the  Root,  a  ccnun  number  of  times  coud- 
nually  t^  itselt    Tbus, 

3  =3  3  is  the  root,  or  1 M  power  of  3. 

3X3=  4  is  tlie  Sd  power,  or  square  of  3. 

3x3x3=  8  is  the  3d  power,  or  cube  of  2. 

3X3x3X3=  iei8tbe4tbpowerof3,  fcc. 

And  in  this  manner  may  be  calculated  the  following  Table 
of  the  first  nine  powers  of  the  first  9  numbers. 


TABLE  of  the  first  Nine  Powx&s  of  Nuunicns. 


1 

2d 

3d 

4th 

3th 

6th 

i 

' 

1 

1 

I 

3 

4 

e 

16 

33 

64 

3 

9 

27 

81 

343 

729 

3isr 

6561 

19683 

4 

16 

64 

2S6 

1034 

4096 

16384 

655^ 

263144 

5 

35 

133 

63s 

3135 

15635 

78135 

390633 

1953135 

6 

36 

216 

1396 

7776 

46656 

379936 

1679616 

10077696 

7 
8 

49 

343 

2401 

16807 

117649 

833543 

5764801 

40333607 

64 

513 

4096 

33768 

363144 

3097133 

.6777216 

134217728 

9 

81 

729 

6561 

S9049 

53U41 

4782969 

4304672 1 

387420489 

INVOLUTION. 
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The  Index  or  Exponent  of  a  Power,  is  the  number  de- 
noting the  height  or  degree  of  that  power  ;  and  it  is  1  more 
than  the  number  of -multiplications  used  in  producing  the 
same.  So  1  is  the  index  or  exponent  of  the  first  power  or 
Toott  two  of  the  2d  power  or  square,  3  of  the  third  power  or 
cube,  4  of  the  4th  power,  an^i  so  on. 

Powers,  that  are  to  be  i*aised,  are  usually  denoted  by  placing 
^e  index  above  the  joot  or  first  power. 


So  2« 

2* 
540* 


4  is  the  2d  power  of  2. 
8  is  the  3d  power  of  2. 
16  is  the  4th  power  of  2. 
is  the  4th  power  of  540,  9cc. 


When  two  or  more  powers  are  multiplied  together,  their 
product  is  that  power  whose  index  is  the  sum  of  the  expo- 
nents of  the  factors  or  powers  multiplied.  Or  the  multipli- 
cation of  the  powers,  answers  to  tiie  addition  of  the  indices. 
Thus,  in  the  following  powers  of  2, 


iBt 

2d 

Sd 

4th 

5th 

6th 

7th 

8th     9th 

10th 

2 

4 

8 

16 

32 

64 

128 

256    512 

1024 

or  2' 

2> 

23 

2* 

2« 

2« 

2T 

28      2* 

210 

Here,  4  x  *  = 
and  8  X  16  a 
also  16  >C  64  = 


16,  and  2  ^  2  =  4  its  index ; 

128,  and  3  +4**=  7  its  index  ; 

1024,  and  4  +  6  =  10  its  mdex. 


^OTHSR   XXAMFLS8. 


1.  What  is  the  2d  power  of  45  ? 
3.  Wluit  is  the  square  of  4*16  ? 

3.  What  is  the  3d  power  of  3-5  ? 

4.  What  is  the  5th  power  of  "029  I 

5.  What  is  the  square  of  |  ? 

6.  What  is  the  3d  power  of  |  ? 

7.  What  is  the  4th  power  of  I  ? 


Ans.  2025. 
Ans.  17-3056. 

Ans.  42-875. 
Ans.  •000000020511149. 

Ans.  ^* 
Ans.  Iff 
Ans.  ,y^. 


EVOLUTION. 


^  ARITHMETIC. 


EVOLUTION. 

Evolution,  or  the  reverse  of  Involution,  is  (he  extracting 
or  finding  the  roots  of  any  given  powers, 

■ 

The  root  of  any  number,  or  power,  is  such  a  number,  as 
4)eing  multiplied  into  itself  a  certain  number  of  times,  will 
produce  that  power.  Thus,  3  is  the  square  root  or  3d  root 
of  4,  because  3*  s:  2  X  3  =  4  ;  and  3  is  the  cube  root  or  3d 
root  of  37,  because  3^=3X3X3  =  37. 

Any  power  of  a  given  number  or  root  may  be  found  ex- 
actly, namely,  by  multiplying  the  number  continually  into 
itself,  fiut  there  are  many  numbers  of  whic)i  a  proposed  root 
can  never  be  exactiy  found.  Yet,  by  means  of  decimals,  we 
may  approximate  or  approach  towaitls  the  root,  to  any  de- 
gree of  exactness. 

Those  roots  which  only  approximate,  are  called  Surd 
.roots  ;  but  those  which  can  be  found  quite  exact,  arc^  called 
Rational  Roots.  Thus,  the  square  root  of  3  is  a  surd  root  ; 
hut  the  square  root  of  4  is  a  rational  root,  being  equal  to  3  : 
also  the  cube  root  of  8  is  rational,  being  equal  to  2  ;  but  the 
cube  root  of  9  is  surd  or  irrational. 

Roots  are  sometimes  denoted  by  writing  the  character  v^ 
before  the  power,  with  the  index  of  the  root  against  it. 
Thus,  the  3d  root  of  30  is  expressed  by  ^  30  ;  and  the  square 
root  or  3d  root  of  it  is  ^30,  the  index  3  being  always  omit- 
ted, when  only  the  square  root  is  designed. 

When  the  power  is  expressed  by  several  numbers,  with  the 
8ign+  or  —  between  them,  a  line  is  drawn  from  the  top  of 
the  sign  over  all  the  parts  of  it :    thus  the  third  root  of 
45  —  13  is  ^45  —  1 3,  or  thus  y^  (45  -^  13),  inclosing  the 
fiumbers  in  parentheses. 

But  ^1  roots  are  now  often  designed  like  powers,  with 
fractional  indices :  thus,  the  square  root  of  8  is  8^,  the  cube 
root  of  35  is  35^  and  the  4th  root  of  45  —  18  is  45  —  18^^, 
or  (45  —  18)V 

TO 


SQUAAE  ROOT.  «i 


TO  BXTHACT  THK  SqUARB  ROOT. 

*  DiTiDS  the  given  number  into  periods  of  two  figures 
•each,  by  setting  a  point  over  the  place  of  units,  another  over 
the  place  of  hundreds,  and  so  on,  over  every  second  figure, 
both  to  the  left-hand  in  integers,  and  to  the  right  in  deci- 
mals. 

Find  the  greatest  square  in  the  first  period  on  the  left-hand, 
and  set  its  root  on  the  right-hand -of  the  given  number,  after 
the  manner  of  a  quotient  figure  in  Division. 


*_  The  reason  for  ■eparating  the  figurea  of  the  dividend  into 
periods  orportiona  of  two  plaoea  each,  ia,  that  the  aquare  of  any 
aingle  figive  never  conaitta  of  more  than  two  placea  ;  the  aquare  of  a 
namber  of  two  figurea,  of  not  more  than  four  placea,  and  a.i  on.  80 
that  there  will  be  aa  many  figurea  in  the  root  ma  the  given  number  con- 
tains periods  ao  divided  or  parted  ofi* 

And  the  -reaaon  of  the  several  atepa  in  the  operation  appeara  fi>om 
the  algebraic -form  of  the  aquare  uf  any  number  of  termSj  whether  two 
or  three  or  more.    Thaa, 

(a  -f  6}2=s  a  3  ^  3tf6  -I-  ^t  s  a3  4.  (2a  -f-  3)  6,  the  square  of  two 
tema  ;  where  it  appeara  that  a  ia  the  first  term  of  the  root,  and  b 
the  second  term ;  also  a  the  first  diviaor,  and  the  new  divisor  ia 
2a  -f  ^,  or  double  the  first  term  increased  by  the  aecond.  And  hence 
the  manner  of  estraction  ia  thu^ : 

lat diviaor a)a<  ^2a6-f^s(a  +  A^« ^^^ 

Sd  divisor  ^a  +  b  I  2ab  -(--^ 

b  I   2ab  +  4" 

Again,  for  a  root  of  three  narta,  a,  b,  c,  thus : 

(a  +  6  .(.  c)  s—  aS  -)-  2ab  +  bi  +^ei^  2bc  -|-  e*  » 

a»  +  (2o  +  *)  ^  -K2a  +  2A  +  c)  c,  the 
«quaK  of  three  terms,  where  a  is  the  first  term  of  the  root,  b  the 
second,  and  e  the  third  term ;  also  a  the  first  divisor,  2a  -f-  4  die 
second,  and  2a  -|-  24  -f  c  the  third,  each  conaisting  of  the  double 
of  the  root  increaaed  by  the  next  term  of  the  aame.  And  the  mode  of 
extraction  ia  thua : 
1st  divisor  a)  a2  +  2ab  +  b'  +  2ac  +  2bc+  c*  (a +  4  +  ctheroot. 

a« 

3d  divisor  2a  +  b\2ab  +  b* 

4  I  2a4  +  6' 

3adivisor2a-l-24  +  c|2ac-«-  24c  +c< 

c  I  2flc  +  24c  -f-  c« 

YoL.  I.  M  Subtract 


S3  ARITHMETIC. 

Subtract  the  square  thus  found  from  the  said  period,  and 
to  the  remainder  annex  the  two  figures  of  the  next  following 
period,  for  a  dividend. 

Double  the  root  above  mentioned  for  a  divisor  ;  and  find 
how/ often  it  is  contained  in  the  said  dividend,  exclusive  of 
its  right-hand  figure  ;  and  set  that  quotient  figure  both  in  the 
quotient  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotient 
figure,  and  subtract  the  product  from  the  said  dividend, 
bringing  down  to  it  the  next  period  of  the  given  number,  for 
a  new  dividend. 

Repeat  the  same  process  over  again,  viz.  find  another  new 
divisor,  by  doiiUing  all  the  figures  now  found  in  the  root ; 
from  which,  and  the  last  dividend,  find  the  next  figure  of 
the  root  as  before  ;  and  so  on  through  all  the  periods,  to  the 
last. 

JVotCy  The  best  way  of  doubling  the.  root,  to  form  the  new 
divisors,  is  by  adding  the  last  figure  always  to  the  last  divisor, 
as  appears  in  the  following  examples. — Also,  after  the  figures 
belonging  to  the  given  number  are  all  exhausted,  the  opera- 
tion may  be  continued  into  decimals  at  pleasure,  by  adding  an^ 
number  of  periods  of  ciphers,  two  in  each  period* 

VXAMPLBS. 

il.  To  find  the  square  root  of  39506634^ 

•   ■    •  • 
29506634  (  5432  the  root. 
35 


i04  450 
4  416 

1083  1  3466 
3  1  3349 

10863 
3 

31724 
31724 

Note,  When  the  root  U  to  be  extracted  to  many  fUtiee^  qf 
Jiguretj  the  work  may  be  considerably  shortened^  thus  : 

Having  proceeded  in  the  extraction  after  the  common  me- 
thod, till  there  be  found  half  the  required  number  ^  figures 

in 


SQUARE  ROOT. 
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in  the  rooty  or  one  figure  more ;  theii}  for  the  rest,  diride 
the  l&at  remainder  by  hs  correBpcmding  divi«or,  after  the  man- 
ner of  the  third  coDtraction  in  Division  of  Decimals  ;  thuS} 

2.  To  find  the  root  of  2  to  nine  places  of  figures. 

S  (  1-4142 1356  the  root. 
1- 


24  I  100 
4       96 


281 
1 


400 
281 


2824 


ill 


1900 
4296 


28282  I     60400 
2  I     56564 


3.  What 

4.  What 

5.  What 

6.  What 

7.  What 

8.  What 

9.  What 

10.  What 

11.  What 

12.  What 


28284  )     3836  (1356 
....  1008 

160 
19 
3 
is  the  square  root  c£  2035  ? 
is  the  square  root  of  1 7*3056  ? 
is  the  square  root  of  -000729  ? 
is  the  square  root  of  3  ? 
is  the  square  root  of  5  ? 
is  the  square  root  of  6  ? 
is  the  square  root  of  7  ? 
is  the  square  root  of  10  ?« 
is  the  square  root  of  1 1  ? 
is  the  square  root  of  19  ? 


Ans.     45. 

Ans.  4*16. 

Ans.  -027. 
Ans.  l*732('5Q. 
Ans.  2*236068. 
Ans.  2-449489. 
Ans.  2  645751. 
Ans.  3- 1 62 277- 
Ans.  3*316624. 
Ans.  3*464101. 


BULKS    FOR    THK  SQUARE  ROOTS  OF  VULGAR  FRACTIONS  AKD 

MIXED   NUXBERB. 


First  prepare  all  vulgar  fractions^  by  reducing  them  to 
their  least  terms,  both  for  this  and  all  other  roots.    Then 

1.  Take  the  root  of  the  numerator  and  of  the  denominator 
for  the  respective  terms  of  the  root  required.  And  this  is  the 
best  way  if  the  denominator  be  a  complete  power :  but  if  it 
be  not,  then 

2.  Multiply  the  numerator  and  denominator  together; 
take  the  root  of  the  product ;  this  root  being  made  the  nume- 

^  rator 
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ARITHMETIC. 


ratorto  the  denominator  of  the  given  fraction)  or  made  the 
denominator  to  the  numerator  of  it,  will  foim  the  fractiondi 
root  required. 

a        ^a       ^ab'         a 

b        syh  b  ^ab- 

And  this  rule  will  serve,  whether  the  root  be  &)ite  or  infinite- 

3.  Or  reduce  the  vulgar  fraction  to  a  decimal,  and  extract 
its  root. 

4.  Mixed  numbers  may  be  either  reduced  to  improper 
fractions,  and  extracted  by  the  first  or  second  rule,  or  the 
vulgar  fraction  may  be  reduced  to  a  decimal,  then  joined  to 
the  integer,  and  the  root  of  the  whole  extracted. 

XXAMPLBBb 


Ans.  A 


Ans.  ^ 


7- 


1.  What  is  the  root  of  |{  ? 

2.  What  is  the  root  of  4ir  ^ 

3.  What  is  the  root  of  ^V  ?  Ans.  0-866035. 

4.  What  is  the  root  of  ^^  •  Ans.  0-64549r. 

5.  What  is  the  root  of  .17|?  Ans.  4168333. 

By  means  of  the  square  root  also  may  readily  be  found  the 
4th  root,  or  the  8th  root,  or  the  16th  root,  &cc.  that  is,  the 
root  of  any  power  whose  index  is  some  power  of  the  number 
3  ;  namely,  by  extracting  so  often  the  square  root  as  b  de- 
noted by  that  power  of  3 ;  that  is,  two  extractiona  for.  the 
4th  root,  three  for  the  8th  root,  and  so  on. 

So,  to  find  the  4th  root  of  the  number  31035*8,  extract 
the  square  i-oot  two  times  as  follows  : 


31035*8000 
1 


(145*037337  (13*0431407  the  4th  root 
1 


34  I  110 
4  1    96 

385  I  1435 
5      1435 


33 
3 


45 
44 


3404 
4 


10372 
9616 


39003 
3 


108000  34083  I    75637 
87009  3      73349 


20991  (7337        3388  (1407 
687  980 

107  17 

£x.  3.  What  is  the  4th  root  of  97*41  ? 


To 


CUBE  ROOT.  S3 

TO  KXT&ACT  THK  GUBK  ROOT. 

I.  By  the  Common  Rule*. 

I.  Having  divided  the  given  number  into  periods  of  three 
figures  e»cb,  (by  setting  a  point  over  the  place  of  umts,  and 
also  over  every  third  figure,  from  thence,  to  the  left  hand  in 
whole  numbers,  and  to  the  right  in  decimals),  find  ^e  nearest 
less  cube  to  the  first  period  ;  set  its  root  in  the  quotient,  and 
subtract  the  said  cube  from  the  first  period ;'  to  the  i*emunder 
bring  down  the  second  period,  and  call  this  the  resolvend. 

S.  To  three  tiroes  the  square  of  the  'root,  just  found,  add 
three  tiroes  the  root  itself,  setting  this  one  place  more  to  the 
right  than  the  former,  and  call  this  sum  the  dirisor.  Then 
divide  the  resolvend,  wanting  the  last  figure,  by  the  divisor, 
for  the  next  figure  of  the  root,  which  annex  to  the  former  ; 
calling  this  last  figure  r,  and  the  part  of  the  root  before 
found  let  be  called  a. 

Add  all  together  these  three  products,  namely,  thrice  a 
square  multiplied  by  r,  thrice  a  multiplied  by  e  square,  and 
€  cube,  setting  each  of  them  one  place  more  to  the  right  than 
the  former,  and  call  the  sum  the  subtrahend ;  which  must 
not  exceed  the  resolvend  ;  but  if  it  does,  then  make  the  last 
figure  e  less,  and  repeat  (he  operation  for  finding  the  subtra- 
hend, till  it  be  less  than  the  resolvend. 

4.  From  the  resohrend  take  the  subtrahend,  and  to  the  re- 
nudnder  join  the  next  period  of  the  given  number  for  a  new 
resolvend ;  to  which  form  a  new  divisor  from  the  whole  root 
now  found ;  and  from  thence  another  figure  of  the  root,  as 
directed  in  Article  3,  and  so  on. 


*  The  reason  for  pointing  the  g^ven  number  into  periods  of  three 
^gmes  each,  is  because  the  cube  of  one  figure  never  amounts  to  more 
than  three  placea,  And,  for  a  limilar  reason,  a  giren  number  is  points 
ed  into  periods  of  four  figures  for  the  4th  root,  of  five  figures  for 
the  5th  root,  and  so  on. 

And  the  reason  for  the  other  parts  of  the  rule  depends  on  the 
algebraic  formation  of  a  cube  :  for,  if  the  root  consist  of  the  two 
parts  a  +  t,  then  iu  cube  is  as  follows  :  (a  +  6)'  »  <i'  +  3a>3  -f- 
3alf^  -\-  b^  ;  where  a  is  the  root  of  the  first  part  a^  ;  the  resolvend  is 
3a^b  +  Zab^  +  6^,  which  is  also  the  same  as  the  three  parts  of 
the  subtrahend  ;  also  the  divisor  is  3a >  +3a,  by  which  dividing  the 
first  two  terms  of  the  resolvend  3a^6  +  o^S  gives  b  for  the  se- 
cond part  of  the  root ;  and  so  on. 

EXAMPLX. 


9$ 


AKITHMETIC. 


BXAMPIK. 


To  extract  die  cube  rcx>t  of  48333*544. 


3  X  3«a=3T 
3  X  3    »    ^ 

Divisor  379 


48338-544  (  36*4  root. 


31338  resolvend. 


3  X  3>  X  6 

3X3    X  <» 

6« 


163     1 
334    ladd 
316J 


3  X  36<  =  3888 
3  X   3S     =        ^OS 


38988 


19656  subtrahend. 


157  3544  res(4Yend 


3  X  36»   X 
3  X  36     X 


4  = 
4«  = 
4>     =: 


15553   1 
1738  Vadd 
64  J 

1573544  subtrahend. 


0000000  remainder. 


Ex.  8.  Extract  the  cube  root  of  571483-19. 
Ex.  3.  Extract  the  cube  root  of  1638-1583. 
Ex.  4.  Extract  the  cube  root  of  1333. 


II.   7h  extract  the  Cube  Root  by  a  9hort  Way*. 

1.  Bf  trials,  or  by  the  table  of  iH)Ots  at  p.  90,  &c»  take  the 
nearest  rational  cube  to  the  given  number,  whether  it  be 
greater  or  less  ;  and  call  it  the  assumed  cube. 

3.  Then 


*  The  method  usuallv  given  for  extracting  the  cnbe  root,  it  lo 
exceedingly  tedious,  and  £flica!t  to  be  remembered,  thit  various 
other  approximating  rules  have  been  invented;  viz.  by  Newton, 
Ilftphson,  Halley,  De  Lagny,  Simpson,  Emerson,  and  sevend  other 
mathematicians ;  but  no  one  t^at  I  have  yet  seen,  is  so  simple  in 
its  form,  or  seems  so  well  adapted  for  general  use,  as  that  above 
given.    This  rule   is  the   same  in  effect  as  Dr.  Halley^s  rational 

fQrmuls> 
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3.  Theft  sar,  by  the  Rule  of  Three,  As  the  sum  of  the  Kiten 
munber  and  double  the  assumed  cube>  is  to  the  sam  of  the 
assumed  cube  and  double  the  given  number,  so  is  the  root  of 
the  assumed  cube,  to  the  root  required,  nearly.  Or,  As  the 
first  sum  is  to  the  difference  of  the  given  and  assumed  cube, 
so  is  the  assumed  root  to  the  difference  of  the  roots  nearly. 

3.  Again,  by  using,  in  like  manner,  the  cube  of  the  root 
last  found  as  a  new  assumed  cube,  another  root  will  be  obtain- 
ed still  nearer.  And  so  on  as  far  as  we  [dease  ;  using  alwajrs 
the  cube  of  the  last  found  reot,  for  the  assumed  cube. 


SXAMTLE. 

To  find  the  cabe  root  of  31035*8. 

Here  we  soon  find  that  the  root  lies  between  20  and  30,  and 
then  between  27  and  38.  Taking  therefore  37^ts  cube  is  19683, 
which  is  the  assumed  cube.   Then 

19683  31035*8 

3  3 


39366  43071*6 

31035-8  19683 


As  60401*8    ;    61754*6  : :  37  :  37*6047. 

37 


433S833 
1335093 


60401*8)  1667374-3  (37*6047  the  root  nearly. 

459338 
36535 
384 
43, 


£oinntila,  but  more  commodioualy  ezpresaedl  ;  and  the  first  inYestin^ 
tion  of  it  wssgivea  in  my  TncU»  p.  49.  The  algebraic  form  of  it 
islhtf: 

As  r  4-  3a  :  A  -f-  3»  :  t  f  t  a.    Or« 

AiP*^3A:poi     A::r:a«r/ 

.where  f  U  the  given  number,  a  the  assumed  nearest  cube^  r  the  cube 
jocX  of  A,  and  a  the  root  of  p  fought 

Agwn, 
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Again,  for  a  second  operation,  the  cube  of  this  root  is 
31035*318645155823,  and  the  process  by  the  latter  method 
will  be  thus : 

31035-3'18645,  &C. 


42070-637290   21035-8 

S 1035-8       31035-318645,  &c. 


As  63106-43729   :   diff.  -481355  : :  37-6047  : 

.thediff.      000210560 


conseq.  the  root  req.  is  27*604910560. 
Ex.  2.  To  extract  the  cube  root  of  '67. 
£x.  3.  To  extract  the  cube  root  of  -01. 

TO  EXTRACT  ANT  ROOT  WHATEVER*. 

Let  p  be  the  g^ven  power  or  number,  n  the  index  of  the 
power,  A  the  assumed  power,  r  its  root,  r  the  required  root 
of  p.    Then  say, 

^     As  the  sum   of  n  +  1    times   a    and  n   -»  1  times  p,' 
Is   to  the  sum  of  n  +  1   times   p  and   »    — - 1  times  a  ; 
«o  is  the  assumed  root  r,  to  the  required  root  r. 

Or,  as  half  the  said  sum  of  n  +  I  times  a,  and  n —  1  times 
p,  is  to  the  difference  between  the  ^iven  and  assumed  powers, 
so  is  the  assumed  root  r,  to  the  difference  between  the  true 
and  assumed  roots ;  which  difference,. added  or  subtracted,  as 
the  case  requires,  gives  the  true  root  nearly. 

That  is,  n+  l,A+n —  l.p  :  n  -f  I.  p.+  n —  1.  a  ::  r :  R. 

Or,n+  1.  jA  +  n —  I.^ps  »co  a  :  :r  :  rco  r. 

And  the  operation  may  be  repeated  as  often  as  we  please, 
by  using  always  the  last  found  n>ot  for  the  assumed  root,  and 
its  nth  power  for  the  assumed  power  a. 


*  This  18  a  verjr  general  approximating  rule,  of  which  that  for  the 
cube  root  is  a  particular  case,  and  it  the  best  adapted  for  practice, 
and  for  memory,  of  any  that  I  have  yet  seen.  It  was  first  discovered 
in  this  form  by  myself,  and  the  investigation  and  use  of  it  were  given 
at  large  in  my  Tracts,  p.  45,  &c.  , 

EXAMFLEU 
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KXAMPLS. 


To  extract  the  5th  root  of  21035a. 

Here  k  appears  that, the  5th  root  is  between  7*3  and  7-4. 
Taking  7*3,  its. 5th  power  is  30730-71593.  Hence  we  have 
T  =  21035"8,  II  =   5    r  =  7-3  and  a  =  20730-71593  ;  then 


n+\.i  A  +n  —  l-yP  :  pco  a  ::  r  :  Rcor,  that  Is^ 
3  X  20730-71593  -^-2  X  21035-8  :  305*084  : :  7*3  : 

3  2  7-3 


62192*14779 
42071-6 

104263-74779 


42071-6   915252 
3135588 


2227'1132('0213605=:r;/3  r 
7-3  =  r,  add. 


7-32l360=R,true 
to  the  last  figure. 


OTHER  BZAMPX.XS. 


1.  What  h  the 

2.  What  is  the 
:3.  What  is  the 

4.  What  is  the 

5.  What  is  the 

6.  What  is  the 

7.  What  is  the 

8.  What  is  the 

9.  What  is  the 

10.  What  is  the 

11.  What  is  the 

12.  What  is  the 
J3;  What  is  the 


3d  root 
3d  root 
4th  root 
4th  root 
5th  root 
6th  i*oot 
6th  root 
7th  root 
7th  root 
8th  root 
8th  root 
9th  root 
9th  root 


of  2? 

0fS2l4? 

of  2? 

of  97-41? 

of  2? 

of  2 1035*8? 

of  2? 

of  2 1035*8? 

of  2? 

of  21035*8  ? 
of  2? 

of  2 1035*8  ? 
of  2? 


Ans.  1*259921. 

Ans.  14.75758. 

Ans.  M  89  207. 

Ans.  3-1415999. 

Ans.  1-148699. 

Ans.  5*354037. 

Ans.  M  22462. 

An^.  4145393. 

Ans.  1*  104089. 

Ans.  3*470323. 

Ans.  1*090508. 

Ans.  3*022239, 

Ans.  1080059, 


The  following  b  a  Table  of  squares  and  cubes,  as  also  the 
iKiuaro  roots  and  cube  roots^  of  all  numbers  from  1  to^  looo, 
which  will  be  found  very  useful  on  many  occasions,  in  nu« 
sieral  ciSculatiDnS)  when  roots  or  powers  are  concerned. 
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90      A  TABLE  of  SQUARES,  CUBES,  and  ROOTS- 


Number. 
1. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

I 

1 

1-0000000 

I -000000 

2 

4 

8 

1*4142136 

1-259921 

3 

9 

27 

1-7320^08 

1*442350 

4 

16 

64 

2-0000000 

1-587401 

5 

35 

125 

2-2360680 

1*799976 

6 

36 

316 

2-4494897 

1-817131 

7 

49 

343 

2-6457513 

1-913933 

8 

64 

513 

2'82(|4271 

9*000000 

9 

.   81 

729 

3-0000000 

3-080084 

10 

loo 

1000 

3-1622777 

2*154435 

11 

121 

1331 

3-3166248 

2*223980 

13 

144 

1728 

3-4641016 

2*389438 

13 

169 

2197 

3*6055513 

3*351335 

14 

196 

2744 

3*7416574 

2-410143 

15 

235 

3375 

3*8729833 

2*466213 

16 

256 

4096 

4-0000000 

2*519843 

17 

289 

4913 

4«  123 1056 

2*571282 

18 

324 

5832 

4-2426407 

2*620741 

19 

361 

6859 

4*3588989 

2*668403 

20 

400 

8000 

4-4731360 

2*714418 

31 

441 

9261 

4-5835757 

2*758923 

23 

484 

10648 

4-6904158 

2*802049 

2a 

529 

12167 

4«795a315 

2*843»67 

24 

576 

13824 

4-8989795 

2-884499 

35 

625 

15625 

5-0000000 

2*924018 

26 

676 

17576 

5-0990195 

2-963496 

27 

729 

19683 

5-1961524 

3*000000 

2a 

784 

81953 

5*2915026 

3-036589 

39 

641 

24389 

5-3851648 

3072317 

30 

900 

27000 

5.-4773256 

3*107232 

31 

961 

39791 

5-6677644, 

3*141381 

'   33 

10^4 

33768 

5-6568543 

3*174802 

33 

1089 

35937 

5-7445636 

3*307534 

34 

1156 

393Q4 

5*8309519 

3*299612 

35 

1225 

42875 

5*9160798 

3-271066 

36 

1296 

46656 

6-0000000 

3-301927 

37 

1369 

50653 

6-0827625 

3*332222 

38 

1444 

54872 

.  6-1644140 

3-361975 

.39 

1521 

59319 

6-2449980 

3*391311 

40 

1600 

64000 

6*3345553 

3*419952 

41 

1681 

6892 1 

6-4031343 

3*448217 

43 

1764 

74088 

6-4807407 

3-476027 

43 

1849 

79507 

6*5574385 

3*503398 

44 

1936 

85184 

6-6332496 

3-530348 

45 

2035 

91125 

6*7082039 

3*556893 

46 

3116 

97336 

6-7823300 

3-583048 

47 

2209 

103823 

6-8556546 

3-608826 

48 

2304 

1 10592 

6-9282032 

3*634241 

49 

2401 

117649 

7*0000000 

3-659306 

50 

2500 

125000 

7*0710678' 

3*68403 1 
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"  1 

Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

51 

^601 

132651 

f'1414284 

3*7t)8490 

1   »» 

2704 

1 40608 

7*2111026 

3-732511 

53 

2809 

148877 

7-3801099 

3*756386 

54 

2916 

157464 

7-3484692 

3-779763 

, 

55 

5035 

166375 

7-4161985 

3-802953 

56 

$136  ^ 

175616 

7-4833148 

3*625862 

57 

3249 

185193 

7-5498344 

3*848501 

58 

2364 

195112 

7-6157731 

3-870877 

59 

3481 

^5379 

76811457 

3-892996 

60 

3600 

316000 

7*7459667 

3-914867 

61 

3721 

226981 

7-8102497 

3-936497 

63 

3644 

838328 

7-8740079 

3-957892 

63 

3969 

350047 

7-9372539 

3-979057 

64 

4096 

962 1 44 

8*0000000 

4-000000 

65 

4225 

274625 

8-0622577 

4-020726 

66 

4356 

387496 

6*1240384 

4*04 1940 

•f 

4489 

300763 

8M653528 

4-06 1 548 

68 

4624 

314432 

8*2462113 

4*081656 

69 

4761 

328509 

8*0066339 

4-101566 

TO 

4900 

343000 

8*3666003 

4*121385 

r\ 

5041 

857911 

8*4261498 

4*140818 

n 

5184 

373248 

8*4652814 

4*160168 

73 

5329 

389017 

8-5440037 

4*179339 

74 

5476 

405224 

8-6023253 

4-198336 

75 

5625 

421875 

8-6602540 

4-217163  ^ 

76 

5776 

438976 

8-7177979 

4*233824  *' 

77 

5929 

456S33 

8-7749644 

4-254321 

78 

6084 

474552 

8*6317609 

4-2736i^9 

79 

6241 

493039 

8*6881^44 

4*290841 

80 

6400 

51 2000 

8-9442719 

4*308870 

8t 

6561 

531441 

9-0000000 

4*326749 

82 

6724 

551368 

9-0553851 

4-34448] 

8a 

6889 

571787 

9*1104336 

4*362071 

84 

7056 

592704 

9-1651514 

4*379519 

85 

7225 

614125 

9-0195445 

4-396830 

86 

7396 

636056 

9-2736185 

4-414005 

87 

7569 

658503 

9*3273791 

4*431047 

88 

7744 

681472 

9*3808315 

4*447960 

89 

7921 

704969 

9'4339ill 

4*464745 

90 

8100 

729000 

9-4868J30 

4*481405 

• 

91 

8281 

753571 

9*5393920 

4-497942 

, 

92 

8464 

778688 

9*5916630 

4*514357 

93 

8649 

804357 

9*6436508 

4-530655 

94 

8836 

830584 

9*6953597 

4*546835 

95 

9025 

857375 

9-7467943 

4-562903 

96 

9216 

884736 

9-7979590 

4*578857 

1 

97 

9409 

912673 

9-84&8578 

4-594701 

1 

98 

9604 

941192 

9*6994^49 

4-610436 

- 

99 

9801 

970299 

9*9498744 

4-626065 

100 

1 

loDoo 

luooooo 

10-0000000 

4-641589 

92 
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Number. 

Square. 
10201 

Cube. 

Square  Root« 

Cube  Root 

101 

1030301 

10-0498756 

4*657010 

102 

10404 

1061208 

10-0995049 

4*672330 

103 

10609 

1092727 

10*1488916 

4*687548 

104 

10816 

1 124864 

10*1980390 

4*702669 

105 

11025  ^ 

1157625 

10-2469508 

4*717694 

106 

11236 

1191016 

10*2956301 

4-732624 

107 

11449 

1225043 

10*3440804 

4*747459 

108 

11664 

1259712 

10*3923048 

4-762203 

109 

11881 

1295029 

10*4403065 

4-776856 

no 

12100 

1331000 

10-4880885 

4*791430 

111 

12321 

1367631 

10-5356538 

4-805896 

112 

12544 

1404928 

10-5830052 

4*820284 

113 

12769 

1442897 

10*6301458 

4*834588 

lU 

12996 

1481544 

10*6770783 

4*848808 

lis 

13225 

1520875 

10*7238053 

4-862944 

116 

13456 

1560896 

10-7703296 

4*876999 

iir 

13689 

1601613 

10-8166538 

4-890973 

118 

13924 

1643032 

10-8627805 

4*904868 

119 

14161 

1685159 

10-9087121 

4*918685 

120 

14400 

1728000 

10*9544512 

4-932424 

121 

14641 

1771561 

11-0000000 

4-946088 

122 

14884 

1815848 

11-0453610 

4-959675 

123 

15129 

1860867 

n -0905365 

4-973190 

124 

15376 

1906624 

U-1355287 

4-986631 

125 

15625 

1953125 

11*1803399 

5-000000 

126 

15876 

2000376 

11*2249722  ' 

5*013298 

127 

16129 

2048383 

11-2694277 

5-026526 

128 

16384 

2097152 

11-3137085 

5-039684 

129 

16641 

2146689 

U-3578167 

5*052774 

130 

16900 

2197000 

11-4017543 

5-065797 

131 

17161 

2248091 

11-4455231 

5*078753 

132 

17424 

2299968 

11-4891253 

5*091643 

133 

17689 

2352637 

11-5325626 

5*104469 

134 

17956 

2406104 

11-5758369 

5-117230 

.  135 

18225 

2460375 

11-6189500 

5*129928 

136 

18496 

3515456 

1 1^6619038 

5-142563 

137 

18769 

2571353 

11-7046999 

5155137 

138 

19044 

2628072 

11-7473444 

5-167649 

139 

19321 

2685619 

11*7898261 

5*180101 

140 

19600 

2744000 

11*8321596 

5-192494 

141 

19881 

280322 1 

11-8743421 

5*204828 

142 

20164 

2863288 

11*9163753 

5*217103 

143 

20449 

2924207 

U-9582607 

5*229321 

144 

.20736 

2985984 

12-0000000 

5*241482 

145 

21025 

3048625 

12-0415946 

5*253588 

146 

21316 

3112136 

12*0830460 

5-265637 

147 

21609 

3176523 

12-1243557 

5*277632 

148 

21904 

3241792 

12-1655251 

5*289572 

149 

22201 

3307949 

12*2065556 

5*301459 

150 

22500 

3375000 

12*2474487 

5-3132^3 

mm 


wmm 


mmt 
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Numb. 

Sqnare. 

Cube.. 

Square  Root. 

Cube  Root. 

151 

22801 

344295 1 

12-2882057 

5-325074 

152 

23104 

3511808 

12*3288280 

5-336803 

153 

23409 

3581577 

12-3693169 

5-348481 

154 

23716 

3652264 

12-4096736 

5-360108 

155 

24025 

3723875 

12*4498996 

5-371685 

156 

24336 

3796416 

12*4899960 

5*383213 

157 

24649 

3869893 

12*5299641 

5*394690 

158 

24964 

S944312 

12*5698051 

5-406120 

159 

25281 

4019679 

12*6095202 

5-4I750I 

IGO 

25600 

40960M 

12*6491106 

5*428835 

161 

25921 

41732S1 

12*6885775 

5-440122 

162 

26244 

4251528 

12-7279221 

5-451362 

163 

26569 

4330747 

12*7671453 

5-462556 

164' 

26896 

4410944 

12*8062485 

5-473703 

165 

27225 

4492125 

12*8452326 

5-484806 

166 

27556 

4574296 

12*8840987 

5-495865 

167 

27889 

4657463 

12  9228480 

5-506879 

168 

28224 

4741632 

12*9614814 

5-517848 

169 

28561 

4826809 

1 3*oo6oooo 

5-528775 

170 

28900 

4913000 

13*0984048 

5-539658 

171 

29241 

50002 1 1 

13-0766968 

5-550499 

172 

29584 

5088448 

13-1148770 

5-561398 

173 

29939 

5177717 

13-1529464 

5-572054 

174 

30276 

5268024 

13*1909060 

5*582770 

175 

30625 

5359375 

13-2287566 

5-593445 

176 

30976 

5451776 

13-2664992 

5-604079 

177 

31329 

5545233 

13-3041347 

5-614673 

178 

31684 

5639752 

13-3416641 

5-625226 

179 

32041 

5735339 

13-3790882 

5.635741 

180 

32400 

5832000 

13-4164079 

5-646216 

181 

32761 

5929741 

13*4536240 

5-656652 

182 

33124 

6028568 

13*4907376 

5*667051 

183 

33489 

6 1 28487 

13-5277493 

5*677411 

184 

33856 

6229504 

13-5646600 

5-687734 

185 

34225 

6S31625 

13-6014705 

5*698019 

186 

34596 

6434856 

13*6381817 

5*708267 

187 

34969 

6539203 

13-6747943 

5-718479 

188 

35344 

6644672 

13*7113092 

5*728654 

189 

35721 

6751369 

13*7477271 

5-738794 

190 

36100 

6859000 

13*7840488 

5*748897 

191 

36481 

6967871 

13*8202750 

5-758965 

192 

36864 

7077888 

13*8564065 

5*768998 

193 

37249 

7189057 

13*8924440 

5*778996 

194 

37636 

730^384 

13*9283883 

5-788960 

195 

38025 

7414875 

13«9642400 

5-798890 

196 

38416 

7529536 

14*0000000 

5-808786 

197 

38809 

7645373 

14-0356688 

5*818648 

198 

39204 

7762392 

14-0712473 

5*828476 

199 

39601 

7880599 

14-1067360 

5-838272 

200 

40000 

8000000 

14-1421356 

5-848035 

94. 


ARITHMETIC. 


Numb. 

Square. 

40401 

Cube. 

Square  Root. 

Cube  Root. 

201 

8120j601 

14*1774469 

5-857765 

202 

40804 

8242403 

14'3 126704 

5-867464 

203 

41209 

8365427 

14'3478068 

5*877130 

204 

41616 

8489664 

1V2828569 

5-686765 

205 

42025 

8615125 

14-3178311 

5-696366 

206 

42436 

8741816 

14*3527001 

•5*905941 

207 

42849 

886974S 

14-3874946 

5*915481 

208 

43264 

8998912 

14-4332051 

5-92499 1 

209 

43681 

9123329 

14-4568323 

5-934473 

210 

44100 

9261000 

14-4913767 

5-943911 

211 

44521 

9393931 

14-5358390 

5-953341 

212 

44944 

9528128 

14-5602198 

S'962731 

213 

45369 

9663597 

14-5945195 

5*97209 1 

214 

45796 

9800344 

14*6387388 

5-981436 

215 

46225 

9938375 

14-6628783 

5-&90727 

216 

46656 

10077696 

14*6969385 

6-000000 
6-009244 

217 

47089 

10218313 

14*7309 199 

218 

47524 

10360232 

14-7648331 

6-018463 

219 

47961 

10503459 

14*7986486 

6027650 

22p 

48400 

10648000 

14-8323970 

610368 1 1 

221 

48841 

10793861 

14*8660687 

6-045943 

222 

49284 

10941048 

14-8996644 

6-055048 

223 

49729 

1 1089567 

14-9331845 

6*064126 

224 

50176 

11239424 

14-9666295 

6-073177 

225 

50625 

11390625 

15-0000000 

6-082201 

226 

51076 

11543176 

15-0332964 

6'091199 

227 

51529 

116970&3 

15-0665192 

6-100170 

228 

51984 

11852352 

15-0996689 

6-109115 

229 

52441 

12008989 

15-1327460 

6-118032 

230 

52900 

12167000 

15-1657509 

6*136935 

231 

53361 

12326391 

15*1986843 

6*135792 

232 

53824 

12487168 

15*2315462 

^  6-144634 

233 

54289 

12649337 

15-2643375 

6-153449 

234 

54756 

1281 2904 

15-2970585 

6-162239 

235 

55225 

12977875 

15-3297097 

6*171005 

236 

55696 

13144256 

15*3622915 

6*179747 

237 

56169 

13313053 

15-3948043 

6*188463 

238 

56644 

13481272 

15-4272486 

6-197154 

239 

57121 

13651919 

15*4596348 

6-20583 1 

240 

57600 

13834000 

15-4919334 

6-314464 

241 

58081 

13997521 

15-5241747 

6*333083 

242 

58564 

14173488 

15-5563492 

6*331678 

243 

59049 

14348907 

15*5884573 

6*240251 

244 

59536 

14536784 

15*6304994 

6-348800 

245 

60025 

14706125 

15-6534758 

62573S4 

346 

60516 

14886936 

15-6843871 

6-365836 

247 

61009 

15069323 

15-7163336 

6*274304 

248 

61504 

15353992 

15*7480157 

6*382760 

249 

62001 

15438349 

15-7797338 

6-291194 

250 

62500 

15635000 

15*8113883 

6-299604 

SQUARES,  CUBES,  Mn  ROOTS. 


95 


Numb.  1 

Square. 

Cube, 

SquareHoot? 

Cube  Root. 

251 

63001 

15813251 

15-8429795 

6*307992 

352 

63504 

16003003 

15-8745079 

6*316359 

353 

64009 

16194277 

15-9059737 

6-324704 

254 

^516 

16387064 

15-9373775 

6  333025 

255 

«5025 

16531375 

15*9687194 

6*34 132S 

256 

65536 

16777216  - 

16-0000000 

6*349602 

2S7 

36049 

16974593 

160312195 

6-357859 

253 

66564 

17173512 

16*0623734 

6*3C6095 

259 

37061 

17373979 

16-0934769 

6*374310 

260 

67^00 

175^6000 

16*1245155 

6*382504 

261 

68121 

17779581 

16*1554944 

6-390676 

262 

68644 

17934723 

16-1864141 

6-398327 

263 

69169 

18191447 

16-2172747 

6-406953 

%64 

69696 

18399744 

16-3480768 

6-415063 

265 

70225 

18609625 

16*2788206 

6*423157 

266 

70756 

18821096 

16-3095064 

6*431226 

267 

71289 

19034163 

16-3401346 

6*439275 

26a 

71824 

19248832 

16-3707055 

6447305 

,  269 

72361 

19465109 

16*4012195 

6*455314 

270 

72900 

19683000 

16-4316767 

6*463304 

271 

73441 

19902511 

16*4620776 

6-471274 

»72 

73984 

20123643 

16*4924225 

6*479224 

273 

74539 

20346417 

16-5227116 

6*487153 

274 

75076 

20570824 

16*5529454 

6*495064 

275 

75625 

20796875 

16-5831240 

6*502956 

276 

76176 

21024576 

16*6132477 

6*510829 

277 

76739 

21253933 

16*6433170 

6*518684 

27$ 

77284 

21484952 

16-6733320 

6*526519 

279 

77841 

21717639 

16-7032931 

6*534335 

260 

78400 

21952000 

16-7332005 

6*542132 

2»1 

78961 

33183041 

16-7630546 

6*549911 

2$2 

79524 

22425768 

16-7928556 

6-557672 

263 

30089 

23665187 

16-8226038 

6-565415 

264 

80656 

22906304 

16-8522995 

6*573139 

2«5 

81225 

23149125 

16»88 19430 

6580844 

266 

81796 

23393656 

16*9115345 

6-588531 

2a7 

82369 

23639903 

16^94 10743 

6-596202 

236 

82944 

23387872 

16*9705627 

6-603854 

239 

83521 

24137569 

17-0000000 

6*611488 

290 

34100 

24389000 

17^0293864 

6*619106 

291 

34681 

24642171 

17-0587221 

6626705 

^92 

35264 

24897088 

1^0880075 

6-6o4287 

293 

35849 

25153757 

17-1172428 

6-641851 

294 

36436 

25412184 

17*1464282 

6-649399 

295 

37025 

25672375 

17- 1755 640 

6-656930 

296 

376J6 

25934336 

17-2046505 

6-664443 

297 

38209 

26198073 

17-2336879 

6-671940 

293 

388P4 

-26463592 

17-2626765 

6-679419 

299 

39401 

26730899 

17-2916165 

6-086882 

300 

90000 

27000000 

17-3205081 

6-694328 

96 


ARITHMETIC. 


Numb. 
301 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

90601 

27270901 

17-3493516 

6-701758 

302 

91204 

27543608 

17-3781472 

6-709172 

303 

91809 

27818127 

17-4068952 

6-716569 

304 

92416 

28094464 

17-4355958 

6-723950 

305 

93025 

28372625 

17-4642492 

6-731316 

306 

93636 

28652616 

17-4928557 

6738665 

307 

94249 

28934443 

17-5214155 

6-745997 

308  ■ 

94864 

29218112 

17-5499288 

6-753313 

309 

95481 

29503629 

17-5783958 

6-760614 

310 

96100 

29791000 

17-6068169 

6-767899 

311 

96721 

30080231 

17-6351921 

6-775168 

312 

97344 

30371328 

17-6635217 

6-782422 

313 

97969 

30664297 

17-6918060 

6-789661 

314 

98596 

30959144 

17-7200451 

6-796884 

315 

99225 

31255875 

17-7482393 

6-80409 1 

316 

99856 

31554496 

17-7763888 

6-811284 

317 

100489 

31855013 

17*8044938 

6-818461 

318 

101124 

32157432 

17-8325545 

6-825624 

319 

101761 

32461759 

17-86057 1 1 

6-832771 

320 

102400 

32768000 

17-8885438 

6-839903 

321 

103041 

33076161 

17-9104729 

6-847021 

322 

103684 

33386248 

17-9443584 

6-854124 

323 

104329 

33698267 

17-9722008 

6-861211 

324 

104976 

34012224 

180000000 

6-868284 

325 

105625 

34328125 

18  0277564 

6-875343 

326 

106276 

34645976 

18-0554701 

6-882388 

327 

106929 

34965783 

180831413 

6-889419 

328 

107584 

35287552 

18-1107703 

6-896435 

329 

108241 

35611289 

18-1383571 

6-903436 

330 

108900 

35937000 

18-1659021 

6-910423 

331 

109561 

36264691 

18-1934054 

6-917396 

332 

110224 

36594368 

18-2208672 

6-924355 

333 

110889 

36926037 

18-2482876 

6-931300 

334 

111556 

37259704 

18-2756669 

6-938232 

335 

112225 

37595375 

18-3030052 

6-945149 

336 

112896 

37933056 

18-3303028 

6-952053 

337 

113569 

38272753 

18-3575598 

6-958943 

338 

114244 

3B6 14472 

18-3847763 

6-965819 

339 

114921 

38958219 

18-4119526 

6-972682 

340 

1 1 5600 

39304000 

18*4390889 

6-979532 

341 

116281 

39651821 

18-4661853 

6-986369 

342 

116964 

40001688 

18*4932420 

6-993191 

343 

117649 

40353607 

18*5202592 

7-000000 

344 

118336 

40707584 

18-5472370 

7006796 

345 

119025 

41063625 

18-5741756 

7-013579 

346 

119716 

41421736 

18-601075? 

7-020349 

347 

1 20409 

41781923 

18-6279360 

7027106 

348 

121104 

42144192 

18-6547581 

7-033850 

349 

121801 

42508549 

18-6815417 

7-04058! 

350 

122500 

42875000 

18-7082869 

7-047208 

^UAKEd,  CUBE^  ANk  Roots. 
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Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

351 

123201 

43243551 

18-7349940 

7-054003 

352 

123904 

43614208 

18-7616630 

7  060696 

353 

124609 

43986977 

18-7882942 

7-067376 

354 

125316 

44361 864 

18-8148877 

7  074043 

355 

126025 

44738875 

188414437 

7080698 

356 

126736 

45118016 

18-8679623 

7  087341 

357 

127449 

45499293 

.  18-8944436 

7  093970 

.  358 

128164 

45882712 

18-9208879 

7  100588 

359 

128881 

46268279 

18  9472953 

7107193 

360 

129600 

46656000 

18  9736660 

7-113786 

361 

130321 

47045881 

19  0000000 

7.120367 

362 

131044 

47437928 

19  0262976 

7-126935 

363 

131769 

47832147 

190525589 

7-133492 

364 

132496 

48228544 

19-0787840 

7- 140037 

365 

133225 

48627)25 

19-1049732 

7- 146569" 

366 

133956 

49027896 

19  1311265 

7' 153090 

367 

134689 

49430863 

191572441 

7-159599 

"368 

135424 

49836032 

19-1833261 

7- 1 66095 

369 

136161 

50243409 

19-2093727 

7-172580 

370 

136900 

50653000 

192353841 

7-179054 

371 

137641 

51064811 

19-2613603 

7-185516 

372 

138384 

51478848 

19-2873015 

7-191966 

373 

139129 

51895117 

193132079 

7- 198405 

374 

139876 

52313624 

19-3390796 

7-204832 

375 

140625 

52734375 

19-3649167 

7-211247 

376 

141376 

53157376 

19-3907194 

7-217652 

377 

142129 

53582633 

19-4164878 

7-224045 

■ 

378 

142884 

54010152 

19-4422221 

7  230427 

379 

143641 

54439939 

19-4679223 

7-236797 

380 

144400 

54872000 

19-4935887 

7-243156 

381 

145161 

55306341 

19-5192213 

7-249504 

382 

145924 

55742968 

19-5448203 

7-255841 

383 

146689 

56181887 

19-5703858 

7-262167 

384 

147456 

56623104 

19-5959179 

7-268482 

385 

148225 

57066625 

19-6214169 

7-274786 

386 

148996 

57512456 

19-6468827 

7-281079 

387 

149769 

57960603 

19-6723156 

7-287362 

388 

150544 

58411072 

19-6977156 

7-293633 

389 

151321 

58863869 

19-7230829 

7-299893 

390 

152100 

59319000 

197484177 

7-306143 

391 

152881 

59776471 

197737199 

7-312383 

392 

153664 

60236288 

19-7989899 

7-318611 

393 

154449 

60698457 

19-8242276 

7-324829 

394 

155236 

61162984 

198494332 

7-331037 

395 

156025 

61629875 

19-8746069 

7-337234 

396 

156816 

62099136 

19-8997487 

7-343420 

397 

157609 

62570773 

19-9248588 

7-349596 

398 

158404 

63044792 

19-9499373 

7-355762 

399 

159201 

63521199 

19-9749844 

7-361917 

400 

^1 

160000 

64000000 

20-0000000 

7368063 

Vol.  I 


Q 
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ARITHMETIC. 


Numb. 
401 

Sqiiiire. 
I 6080 1 

Cube. 

64481201 

402 

161604 

64964808 

403 

162409 

65450827 

404 

163216 

65939264 

405 

164025 

66430125 

.  406 

164836 

66923416 

407 

165649 

67419143 

408 

166464 

67911312 

409 

167281 

68417929 

410 

168100 

68921000 

411 

168921 

69426531 

412 

169744 

69934528 

413 

170569 

70444997 

414 

171396 

70957944 

415 

172225 

71473375 

416 

173056 

71991296 

'417 

173889 

72511713 

418 

174724 

73034632 

419 

J75561 

1 

73S60059 

420 

176400 

74088000 

421 

177241 

74618461 

422 

1^8084 

75151448 

423 

178929 

75686967 

424 

179776 

r6225024 

425 

180625  1 

76765625 

426 

181476 

77308776 

427 

182329 

77854483 

428 

183184 

78402752 

429 

184041 

78953589 

430 

1 84900 

79507000 

431 

185761 

80062991 

432 

186624 

80621568 

433 

187489 

81182737 

434 

188356 

81746504 

435 

189225 

82312875 

436 

190096 

82881856 

437 

190969 

83453453 

438 

191844 

84027672 

439 

192721 

84604519 

440 

193600 

85184000 

441 

194481 

85766121 

442 

195364 

863508&8 

'  443 

196249 

8693B307 

'     ^4,4,. 

197136 

87528384 

:'    445' 

•198t)25 

88121125 

446 

198916 

88716536 

447 

199809 

8931,4623 

448 

200704 

89915392 

449 

201601 

90518849 

4-)0 

202500 

91125000 

Square  Root.  •  Cube  KmH.  | 


20-0249844 

20-0499377 

20-0748599 

200997512 

20  1246118 

20- 14944 17 

20-1742410 

20-1990099 

20-2237484 

20  2484567 

20-273 1 349 

20-2977831 

20  3224014 

20-3469899 

20-3715488 

20-3960781 

20-4205779 

20-4450483 

20-4694895 

20-4939015 

20-5182845% 

20-5426386 

20-5669638 

20  5912603 

20-6155281 

20-6397674 

20-6639783 

20-6881609 

20-7123152 

90-7364414 

20-7605395- 

20-7846097 

20-8086520 

208326667 

208566536 

2O8806130 

20-9045450 

209284495 

20  9523268 
20^9761770 
21*0000000 
21-0237960 
21-0475652 
21-0713075 
210950231 
211187121 
21-1423745 
2MS60105 
21-ia9620l 

21  2132034 


7-374198 

7-380322 

7-386437 

7-392542 

7-398636 

7-404730 

7-410794 

7-416859 

7-422914 

7-428958 

7-434993 

7-441018 

7-447033 

7-453039 

7-459036 

7  465022 

7-470999 

7  476966 

7-482924 

7-488872 

7-494810 

7-500740 

7-506660 

7-512571 

7-518473 

7-524365 

7-530248 

7-536121 

7541986 

7-547841, 

7553688" 

7-559525 

7=565353 

7-571173 

7-576984 

7-58278« 

7-588679 

7-594363 

7-600138 

7-60590d 

7-611662 

7-617411 

7-623151 

7-628883 

7-634606 

7"640321 

7-646027 

7  651725 

7-657444 

7-663094 


mm 


SQUARES,  CU&ES,  and  ROOTS. 
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Kumb 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

^& 

203401 

91733851 

21-2367606 

7*668766 

453 

S04304 

93345408 

3 1-26029 16 

7*674430 

453 

205209 

9^959677 

31-2837967 

7*680085 

454 

206116 

93676664 

31-3073758 

7*685732 

455 

207035 

94196375 

31-3307290 

7*691371 

456 

207936 

94818814 

31*3541565 

7-697002 

457 

308849 

95443993 

31-3775583 

7*702624 

45S 

209764 

96071913 

31*4009346 

7-708238 

459 

210681 

96702579 

31-4242853 

7*713844 

4«0 

811600 

97336000 

ai'4476106 

7719442 

4«l 

212531 

97972181 

31 '4709 106 

7*725032 

463 

2 1 3444 

98611128 

21  4941853 

7*730614 

463 

214369 

99252847 

31*5174348 

7*736187 

4«4 

2152S^6 

998^^7344 

9 1*54065  92 

7*741753 

465 

216225 

100544625 

31-5638587 

7*747310 

466 

217156 

101194696 

21-5870331 

7*752864 

467 

2 t 8089 

101847563 

31*6rbl828 

7*758402  - 

468 

219024 

102503233 

2l*63.i3077 

7*763936 

469 

2i9961 

1O3I61709 

21-6564078 

7-769462 

470 

220900 

103823000 

21*6794834 

7*774980 

471 

321841 

104487111 

21-7025344. 

7'7b0490 

472 

222784 

105154048 

21*7255610 

7*785992 

473 

223729 

105823817 

21*7485633 

7*791487 

474 

224676 

106496424 

2-7715411 

7T96974 

475 

325625 

107171875 

21-7944947 

7'802453 

476 

226576 

107850176 

21*8174242 

7*807925 

477 

227529 

108531333 

21-8403297 

7*813389 

..   478 

228484 

109215352 

21*8632111 

7-818845 

479 

229441 

109902239 

21-8860636 

7-824294 

•480 

230400 

U0593000 

21-9089023 

7-829735 

481 

231361 

111284641 

21*9317122 

7-835168 

482 

232324 

1119801G8 

21*9544984 

7-840594 

483 

333289 

112678587 

21*9772610 

7*846013 

484 

234236 

113379904 

22-0000000 

7-851424 

485 

235225 

114084125 

22-0227155 

7*856828 

486 

336196 

114791266 

22-0454077 

7-862224 

487 

337169 

115501303 

22-Q680765 

7-867613 

488 

338144 

116214272 

22-0907220 

7*372994 

489 

239121 

116930169 

23-1135144 

7-8r8368 

490  . 

240100 

117649000 

33-135^'436 

7-883734 

491 

241081 

118370771 

22*1585198 

7-889094 

492 

242064 

119095488 

22-1810730 

7*891446 

493 

343049 

119823157 

22*3036033 

7*899791 

494 

244036 

120553784 

22*2261408 

7*905129 

495 

345025 

121247375 

22*2485955 

7*910460 

496 

246016 

132033936 

22*2710575 

7-915784 

497 

247009 

123763478 

22'2«;34968 

7-921100 

498 

248004 . 

183505992 

22-3159136 

7*926408 

499 

24900 1 

124251499 

22*338>079 

7-931710 

500 

250000 

125000000 

22-3606793 

7-937005* 

lae 


ARITHMETIC. 


Numb. 

Square. 

Cube.    1 

Square  Root. 

Cube  Root. 

501 

251001 

125751501 

22-3830293 

7942293 

502 

252004 

126506008 

22-4053565 

7  947573 

503 

253009 

127263527 

22-4276615 

7*952847 

504 

254016 

128024064 

22*4499443 

7*958114 

505 

255025 

128787625 

22*4722051 

7*963374 

506  . 

256036 

129554216 

22-4944438 

7-968627 

507 

257049 

130323843 

22*5166605 

7*973873 

508 

358064 

131096512 

22*5388553 

7*979112 

509 

259081 

•^131872229 

S2-56a0283 

7*984344 

510 

260100 

132651000 

22*5831796 

7*989569 

511 

261121 

133432831 

22*6053091 

7*994788 

512 

262144 

134217728 

22-6274170 

8*000000 

513 

263169 

135005697 

22*6495033 

8*005205 

514 

264196 

135796744 

22*6715681 

8*010403 

51^ 

265225 

136590875 

22*6936114 

8*015595 

516 

266256 

137388096 

22*7156334 

8*020779 

517 

267289 

138188413 

22*7376340 

8*025957 

518 

268324 

138991832 

22*7596134 

8*031129 

519 

209361 

139798359 

22-7815715 

8*036293 

520 

270400 

140608000 

22  8035085 

8041451 

521 

27U41 

141420761 

22*a254244 

8*046603 

522 

272484 

14*2236648 

22-8473193 

8-051748 

533 

273529 

143055667 

22.8691933 

8*056886 

524 

274576 

143877824 

22*8910463 

8*06?0 1 8 

525 

275625 

144703125 

229128785 

8*067143 

526 

276676 

145531576 

22*9346899 

8-072262 

527 

277729 

146363183 

22-9564806 

8*077374 

538 

278784 

147197952 

22*9782506 

8*082480 

529 

279841 

148035889 

23»0000000 

8*087579 

530 

280900 

148877000 

23*0217289 

8*092672 

531 

281961 

149721291 

23*0434372 

8-097758 

532 

283024 

150568768 

23*0651252 

8*102838 

533 

284089 

151419437  • 

23*0867928 

8-107913 

534 

285156 

152273304 

23-1084400 

8-112980 

535 

286225 

153130375 

23*1300670 

8*118041 

536 

287296 

153990656 

23*1516738 

8*133096 

537 

288369 

154854153 

25-1732605 

8-128144 

538 

289441 

155720872 

23-1948270 

8*133186 

539 

290521 

156590819 

23-2163735 

8*138233 

540 

291600 

157464000 

23*2379001 

8*143253 

541 

292681 

158340421 

23*2594.'67 

8*148276 

"  542 

293764 

159230088 

23*2808935 

8*153393 

543 

294849, 

160103007 

23-3023604 

8*158304 

544 

295936 

160989184 

23-3238076 

8'163j09 

545 

297025  • 

161878625 

23-3152351 

8*168308 

546 

2981 16 

162771336 

23*3666429 

8*173302 

547 

299209 

163667333 

23*38803 1 1 

8*178289 

548 

300304 

164566592 

23*4093998 

8*183269 

549 

301401 

165469149 

23-4307490 

8' i  88344 

550 

302500 

166375000 

23*4520788 

8*193312 

( 


SQUARES,  CUBES,  ui»-  ROOTS. 


101 


Numb. 

$qtiare. 

Cube. 

Square  Root. 

Cube  Root. 

55  1 

30360 1 

167284151 

33  4733892 

8*i98l75 

553 

504704 

168196608 

23*4946802 

8*203131 

553 

305809 

169112377 

23*5159520 

8-208082 

554 

306916 

170031464 

33-5373046 

8-213037 

555 

308025 

170953875 

33-5584380 

8*217965 

556 

309136 

171879616 

33-5796532 

8-22i698 

557 

310349 

172808693 

33-6008474 

8*327825 

558 

311364 

173741112 

33-6330236 

8-2327  46 

559 

313481 

174676879 

33-6431808 

'  8*237661 

560 

313600 

175616000 

33*6643191 

8-242570 

561 

3 1472 1 

176S58481 

33-6854386 

8-247474 

563 

31o844 

177504328 

23-7065393 

8-252^71 

563 

316969 

178453547 

33  7376210 

8-257263 

564 

31809^ 

179406144 

33-7486842 

8-262149 

565 

319335 

180363135 

23-7697286 

8-267029 

566 

330356 • 

181321496 

33*7907545 

8-271903 

567 

331489 

183284263 

33*8117618 

8  276773 

568 

332624 

183250433 

33*8337506 

8-281635 

569 

323761 

184320009 

33*8537309 

8-28r,493 

570 

324900 

185193000 

33-8746728 

8*291344 

571 

336041 

186169411 

33*8956063 

8-2^6190 

572 

337184 

187149248 

33*9165315 

8-301030 

573 

338329 

188132517 

33*9374184 

8*305865 

574 

339476 

189119224 

23-9583971 

8-310694 

575 

330625 

190109375 

23*979 1 576 

8*315517 

576 

331776 

191102976 

24*0000000 

8*320335 

577 

332929 

192100033 

24*0208243 

8*325147 

578 

334084 

193100552 

34*0416306 

8.329954 

579 

335241 

194104539 

34*06i4l88 

8*334755 

580 

336400 

195112000 

24*0831892 

8-339551 

581 

337561 

196122941 

24*1039416 

8  344341 

583 

338724 

197137368 

24-12^6762 

8-349125 

583 

339889 

198155287 

24*1453929 

8*353904 

584 

341056 

199176704 

24*  1 6609  1 9 

8*358678 

585 

342235 

300201625 

24-1867733. 

3*363446 

586 

343396 

201230056 

24-2074369 

8*368309 

587 

344569 

202262003 

24-2280829 

8-372966 

588 

345744 

303297472 

24-2487113 

8-377718 

589 

346921 

304336469 

24-2693222 

8*382465 

590 

348100 

205379000 

24*2899166 

8-387206 

591 

349281 

206125071 

24-3104916 

8-391942 

593 

350464 

207474688 

34-3310501 

8*396673 

593 

351649 

308527857 

34*3515913 

8-40 1 398 

594 

352836 

209584584 

34*3731153 

8*406118 

595 

354025 

310644875 

34-3936218 

8*410832 

596 

355316 

311708736 

34*4131112 

8-415541 

597 

356409 

312776173 

24-4335834 

8-420345 

598 

357604 

3I3847i93 

24*45  40385 

8*424944 

599 

358801 

314921799 

24*4744765 

8*4296  iU 

600 

360000 

2 1 6000000 

24-4948974 

8*434327 

162 


ARITHMETIC. 


\ 

Numb 

Square. . 

Cube. 

Square  Root. 

Cube  Root. 

601 

361201 

21708)801 

24-5153013 

8*439009 

602 

362404 

218167208 

24*5356883 

8-443687 

603 

363609 

219256227 

245560583 

8  448360 

604 

3648 1 6 

220348864 

24  5764115 

8*453027 

605 

366025 

S2 1445 125 

24-5967478 

8-457669 

606 

367236 

222545016 

24  6170673 

8-462347 

60r 

368449 

323^48543 

246373700 

8-466999 

608 

369664 

324755712 

24-6576560 

8-471647 

609 

37088 1 

225866529 

34-6779:54 

8-476289 

610 

372100 

22698  U>00 

24*6981781 

8*480936 

611 

373321 

328099 1 3 1 

247184142 

8-485557 

612 

374544 

329220928 

34-7386338 

8-49U184 

. 

613 

375769 

230346397 

24*7588368 

8-494806 

% 

614 

376996 

231475544 

24-7790234 

8-499423 

615 

378225 

232608375 

24-7991935 

8-504034 

616 

379456 

233744896 

24-8193473 

8  508641 

617 

380689 

334885113 

34-8394847 

8*513243 

618 

381924 

236029032 

34-8596058 

8  517840 

619 

383161 

237176659 

34-8797106 

8-522432 

6i0 

3^4400 

238328000 

24*8997992 

8-527018 

621 

385641 

239483061 

34-9198716 

8  531600 

622 

386884 

240641848 

24-9399278 

8-536177 

623 

388129 

241804367 

24-9599679 

8-540749 

624 

389376 

242970624 

24*9799920 

8*545317 

625 

390625 

244140625 

35-OOOOOCX) 

8*549879 

626 

391876 

245314376 

25-0199930 

8-554437 

6$r 

393129 

246491883 

25-0399681 

8*558990 

628 

394384 

247673152 

25-0599282 

8-563537 

629 

395641 

248858189 

250798724 

8-568080 

630 

396900 

250047000 

25-0998008 

8*572618  . 

631 

398161 

251239591 

25-1197134 

8*577152 

632 

399424 

252435968 

25-1396102 

8*581680 

( 

633 

400689 

253636137 

251594913 

8*586204 

634 

401956 

254840104 

25-1793566 

8*590723 

635 

403225 

256047875 

25-1992063  ' 

8*595238 

636 

404496 

257259456 

25*2190404 

8*599747 

637 

405769 

258474853 

25*2388589 

8*6042^2 

638 

407044 

259694072 

35*2586619 

8*608752 

639 

40832 1 

260917119 

25  2784493 

8-613248 

640 

409600 

262144000 

25-298221? 

8*617738 

641 

410881 

263374721 

25^3179778 

8*622224 

642 

412164 

264609288 

2.VS377139 

8-626706 

643 

4 1 3449 

265847707 

25-3574447 

8*631183 

644 

414736 

267089984 

25-3771551 

8  635655 

645 

416025 

268336125 

25*3968502 

8*640122 

646 

417316 

269580136 

25*4165301 

8*644585 

647 

418609 

270840023 

25*4361947 

8-649043 

648 

419904 

272097792 

25-4558441 

8*653497 

649 

421201 

273359449 

25*4754784 

8*657946 

' 

650  . 

422500 

274625000 

25-4950076 

8-662301 

SQUARES,  CUBES,  xkb  ROOTS. 
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15 


Numb. 


Square. 


651 

653 
654 

655 

656 

657 

658 

659 

660 

661 

663 

663 

664 

665 

666 

667 

668 

669 

670 

671 

672 

673 

674 

675 

676 

677 

678 

679 

680 

681 

682 

683 

684 

685 

666 

687 

688 

689 

690 

691 

692 

693 

694 

695 

696 

697 

698 

699 

700 


■ 


423801 

425104 

426409 

427716 

429025 

430336 

43 1 649 

432964 

434281 

435600" 

43692 1 

438244 

439569 

440896 

442225 

443556 

444889 

446224 

447561 

448900 

450241 

451584 

452929 

454276 

455625 

456976 

458329 

459684 

461041 

462400 

463761 

465124 

466489 

467856 

469225 

470596 

471969 

473344 

47472 1 

476100 

477481 

478864 

480249 

48 1 636 

483025 

484416 

4858G9 

487204 

488601 

490000 


Cube 


275894451 

277167808 

278445077 

279726264 

281011375 

282300416 

283593393 

284890312 

286191179 

287496000 

288804781 

2901 17528 

291434247 

292754944 

294079625 

295408296 

296740963 

298077632 

299418309 

300763000 

302111711 

303464448 

304821217 

306182034 

307546875 

308015776 

310288733 

311665752 

313046839 

314432000 

315821241 

317214568 

318611987 

320013504 

321419125 

322828856 

324242703 

325660672 

327082769 

328509000 

329939371 

331373888 

3328125^" 

334255384 

335702375 

337153536 

338608873 

340068392 

341532099 

3430000QO 


Square  Root. 


25-5147016 
25-5342907 
25-5538647 
25  5734237 
25-5929678 
25-6124969 
25^320112 
25-6515107 

25  6709953 
25-6904652 
25-7099203 
25-7203607 
25-7487864 
25-7681975 
25-7875939 
25-8069758 
25-8263431 
25-8456960 
25-8650343 
25-8843682 
25-9036677 
25-9229628 
25-9422435 
25*9615100 
25-9807621 
26-0000000 
26-0192237 
26-0384331 
26-0576284 
26-0768096 
26-0959767 
26-1151297 
26-1342687 
26-1533937 

26  1725047 
361916017 
26-2106848 
26-2297541 
36*2488095 
26-2678511 
36-2868789 
36*3058929 
36-3248932 
36-3438797 
26-3638527 
36-3818119 
26-4007576 
26-4196896 
26-43B6031 
26-4575131 


Cube  Root. 


8-666831 

8  67 1 266 

••675697 

8-680123 

8684545 

8-6889«i3 

8693376 

8-697784 

8  702188 

8-706587 

8-710982 

6-715373 

8-719759 

8-724141 

8-728518 

8-732891 

8737260 

8-741624 

8  745984 

875034O 

8  754691 

8759038 

8-763380 

8767719 

8-772053 

8-776382 

8780708 

8*785029 

8-789346 

8*793659 

8*797967 

8-802272 

8-806572 

8*810868 

8-815159 

8*819447 

8-823730 

8*828009 

8832285 

8-836556 

8*840822 

8-845085 

^•849344 

8-853598 

8  857849 

8-862095 

8-866337 

8-870575 

8  874809 

8-879040 


t<l4 


arithmet'ic. 


Numb. 

Square. 

Cube. 

f  Square  Root. 

Cube  Root. 
8-883266 

roi 

491401 

344472101 

26-4764046 

702 

492804 

345948008 

26*4952826 

8-887486 

703  . 

494209 

•  347428927 

265141472 

8-89  r706 

704 

495616 

348913664 

265329983 

8-895920 

705 

497025 

350402625 

26  5518361 

8-900130 

706 

498436 

351895816 

26-5706605 

8-904336 

707 

499849 

353393243 

26-5894716 

8  908538 

708 

501264 

354894912 

26-6082694 

8912736 

709 

502681 

356400829 

26-6270539 

8-916931 

710 

504100 

357911000 

26-6458253 

8-921121 

711 

505521 

359425431 

266645833 

8-925307 

712 

506944 

360944128 

26*6833281 

8929490 

713 

508369 

362467097 

26-7020598 

8*933668 

714 

509796 

363994344 

26-7207784 

8-937843 

715 

511225 

365525875 

267394839 

8-942014 

716 

512656 

367061696 

26-7581763 

S-946180 

717 

514089 

368601813 

26-7768557 

8-950343 

718 

515524 

370146232 

26-7955220 

8-954502 

719 

516961 

371694959 

26-8141754 

8-958658 

720 

518400 

373248000 

26-8328157 

8-962809 

721 

519841 

374805361 

26-8514432 

8-966957 

722 

521284 

376367048 

26  8700577 

8-971100 

723 

522729 

377933067 

26  8886593 

8  975240 

724 

524176 

379503424 

26*907248 1 

8-979376 

725 

525625 

381078125 

26-9258240 

8-983508 

726 

527076 

382657176 

26-9443872 

8-987637 

727 

528529  1 

384240583 

26-9629375 

8-991762 

728 

529984 

385828352 

26-9814751 

8-995883 

729 

531441 

387420489 

27  0000000 

9-000000 

730 

532900 

389017000 

270185122 

9-004113 

731 

534361 

390617891 

270370117 

9*008222 

732 

535824 

392223168 

270554985 

9*012328 

733 

537289 

393832837 

27-0739727 

9-016430 

734 

538756 

'  395446904 

27  0924344 

9-020529 

735 

540225 

397065375 

27-1108834  * 

9-024623 

736 

541696 

398688256 

27-1293199 

9-028714 

737 

543169 

400315553 

27- 1477439 

9-032802 

738 

544644 

401917272 

27  1661554 

9  036885 

739 

546121 

403583419 

271 845544 

9-040965 

740 

547600 

405224000 

27  2029410 

9  045041 

741 

549081 

40686902 1 

27-2213152 

9-049114 

742 

550564 

408518488 

27-2396769 

9*053 183 

743 

552049 

410172407 

27-2580263 

9057248 

744 

555536 

411830784 

27  2763634 

906130^ 

745 

555025 

413493625 

27-2946881 

9065367 

746 

556516 

415160936 

27«3 130006 

9-069422 

747 

558009 

416832723 

27  3313007 

9073472 

748 

559504 

418508992 

27-3495887 

9-077519 

749 

561001 

420189749 

27-3678644 

9-081563 

750 

562500 

421875000 

27-386127V 

9085603 

.!•■ 


SQUARES,  CUBES,  kw  ROOTS. 


iDd  , 


t 

Numb. 
751 

Square. 

564001 

Cube/ 

Square  Root. 

Cube  Kcjot. 

1 

433564751 

27-4043792 

9-089639 

1 

753 

565504 

»  425259008 

27-4226184 

9093672 

753 

567009 

426957777 

274408455 

9097701 

754 

568516 

428661064 

27-4590604 

9-101726 

755 

570025 

430368875 

27-4772633 

9105748 

756 

571536 

432081216 

27-4954542 

9-109766 

757 

573049 

433798093 

27-5136330 

9-113781 

758 

574564 

435519512 

27-5317998 

9. 117793 

759 

576081 

437245479 

27-5499546 

9121801 

760 

577600 

438976000 

27-5680975 

9-125805 

\ 

761 

579121 

440711081 

27-5862284 

9-129806 

762 

580644 

442450728 

27-6043475 

9-13380^ 

% 

763 

582169 

444194947 

27*6224546 

9-137797 

764 

583696 

445943744 

27-6405499 

9-141788 

765 

585225 

447697125 

27-6586334 

9- 145774 

766 

586756 

449455096 

27-6767050 

9  149757 

' 

767 

588289 

451217663 

27*6947648 

9  153737 

768 

589824 

452984832 

27-7128129  ' 

9-157713 

769 

591361 

454756609 

27-7308492 

9-161686 

770 

592900 

456533000 

27-7488739 

9-165656 

771 

594441 

458314011 

27*7668868 

9-169622 

772 

595984 

460099648 

27  7848880 

9173585 

773 

597529 

461889917 

27-8028775 

9- 177544 

774 

599076 

463684824 

27-8208555 

9-181500 

775 

600625 

465484375 

27-8388218 

9185452 

776 

602176 

467288576 

27-8567766 

9-189401 

777 

603729 

469097433 

27-8747197 

9-193347 

778     I 

605284 

470910952 

27-8926514 

9-197289 

779 

606841 

472729139 

27-9105715 

9-201228 

780 

608400 

474552000 

27-9284801 

9  205164 

j  781 

609961 

476379541 

27-946377^ 

9  209096 

1  r82 

611524 

478211768 

27-9642629 

9'2 13025 

1  783 

613089 

480048687 

27-9821372 

9-216950 

1  7M 

.614656 

481890304 

280000000 

9-220872 

I     785 

616225 

483736025 

28-0178515 

9-224791 

1  786 

617796 

485587656 

28-0356915 

9  228706 

1  78r 

619369 

487443403 

28-0535203 

9  232618 

786 

620944 

489303872 

28*0713377 

9-237527 

789 

622521 

491169069 

28-0891438 

9-240433 

790 

624100 

493039000 

28-1069386 

9-244335 

791 

625681 

494913671  ' 

28*1247222 

9-248234 

' 

792 

627264 

496793088 

28-1424946 

9-252130 

793 

628849 

498677257 

28-1602557 

9-256022 

7Q4 

630436 

500566184 

28-1780056 

9*259911 

795 

632  025 

502459875 

28-1957444 

9-263797 

\   1  ^^^ 

633616 

504358336 

28-2134720 

9  267679 

\   1  797 

635209 

506261573 

28-2311884 

9-271559 

^   I  T98 

636804 

508169592 

28-2488938 

9-275435 

1  799   1 

638401 

510082399 

28*2665881 

9-279308 

' 

800   * 

640000 

5120OOO0O 

28-2842712 

9-283177 

Vol.  I 

• 

P 

*f* 


106 


ARITHMETIC. 


Numb. 

801 
802 
803 
804 
805 
806 

8or 

808 
809 
810 
811 
812 
813 
814 
815 
816 

8ir 

818 

819 

820 

821  • 

822 

823 

824 

825 

826 

827 

828 

829 

830 

831 

832 

833 

834 

835 

836 

837 

838 

839 

840 

841 

842 

843 

844 

845 

846 

847 

848 

849 

850 


Square. 

64l60r 

643204 

644809 

646416 

648025 

649636 

651249 

652864 

654481 

656100 

657721 

659344 

660969 

662596 

664225 

665856 

667489 

669124 

670761 

672400 

67404 r 

675684 

677329^ 

678976 

680625 

682276 

683929 

685584 

687241 

688900 

690561 

692224 

693889 

695556 

697225 

698896 

700569 

702244 

703921 

705600 

707281' 

708964 

710649 

712336 

714025 

715716 

717409 

719104 

720801 

722500 


Cube. 


Square  Root. 


513922401 

515849608 

517781627 

519718464 

521660125 

523606616 

525557943 

5275r4112 

529475129 

531441000 

533411731 

535387328 

537366797 

539353144 

541343375 

543338496 

545338513 

547343432 

549353259 

551368000 

553387661 

555412248 

557441767 

559476224 

56l5r5625 

563559976 

565609283 

567663552 

569722789 

571787000 

573856191 

575930368 

578009537 

580093704 

582182875 

584277056 

586376253 

588480472 

590589719 

592704000 

594823321 

596947688 

599077107 

601211584 

603351125 

605495736 

607645423 

609800192 

611960049 

614125000 


28-3019434 

28-3196045 

28-3372546 

28-3548938 

283725219 

28-3901391 

2,8-4077454 

28-42S3408- 

28-4429253 

^8-4604989 

28-4780617 

28-4956137 

28*5131549 

285306852 

28-5482048 

28-5657137 

28-5832119 

28-6006993 

28 -6 1«  1760 

28-6356421 

28-6630976 

28-6705424 

28  6879766 

28-7054002 

28'-7228132 

28-7402157 

1^8-7576077 

28  7749891 
28-792360 1 
28-8097206 
28-8270706 
28-8444102 
28*8617394 
28-8790582 
288963666 
28-9136646 
28-9309523 
28-9482297 
28-9654967 
28-9827535 

29  0000000 
29-0172363 
29-0344683* 
29-0516781 
29-0688837 
29  0860791 
29-1032644 
29-1204396 
29  I 376046 
29- 1547505 


Cube  Root. 


9-287044 
9-290907 
9-294767 
9298623 
9-302477 
9-306327 
9-310175 
9«314019 
9-317859 
9  321697 
9-325532 
9.329363 
9-333191 
9-337016 
9-340838 
9-344657 
9-348473 
9-352285 
9-356095 
9-359901 
9-.363704 
9  367505 
9-371302 
9-375096 
.  9-378887 
9*382675 
9386460 
9-390241 
9-394020 
9397796 
9  401569 
9  405338 
9-409105 
9-412869 
9-416630 
9-420387 
9-424141 
9-427893 
9-431642 
9-435388 
9-439130 
9-442870 
9-446607^ 
9-450341 
9-454071 
9-457799 
9461524 
9-465247 
9-468966 
9-472682 


SQUARES,  <:UBES,  a»d  JIOOTS. 


lor 


Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

851 

734201 

616395051 

39*1719043 

9-476395  , 

852 

735904 

618470208 

39-1890390 

9-480106  ' 

853 

737609 

630650477 

39-2061637 

9-483813 

854 

739316 

623835864 

29*3232784 

9487518 

855 

731035 

635036375 

29-2403830 

9.491319 

856 

732736 

627323016 

29*^574777 

9.4949  18 

857 

734449 

629422793 

29*2745623 

9-498614 

858 

736164 

631638713 

29*2916370 

9*503307 

859 

737881 

633839779 

29*3087018 

9-505998 

860 

739600 

636056000 

29^3257568 

9*509685 

861 

741331 

638277381 

29  34280 15 

9-513369 

863 

743044 

640503928 

29.359836$  . 

9-517051 

863 

744769 

643735647 

29.3768616 

9-520730 

864 

746496 

644972544 

29.3938769 

9-531406 

865 

748225 

647314635 

29.4108823 

9-538079 

866 

749956 

649461896 

29.4278779 

9*531749 

867 

751689 

651714363 

29.4448637 

9-535417 

868 

753434 

653972033 

29.4618397 

9*539081 

869 

755161 

656234909 

29.4788059 

9-542748 

870 

756900 

-658503000 

294957624 

9*546402 

871 

758641 

6607 7 63 J 1 

29.5127091 

9*550058 

872 

760384 

663054848 

29.5296461 

9*553712 

873 

762129 

665338617 

29.5465734 

9*557363 

874 

763876- 

667627634 

29.5634910 

9-561010 

875 

765625 

669931875 

39.5803989 

9-564655 

876 

767376 

673331376 

29.5972972 

9-568297 

877 

769129 

674526133 

29-6141858 

9-571937 

878 

770884 

676836153 

29-6310648 

9*575574 

879 

772641 

679151439 

29*6479325 

9*579208 

880 

774400 

681473000 

29*6647939 

9*582839 

881 

776161 

683797841 

29-6816442 

9*586468 

883 

777924 

686138968 

29-6984848 

9*590093 

883 

779689 

688465387 

29*7153159  . 

9*593716 

884 

.781456 

690807104 

29*7321375 

9*597337 

885 

783225 

693154125 

29*7489496 

9-600954 

886 

784996 

695506456 

29*7657521 

9-604569 

887 

786769 

697864103 

39-7825452 

9-608181 

888 

788544 

70O227072 

39-7993289 

"9*611791 

889 

790321 

.702595369 

29-8161030 

9*615597 

890 

792100 

704969000 

29'B3iS67S 

9-619001 

891 

793881 

707347971 

39-8496231 

9*622603 

893 

795664 

709732288 

29-8663690 

9-626201 

893 

797449 

712121957 

29-8831056 

9-62V797 

894 

7992S6 

714516984 

39*8998328 

9*633390 

895 

801035 

716917375 

39-9165506 

9-636J81 

896 

803816 

719333136 

29-9332591 

9-640569 

897 

804609 

721734273 

29*9499583 

9*644154 

898 

806404 

724150792 

39-9666481 

9-647736 

899 

808201 

726572699 

29-9833287 

9*651316 

^00 

810000 

729000000 

30-0000000 

9*654893 

JOS 


ARITHMETIC. 


' 


Numb. 

,902 
903 
904 
905 
906 
907 
908 
909 
910 
911 
913 
913 
914 
915 
916 

9ir 

918 
919 
920 
921 

923 

924 

925 

926 

927 

928 

929 

930 

931 

932 

933 

934 

935 

936 

937 

938 

939 

940 

941. 

942 

943 

944 

945 

946 

947 

948 

949 

950 


Square,  j       Cube. 


811801 
813604 
815409 
817216 
819035 
820836 
822649 
824464 
826281 
828100 
829921 
831744 
833569 
835396 
837225 
839056 
840889 
842724 
844561 
846400 
848241 
850084 
851929 
853776 
855625 
857476 
859329 
861184 
863041 
864900 
866761 
868624 
870489 
872356 
874225 
876096 
877969 
879844 
881721 
883600 
885481 
887364 
889249 
891136 
S93025 
894916 
896809 
898704 
900601 
9025CP 


731432701 

733870808 

736314327 

738763264 

741217625 

743677416 

746142643 

748613312 

75 1089429 

753571000 

756058031 

758550528 

761048497 

76355 1 944 

766060875 

768575296 

771095213* 

773620632 

776151559 

776688000 

781229961 

783777448 

786330467 

788889024 

791453125 

794022776 

796597983 

799178753 

801765089 

804357000 

806954491 

809557568 

812166237 

814780504 

817400375 

820025^56 

822656953 

825293672 

827936019 

830584000 

833237621 

835896IB88 

838561807 

841232384 

843908625 

846590536 

849278123 

851971392 

854670349 

857375000 


i 


Square  Root.   Cube  Root. 

9-;558468 
9-662040 
9-665609 
9-669176 
9-672740 
9-676301 
9-679860 
9-683416 
9-686970 
9-690521 
9  694069 
9697615 
9-701158 
9-704698 
9-708236 
9-711772 
9-715305 
9-718835 
9-722363 
9-725888 
9-729410 
9-732930 
9-736448 
.9-739963 
9-743475 
9-746985 
9-750493 
9-753998 
9757500 
9*761000 
9-764497 
9*767992 
9*771484 
9*774974 
9*77846 1 
9-782946 
9*785428 
9*788908 
9'792386 
9*795861 
9'799333 
9*802803 
9806271 
9-809736 
9-813198 
9-816659 
9-820117 
9-823572 
9  827025 
9-8s3('475 


30-0166620 

30-0333148 

30-0499584 

30-0665928 

300832179 

30-0998339 

30-1164407 

3013303S3 

30*1496269 

30-1632063 

30-1827765 

30  1993377 

30*21588919 

30-3324329 

30*2489669 

30*2654919 

30*2920079 

30-2985148 

30*3150128 

30-3315018 

3Q-3479818 

30*3644529 

30-3809151 

30-3973683 

30-4138127 

30-430248 1 

30-4466747 

30-4630924 

30*4795013 

30-4959014 

30-5122926 

30-5286750 

30-5450487 

BO-5614136 

30-5777697 

30-5941171 

30-6104557 

306267857 

30-6431069 

30-6594194 

30  6757233 

30-6920185 

30-708305 1 

30-7245830 

30-7408533 

30*7571130 

30-773365 1 

30-7896086 

30-8058436 

30  8220700 


. 


SQUARES,  CUBES,  and  ROOTS. 


109 


Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

951 

904401 

860085351 

30-8382.S79 

9-333923 

9S2 

906304 

862801408 

50-8544972 

9-857369 

953 

908209 

865523177 

30*8706981 

9-840812 

934 

910116 

868250664 

30*8868904 

9-844253 

955 

912025 

,  870983875 

30-9030743 

9*847692 

956 

913936 

873722816 

30*9192497 

9*851128 

957 

915849 

876467493 

30-9354166^ 

9*854561 

958 

917764 

879217912 

30-9515751 

9*857992 

.959 

919681 

881974079 

30-9677251 

9-861421 

960 

921600 

884736000 

30*9838668 

9*861848 

961 

923521 

88750368 1 

31*0000000 

9*868272 

963 

925444 

890277128 

310161248 

9-871694 

963 

927369 

893056347 

31*0322413 

9-875113 

964 

929296 

895841344 

31-0483494 

9-878530 

965 

931225 

898632125 

31-0644491 

9-881945 

,966 

933156 

901428696 

31-0805405 

9-885357 

967 

935089 

904231063 

31-0966236 

9-888767 

968 

937034 

907039232 

31-1126984 

9*892174 

969 

938961 

909853209 

31-1287648 

9.895580 

970 

940900 

912673000. 

31*  1448230 

9*898983 

971 

942841 

915498611 

31-1608729 

9*902383 

972 

944784 

9  18330043 

31-1769145 

9-905781 

973 

946729 

921167317 

31-1929479 

9^909177 

974 

948676 

924010424 

31-2089731 

9-912571 

975 

950625 

926859375 

31-2249900 

9*915962 

976 

952576 

929714176 

31-2409987 

9*919351 

977 

954529 

932574833 

31*2569992 

9-922738 

978 

956484 

935441352 

31-2729915 

9*926 1 22 

979 

958441 

938313739 

51-2889757 

9-929504 

980 

960400 

941192001 

31-3049517 

9-932883 

9Br 

962361 

944076141 

31-3^09195 

9*936261 

982 

964324 

946966168 

31*3368792 

9-939636 

983 

966289 

^  949862087 

31*3523308 

9*943009 

984 

968256 

952763904 

31*3687743 

9-946379 

985 

970225 

955671625 

31*3847097 

9*949747 

986 

972196 

958S85256 

31*400636^ 

9-953113 

987 

974169 

961504803 

31*4165561 

9-956477 

988 

976144 

964430272 

31*4324673 

9-959839 

989 

97B121 

.  967361669 

51*4483704 

9-963198 

990 

9801(X) 

970299000 

31*4642654 

9*966554 

991 

982081 

973242271 

31-4801525 

9*969909 

992 

984064 

976191488 

31*4960315 

9-973262 

993 

986049 

979146657 

31-5119025 

9*^76612 

994 

986036 

982 107784 

31-5277655 

9*979959 

995  . 

990025 

985074875 

31-5436206 

9*983304 

996 

992016 

988047936 

31-5594677 

9-986648 

997 

994009 

991026973 

31-5753068 

9-989990 

998 

996004 

994011992 

31-5911380 

9*993328 

999 

998001 

997002999 

31-6069613 

9*996665 

UO  ARITHMETIC. 


Of  ratios,  proportions,  and  PROGRESSIONS. 


Numbers  are  trompared  to  each  other  in  two  different 
ways  :  the  one  comparison  considers  the  difference  of  the  two 
numbers,  and  is  named  Arithmetical  Relation  ;  and  the  di& 
fercnce  sometimes  the  Arithmetical  Ratio  :  the  other  consi- 
ders their  quotient,  which  is  called  Geometrical  Relation ; 
and  the  quotient  is  the  Geometrical  Ratio.  So,  of  these  two 
numbers  6  and  3,  the  difference,  or  arithmetical  ratio,  is 
6  —  3  or  3,  but  the  ^geometrical  i^tio  is  ^  or  3. 

There  must  be  two  nunibers  to  form  a  comparison :  the 
cumber  which  is  comparea,  being  placed  first,  is  called  the 
Antecedent ;  and  that  to  /which  it  is  compared,  the  Conse- 
quent. So,  in  the  two  numbers  above,  6  is  the  antecedenti 
and  3  the  consequent. 

If  two  or  more  couplets  of  numbers  have  equal  ratios,  or 
equal  differences,  tlie  equality  is  named  Proportion,  and  the 
terms  of  the  ratios  Proportionals.  So,  the  two  couplets,  4,  2 
and  8,  6,  are  arithmetical  proportionals,  because  4  —  2  =  8 
—  6=2;  and  the  two  couplets  4,  2  and  6,  3,  are  geometri- 
cal proportionals,  because  ^      ^  =  2,  the  same  ratio. 

To  dqnotc  numbers  as  being  geometrically  proportional,  a 
colon  is  set  between  the  terms  of  each  couplet,  to  denote  their 
ratio  ;  and  a  double  colon,  or  else  a  mark  of  equality,  between 
the  couplets  or  ratios.  So,  the  four  proportionals,  4,  .2,  6, 3 
are  set  thus,  4  :  2  : :  6  :  3,  which  means,  -that  4  is  to  2  as  6 
is  to  3  ;  or  thus,'  4:2=  6  :  3,  or  thus,  ^  =  |,  both 
•which  mean,  that  tlie  ratio  of  4  to  2,  is  equal  to  the  ratio 
of  6  to  3. 

Proportion  is  distinguished  into  Continued  and  Disconti- 
nued. When  the  difference  or  ratio  of  the  consequent  <ii 
one  couplet,  and  the  antecedent  of  the  next  couplet,  is  not  the 
same  as  the  common  difference  or  ratio  of  the  couplets,  the 
proportion  is  discontinued.  So,  4,  2,  8,  6  are  in  discontinued 
arithmetical  proportion,  because  4  —  2  =  8  ^^  =  2,  where- 
as 8  ^  2  =  6  :  and  4,  2,  6,  3  are  in  discontinued  geometrical 
proportion,  because  ^  =  I  =  2,  but  4^  ==  3,  which  is  not 
the  same. 

But  when  the  difference  or  ratio  of  every  two  succeeding 
terms  is  the  same  quantity,  the  proportion  is  said  to  be  Conti- 
nued, and  the  numbers  themselves  make  a  series  of  Continued 

Proportionals, 
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Proportionals,  or  a  progression.  So  3,  4,  6,  8  form  an  arith* 
netlcal  progresdon,  because  4-— 3s=6  —  4  =  8  —  6^3,  all 
tlie  same  common  difference;  and  2,  4,89  16  a  geometrical 
progression,  because  ^  =  .|  ^  ssv  3,  all  the  same  ratio. 

When  the  following  terms  of  a  progression  increase,  or 
exceed  each  other,  it  is  called  an  Ascending  Progression,  or 
Series ;  but  when  the  terms  decrease,  it  is  a  descending  one.> 
So,  0,  1,2, 3,  4,  8cc.  is  an  ascending  arithmetical  progression^ 
but  9, 7, 5,  3,  1,  8cc.  is  a  descending  arithmetical  progression. 
Also  I,  2, 4,8, 16,&c.  is  an  ascending  geometrical  progression, 
and  16, 8^  4,  2, 1,  Sec.  is  a  descending  geometrical  progression^ 


ARITHMETICAL  PROPORTION  and  PROGRESSION. 

Ik  Arithmetical  Progression,  the  numbers  or  terms  have  all 
the  same  common  difference.  Also,  the  first  and  kst  terms 
of  a  Progression,  are  called  the  Extremes ;  and  the  other 
terms,  lying  between  them,  the  Means.  The  most  useful 
part  of  arithmetical  proportions,  is  contained  in  the  follow* 
ing  theorems : 

Theohbm  1.  When  four  quantities  arc  in  arithmetical 
proportion,  the  sum  of  the  two  extremes  is  equal  to  the  sum 
of  the  two  means«  Thus,  of  the  four  2,  4,  6,  8,  here  3  + 
8  =  4  +  6  si:  10. 

Theorem  S.  In  any  continued  arithmetical  progression, 
the  sum  of  the  two  extremes  is  equal  to  the  sum  of  any  two 
means  that  are  equally  distant  from  them,  or  equal  to  double 
the  middle  term  when  there  is  an  uneven  number  of  terms. 

Thus,  in  the  terms  1,  3,  S,  it  is  1  +  5  =  3  +  3  =:  6. 

And  In  the  series  g,  4,  6,8,  10, 12,  14,it  is  3+  14  =s  4 
-{-  12  s=  6  +  10  =  8  +  8  =  16. 

Theorem  3.  The  difference  between  the  extreme  terms 
of  an  arithmetical  progression  is  equal  to  the  common  dif- 
ference of  the  series  multiplied  by  one  less  than  the  number 
of  the  terms.  So,  of  the  ten  terms,  2,  4,  6,  8,  10,  12,  14, 
16,  18,  20,  the  common  difference  is  2,  and  one  less  than 
the  number  of  terms  9 ;  then  the  difference  of  the  extremes 
is  20  —  2  =  18,  and  3  X  9  =  18  also. 

Consequently, 
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Consequeml^y  the  ereatf  st  urm  is  equal  to  the  lea^t  term 
added  to  the  product  of  the  common  difference  multiplied  by 
1  less  than  the  number  of  terms. 

Theorkm  4.  The  sum  of  all  the  Xttm^  of  any  arithme- 
tical progression,  is  equal  to  the  sum  of  the  two  extremes  mul- 
tifdied  by  the  number  of  terms,  and  divided  by  3 ;  or  the  sum 
of  the  two  extremes  multiplied  by  the  number  of  the  terms, 
gives  double  the  sum  of  all  tike  terms  in  the  aeries. 

This  is  made  evident  by  setting  the  terms  of  the  series  in 
an  inverted  order,  under  the  same  series  in  a  direct  order,  and 
adding  the  corresponding  termstogether  in  that  order.  Thus, 
in  the  series  1,  3,  5,  7,  9,  11,  13,  15^ 
ditto  inverted  15,      13,      11,       9,        7,        5,        3,         1^ 

the  sums  are  16  +  16+16  +  16  +  16  +  16  +  16  +  16, 
which  must  be  double  the  suni  of  the  single  series,  and  is 
equal  to  the  sum  of  the  extremes  repeated  as  often  as  are  the 
number  of  the  terms. 

From  these  theorems  may  readily  be  found  any  one  of 
these  five  parts ;  the  two  extremes,  the  number  of  terms,  the 
common  difference,  and  the  sum  of  all  the  terms,  when  any 
three  of  them  are  given  i  as  in  the  following  problems :     . 

ft 

PROBLEM  I. 

I 

Given  the  Extremesy  and  the  JSTumber  of  TemiM  s  to  find  the 

Sum  qf  all  the  Ternu: 

Ann  the  extremes  together,  multiply  the  sum  by  the  num<t 
ber  of  terms,  and  divide  by  3. 

BXAJfPLESt 

1.  The  extremes  being   S  and    19,  and  the  number  of 
terms  9  \  required  the  sum  of  the  terms  \ 
19 
3 


23 
X  9=r—  X  9  =  U  X^  =  99. 


S3 
9 

19+3 
Or, 

3}  198 

3 

* 

Ans.  99 

3 


the  same  answer. 


3.  It  is  required  to  find  the  number  of  all  the  strokes  a 
common  cloek  strikes  in  one  whole  revolution  of  the  index, 
or  in  13  hours  I  Ans.  78. 

Ex. 
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Eic  3.  How  many  strokes  do  the  clocks  of  Venice  strike 
in  the  compass  of  the  day,  which  go  continually  on  from  1 
to  24  o'clock.  Ans.  300. 

4.  What  debt  can  be  discharged  in  a  year,  by  weekly 
pajrments  in  arithmetical  progression,  the  first  payment 
being  1#,  and  the  last  or  5  2d  payment  5/  3«  ?         Ans.  135/  4«. 

PROBLEM   II. 

Given  the  Mxtremety  and  the  Number  of  Terma  :  to  Jind  the 

Common  Difference. 

Subtract  the  less  extreme  from  the  greater,  and  divide 
the  remainder  by  1  less  than  the  number  of  terms,  for  the 
common  difference. 


Examples. 

1.  The  extremes  being  3  and  19,  and  the  number  of  terms 
4  ;  requited  the  common  difference  ? 

19 
3  19—3       16 

8)  16  9— .1       8 


Ans.     2 


'3.  If  the  extremes  be  10  and  70,  and  the  number  of  terms 
^1  ;  what  is  the  common  difference,  and  the  sum  of  the 
series  ?  Ans.  the  com.  diff.  is  3,  and  the  sum  is  840. 

3.  A  certain  debt  can  be  <&scharged  in  one  year,  by  weekly* 
payments  in  arithmetical  progression,  the  first  payment  being 
1«,  and  the  last  5/  3«  ;  what  is  the  common  difference  of  the 
terms?  .    Ans.  2. 

PROBLEM  III. 

Given  one  of  the  MxtremcB^  the  Common  Difference^  and  the 
Number  of  Terma :  to  Jind  the  other  Extreme  j  and  the  Sum  of 
the  Series, 

Multiply  the  common  difference  by  1  less  than  the  num- 
ber  of  terms,  and  the  pi;pduct  will  be  the  difference  of  the 
extremes :  Therefore  add  the  product  to  the  less  extreme,  to 
give  the  greater  j  or  subtract  it  from  the  greater,  to  give  the 
less  extreme. 

Vol.  I,  Q  examples 
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EXAMPl^ES. 

I.  Given  the  least  term  3,  the  common  difference  2,  of  aa 
arithmetical  series  of  9  terms  ;  to  find  the  greatest  temiy  and 
the  simi  of  the  series* 

2 
8 


16 


19  the  greatest  term 
3  the  least 

22  sum 
9  number  of  terms. 

2  )  198 

99  the  sum  of  the  series. 

2.'  If  the  greatest  term  be  70,  the  common  difference  S> 
and  the  number  of  terms  21,  what  is  the  least  term,  and  the 
sum  of  the  series  ? 

Ans.  The  least  term  is  10,  and  the  simi  is  840. 

3.  A  debt  can  be  discharged  in  a  year,  by  paying  1  shilling 

the  first  week,  3  shillings  the  second,  and  so  on,  always  2 

shillings  more  every  week  ;  what  is  the  debt,  and  what  will 

the  last  payment  be  ? 

Ans.  The  last  payment  will  be  Si  3«,  and  the  debt  is  1 35/  4^ . 

PKOBLEM  lY. 

Tojindan  ArithmeHcal  Mean  Profiorticnal  bitwedn  Tkvo  Given 

Terms, 

Add  the  two  given  extremes  or  terms  together,  and  take 
half  their  sum  for  the  arithmetical  mean  inquired. 

EXAMPLE. 

To  find  an  arithmetical  mean  between  the  two  numbers  4 
and  .14. 

Here 
14 

4 

2)  18 


Ans.      9  the  mean  required. 

—  PROB&EM 
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PROBLEM  V. 

IToJindtvo  Arithmetical  MeauB  between  Two  Given  Extremes. 

Sty BTB. ACT  the  leas  extreme  from  the  greater,  and  £vide 
the  difference  by  3,  so  will  the  quotient  be  the  common  diF- 
fcrence  ;  which  being  continually  added  to  the  less  extreme, 
or  taken  from  the  gr^atery  gives  the  meana. 

.  EXAMPLE. 

To  fifid  two  arithmetical  n^eana  between  3  and  8, 
Here  8 
3 

3)6        Then  3  -f-  3  sr  4  the  one  mean. 

— -^F-r  and  4  4. 3  =  6  the  other  mean, 

com.  di£       ^ 


PROBLEM  TI. 

Tojhidany  Member  of  Arithmetical  Meam  between  Two  Given 

Terms  or  Extremes, 

Subtract  the  less  extreme  from  the  greater,  and  divide 
the  difference  by  1  more  than  the  number  of  means  required 
to  be  found,  which  will  give  the  common  difference ;  then 
this  being  added  continually  to  the  least  term,  or  subtracted 
from  the  greatest^  will  give  the  mean  terms  required. 

EXAMPLE. 

To  find  five  arithmetical  means  between  2  and  14. 

Here  14 

3 


6  )  13     Then  by  adding  this  com.  dif.  continually, 
— ^-^        the  means  are  found  4,  6,  8,  10, 13. 
com.  dif.  8 


See  more  of  Arithmetical  progression  in  the  Algebra. 

GEOMETRICAL 
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GEOMETRICAI.  PROPORTION  and  PROGRESSION. 

In  Geometrical  Progression  the  numbers  or  terms  have 
aJI  the  same  multiplier  or  divisor.  The  most  useful  part  of 
Geometrical  Proportion,  is  contamed  in  the  followinir 
theorems.  • 

Theorem  I.    When  four  quantities  ai*e  in  geometrical 

proporuon,  the  product  of  the  two  extremes  is  equal  to  the 
product  of  the  two  means. 

Thus,  in  the  four  2,  4,  3,6,  it  is  2  X  6  =  3  >c  4  =  13. 

And  hence,  if  the  product  of  the  two  means  be  divided  by 
one  of  the  extremes,  the  quotient  will  give  the  other  extreme. 
^,  ot  the  above  numbers,  the  product  of  the  means  12  —  2 
«7/»i-  '''"r'?"^^^'*  12  ^  6  =  3  the  other  extreme ; 
RulforThrte        ''^''''  """^  ''^^''  ""^  ^"^  P"'''^^''  ""  ^^^ 

Theorems.  In  any  continued  geometrical  progression, 
the  product  of  the  two  extremes  is  equal  to  the  product  of 
any  two  means  that  are  equally  distant  from  them,  or  equal 
to  the  square  of  the  middle  term  when  there  is  an  uneven 
number  of  terms. 

Thus,  in  the  terms  2,4, 8,  it  is  2  x  8  =«  4  x  4  =  16. 

And  in  the  scries  2,4, 8, 16,  32,  64, 128, 

It  18  2  X  128  =  4  Jc  64  =  8  X  32  =  16  X  16  =  256. 

>-^1*'*''?*  ^"  ^''*  quotient  ct  the  extreme  terms  of  » 
geometrical  progression,  u  equal  to  the  common  ratio  of  the 
series  raised  to  the  power  denoted  by  1  less  than  the  number 
fil- 1  *  w""'*  V^°«f  quently  the  greatest  term  is  equal  t« 
the  least  term  multtplied  by  the  said  qiiotient 

iQ^£!^Z  *'"  ^^?  ^'  *'  «'  '«'  32,  64,  128,256,  512, 
If  .-^T™*?  "''*"' 2'  ™«»  one  lew  *i»^  the  number 
of^ennsis9;  ihenthe  quotient  of  the  extt«me«  is  1024-5- 
3  =  512,and2»=  512  also. 


Tbbobem 


GEOMETRICAL  PROGRESSION.  1 1  r 

Thvovvm  4.  The  sum  of  all  the  terms,  of  any  geome- 
trical progression,  is  found  by  adding  the  greatest  term  to  the 
difference  of  tlie  extremes  divided  by  1  less  than  the  ratio. 

So,  the  sum  of  2,  4,  8,   16,   33,  64,  128,  256,  512,1024, 

1024--2 

(whose  ratio  is  2),  is  1024  -f ^  1024+  1022^  2046. 

3—1 

The  foregoing,  and  several  other  properties  of  geometrical 
proportion,  are  demonstrated  more  at  large  in  the  Algebraic 
part  of  this  vrork.  A  few  examples  may  here  be  added  of 
the  theorems,  just  deliyered,  with  some  problems  concerning 
mean  proportionals. 

KXAMPLES.' 

1.  The  least  of  ten  terms,  in  geometrical  progression, 
being  1,  and  the  ratio  2  ;  what  is  the  greatest  term,  and  the 
sum  of  all  the  terms  ? 

Ans.  The  greatest  term  is  512/and  the  sum  1023. 

2.  What  debt  may  be  discharged  in  a  year,  or  12  months, 
by  paying  W  the  first  month,  2/  the  second,  41  the  third,  and 
so  on,  each  succeeding  payment  being  double  the  last ;  and 
what  will  the  last  payment  be  ? 

Ans.  The  debt  4095/,  and  the  last  payment  2048/. 

PROBLBM  I. 

To  find  One  Gtometrieal  Mean  Profiortional  between  any  Two 

Mimbert, 

Multiply  the  two  numbers  toother,  and  extract  the 
square  root  of  the  product,  which  will  give  the  mean  propor- 
tional sought  , 

SXAMPtS. 

To  find  a  geometrical  mean  between  the  two  numbers 
3  md  12. 

12 
3 

36  (6  the  mean. 

36 

PROBLRK 
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PROBLEM  II. 


ToJindTfoo  Geometrical  Mean  ProfiortionaU  between  any  Two 

Humbert, 

Divide  the  greater  number  bjr  the  less,  and  extract  the 
cube  root  of  the  quotient,  which  will  give  the  common  ratio 
of  the  terms.  Then  multiply  the  least  given  term  by  the 
ratio  for  the  first  mean,  and  this  mean  again  by  the  ratio  for 
the -second  mean :  or,  divide  the  greater  of  the  two  given 
terms  by  the  ratio  for  the  greater  mean,  and  divide  this  again 
by  the  ratio  for  the  less  mean. 


EXAMPLE. 

To  find  two  geometrical  means  between  3  and  24. 

Here  3)  24  (8  ;  ita  cube  root  2  is  the  ratio. 

Then  3  X  2  =  6,  and  6  x  2  =  12,  the  two  means. 

Or  24  ^  2  =  12,  and  12  ^  2  =  6,  the  same. 

That  is,  the  two  means  between  3  azid  24,  are  £  ftfid  12. 

PROBLEM  III. 

Tofindany  Mmber  qf  Geometrical  Means  between  Two  J^umbers. 

Divide  the  greater  number  by  the  less,  and  extract  such 
root  of  the  quotient  whose  index  is  \  more  than  the  number 
of  means  required ;  that  iS)  the  2d  root  for  one  mean,  the  3d 
root  for  two  means,  the  4th  root  for  three  means,  and  so  on  ; 
and  that  root  will  be  the  common  ratio  of  all  the  terms. 
Then,  with  the  ratio,  multiply  cpntinHally  from  the  first  term, 
or  divide  continually  from  the  last  or  greatest  term. 

« 

example. 

m 

To  find  four  geometrical  means  between  3  and  96. 

Here  3  )  96  (  32  ;  the  5th  root  of  which  is  2,  the  ratio. 
Then3x2  =  6,  &6X2=  12,  &  12X2=*  24,  &  24X2  =  48. 
Or  96-^2  =r  48,  &  48-r2  =  24,  &  24^2  s  12,  &  12-^2  =  6. 

That  is,  6, 12,  24,  48,  are  the  four  means  between  3  and  96. 

Of 
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Op  musical  PROPORTION. 

Therb  18  aho  a  third  kind  of  proportioO)  called  MnaicaJ, 
which  being  but  of  little  or  no  common  uae,  a  vttf  short  ac- 
€<Nint  of  it  maj  here  suffice. 

Musical  Proportion  is  when^  of  three  numbers,  the  first 
has  the  same  fireportion  to  the  third,  as  the  difTerence  betweeii 
the  first  and  second,  has  to  the  difference  between  the  second 
nod  tfanrd* 

As  in  these  three,  6,  8,  12  ; 

where    6  :   12  :  :  8  — 6  :  12-^8, 
that  is   6  :  13  : :  3  :  4. 

When  four  numbers  are  in  musical  proportion ;  then  the 
first  has  the  same  ratio  to  (he  fourth,  as  the  difference  be- 
tween the  first  and  second  has  to  the  difference  between  the 
third  and  fourth. 

As  in  these,  6, 8, 12, 18  ; 

where  6  :   18  :  :  8  — 6  :  18 —  12. 
that  is   6  :  18  : :  S   :  6. 

When  numbers  are  in  musical  progression,  their  recipro- 
cals are  in  arithmetical  progression  ;  and  the  converse,  that 
is,  when  numbers  are  in  arithmetical  progression,  their  reci-> 
procals  are  in  musical  progression. 

So  in  these  musicals  6,  8,  12,  tlieir  reciprocals  ^,  j,  ^^ 
I  are  in  arithmetical  progression  ;   for  J  +  ^<,  =  y'y  =  | ; 

rand  ^  +  I  =r  {  =  7  ;  that  is,  the  sum  of  the  extremes  is 
equal  to  double  the  mean,  which  is  the  property  of  aritfame- 


deals, 
is 


:ais. 

The  method  of  finding  out  numbers  in  musical  proportian 

best  expressed  by  letters  in  Algebra. 


FELLOWSHIP,  ox  PARTNERSHIP. 

Fellowship  is  a  rule,  by  which  any  9ura  or  quantity  may 
be  dirided  into  any  number  of  parts,  which  shaH  be  in  any 
given  proportion  to  one  another. 

By  this  rule  are  adjusted  the  gains  or  loss  or  charges  of 

partners 
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partners  in  company;  or  the  effects  of  bankrupts,  or' 
legacies  in  case  of  a  deficiency  of  assets  or  effects  ;  or  the 
shares  of  prizes  ;  or  the  numbers  of  men  to  form  certain  de- 
tachments ;  or  the  division  of  waste  lands  among  a  number 
of  proprietors. 

Fellowship  is  either  Single  or  Double.  It  is  Single,  when 
the  shares  or  portions  are  to  be  proportional  each  to  one  sin- 
gle given  number  only  ;  as  when  the  stocks  of  partners  are 
all  employed  ibr  the  same  time :  And  Double,  when  each 
portion  is  to  be  proportional  to  two  or  more  numbers ;  as 
y hen  the  stocks  of  partners  are  employed  for  different  times. 


SINGLE  FELLOWSHIP. 

GENERAL  RULE. 

AdiI  together  the  numbers  that  denote  the  porportion  oif 
the  shares.    Then  say, 

As  the  sum  of  the  said  proportional  numbers, 
Is  to  the  whole  sum  to  be  parted  or  divided, 
So  is  each  several  proportional  number. 
To  the  corresponcUng  share  or  part. 

Or,  as  the  whole  stock,  is  to  the  whole  gain  or  loss. 
So  is  each  man's  particular  stock, 
To  his  particular  share  of  the  gain  or  loss. 

To  PROVE  THE  Work.  Add  all  the  shares  or  parts  to- 
gether, and  the  sum  will  be  equal  to  the  whole  number  to 
be  shared,  when  the  work  is  right. 

EXAMPLES. 

1 .  To  divide  the  number  240  into  three  such  parts,  as 
shall  be  in  proportion  to  each  other  as  the  three  numbers  1 , 
2  and  3. 

Here  1  +  3  +3  =  6,  the  sum  of  the  numbers. 

Then,  as  6  :  240  :  &  1  :  40  the  1st  part, 
and  as  6  :  240  : :  3  ;  80  the  2d  part, 
also  as  6  :  240  :  :  3  :  120  the  3d  part, 


Sum  of  all  240,  the  proof. 


Ex,  2. 
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Ex.  3.  Three  persons,  a,  b,  c,  freighted  a  ship  with  340  tun§. 
-of  wine  ;  of  which,  a  loaded  1 10  tuns,  b  97,  and  c  the  rest  s 
in  a  storm  the  seamen  were  obliged  to  throw  overboard  85 
tuns ;  how  much  must  each  person  sustain  of  the  loss  ? 

Here    110+     97  =  207  tuns,  loaded  by  a  and  b  ) 
theref.  340  —  207  =  1 33  tuns,  loaded  by  c. 
H^ice,  as  340  :  85  : :   liO 

or  as      4  :     1:3110:  27^  tuns  =  a's  loss  ; 

and  as      4  :     1  : :     97  :  24^  tuns  =  b's  loss ; 

also  as     4  :     1  :  :  133  :  33|  tuns  =  c's  loss; 

Sum  85  tuns,  the  proof. 

3.  Two  merchants,  c  and  d,  made  a  stock  of  120/;  of 
irhicb  c  contributed  TSl^  and  d  the  rest :  by  trading  they 
gained  30/ ;  what  must  each  have  of  it  ?       ' 

Ans.  c  18/  15«,  and  d  1 1/  5#. 

4.  Three  merchants,  e,  f,  g,  make  a  stock  of  700/,  of 
-which  E contributed  123/,  F  358/, and  o  the  rest:  by  trading 
they  gain  125/  10«  ;  what  must  each  have  of  it  f 

Ans.  E  must  have  2p  U  Od  2^^. 
F     -     -     -     64    3     8    O^f. 
o     -     -     -     39    5     3    l^y 

5.  A  General  imposing  a  contribution*  of  700/  on  four 
idUages,  to  be  paid  in  proportion  16  the  number  of  inhabitants 
contained  in  each;  the  1st  containing  250,  the  2d  350,  tho 
3d  400,  and  the  4th  500  persons  ;  what  part  must  each  vil- 
lage pay  ?  Ans.  the  1st  to  pay  116/  13«  4d» 

the  2d  -  -  163  6  8 
the  3d  -  -  186  13  4 
the  4th  -     -     233      6    8 

6.  A  piece  of  ground,  consisting  of  37  ac  2  ro  1 4  ps,  m 
to  be  divided  among  three  persons,  l,  m,  and  n,  in  propor^ 
tion  to  their  estates  :  now  if  l's  estate  be  worth  500/  a  year, 
M*s  320/,  and  n's  75/;  what  quantity  of  land  must  each  one 
have  ?  Ans.  h  must  have  20  ac  3  ro  39  m  ps. 

M     -     -    -     13      1       30t^. 
N     -     -     -       3      0      23{jf 

7.  A  person  is  indebted  to  o  57/  I5«,  to  p  108/  3«  8</, 
'fo  q  22/   lOc/,  and  to  r  73/;  but  at  his  decease,  his  effects 

*  Contribution  is  a  tax  paid  by  provinces,  towns,  villages,  &c. 
to  excuse  them  from  being  plundered.  It  is  paid  in  provisions  or  io 
noney,  and  sometimes  in  both. 

Vol.  I;  R  are 
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are  found  to  be  worth  no  more  than    170/    14«  ;  how  must  it 
be  divided  among  his  creditors  ? 

Ans.  o  must  have  57/  \5sSd  2^^^. 

P  ...  70  15  2  S^^^^ff- 
Q  .  -  -  14  8  4  O^fi^. 
R     ...     47    1411   2^'^ 

Ex.  8.  A  ship,  worth  900/,  being  entirely  lost,  of  which  | be- 
longed to  s,  ^  to  T,  and  the  rest  to  t  ;  what  loss  will  each 
sustain,  supposing  540/  of  her  were  insured  ? 

Ans.  8  will  lose  45/,  t  90/,  and  v  225/. 

9.  Four  persons,  w,  x,  y,  and  z,  spent  among  them  25*, 
and  aj;ree  that  w  shall  pay  |  of  it,  x  -J,  y  ^,  and  z  ^  ;  that 
is,  their  shares  are  to  v be  in  proportion  as  ^^  79  1)  and  7  • 
what  are  their  shares  ?  Ans.  w  musi  i>ay  9«  Sd  ^Iq^ 

X      -     -     6     5    S^. 
V  Y      -      -     4   10    1*«. 

z      -      -     3   10    3^ 

10.  A  djetachment,  consisting  of  5  companies,  being  sent 
into  a  garrison,  in  which  the  duty  required  76  men  a  day  ; 
what  number  of  men  must  be  furnished  by  each  company,  iri 
proportion  to  their  strength  ;  the  1st  consisting  of  54  men, 
the  2d  of  5 1  men,  the  3d  of  48  men,  the  4th  of  39,  and  the 
5th  of  36  men  ? 

Ans.  The   1st  must  furnish   18,  the  2d  17,  the  3d  16^  the 
/  4th  1 3,  and  the  5th  1 2  men.* 


.5iP<S)LUBLE  FELLOWSHIP. 


Double  Fellowship,  as  has  been  said^  is  concerned  in 
cases  in  whicli  the  stocks  of  partners  are  employed  or  contin- 
ued for  different  times. 


*  Qtiestions  of  this  nature  frequently  occuringf  in  military  service^ 
General  Uaviland,  an  officer  of  g^eat  merit,  contrived  an  ingenious  in- 
«tniment,  for  more  expeditiously  resolving  ihem  ;  which  is  distinguish- 
ed, by  the  name  of  the  inventor,  being  called  a  Uaviland. 


Rule. 


DOUBLE  FELLOWSHIP.  bs 

HuxB.* — Multiply  each  person's  stock  by  the  time  of  its 
'Continuance ;  then  divide  the  quantity,  as  in  Single  Fellow- 
ship, into  shares,  in  proportion  to  these  products,  by  saying;. 

As  the  total  sum  of  ail  the  said  products, 

Is  to  the  whole  gain  or  loss,  or  quantity  to  be  parted, 

So  is  each  particular  product, 

To  the  correspondent  share  of  the  gain  or  loss. 


EXAMPLES. 


1 .  A  had  in  company  50/  for  4  months,  and  n  had  60/  for 
5  months ;  at  the  end  of  which  time  they  find  24/  gained : 
how  must  it  be  divided  between  them  ? 

Here     50         60 
4  5 


200  +  300  =:  500 


Then,  as  500  :  24  : :  200  :    9|  s=    9/  12«  s=  a's  share. 

and  as  500  :  24  s :  300  :  14|  =  14     8    =  b's  share. 

2.  c  and  d  hold  a  piece  of  ground  in  common,  for  which 

they  are  to  pay  54/.     c  put  in   23  horses  for  27   days,  and  d 

21  horses  for  39  days ;  how  much  ought  each  man  to  pay  of 

the  rent  ?  Ans.  c  must  pay  23/ 5«  9d. 

D  must  pay  30  14  3 

4.  Three  persons,  e,  t,  o,  hold  a  pasture  in  ccHnmon, 
for  which  they  are  to  pay  30/  per  annum ;  into  which  E  put 
7  oxen  for  3  months,  f  put  9  oxen  for  5  months,  and  g  put 
in  4  oxen  for  12  months  ;  how  much  must  each  pei*son  pay 
of  the  rent  ?  Ans.  e  must  pay  5/  10«  6d  1 1^7. 

F    .    -     n  16 10  0^%. 

G     -     -       12   12    7    2^. 

4.  A  ship's  company  take  a  prize  of  lOOO/,  which  they 
agree  to  divide  among  them  according  to  their  pay  and  the 
time  they  have  been  on  board  :  now  the  officers  and  midship- 
men have  been  on  board  6  months,  and  the  sailors  3  months ; 


*  The  proof  of  this  rule  is  as  follows  :  ^Vhen  the  times  are  equal 
the  shares  of  the  gain  6t'  loss  arc  eviileiuly  us  th«:  stocks,  as  in  Sin^rlc 
Felluw»hip  ;  and  when  the  slocks  are  equal,  ihe  shares  are  as  the  times ; 
therefore*  when  neither  are  equal  tlie  shares  must  be  as  their  products. 

the 


124  ARITHMETIC. 

the  oflficers  have  409  a  month,  the  midshipmen  30«,  and  the 
sailors  22«  a  month  ;  moreover  there  are  4  officers,  12  mid- 
shipmen, and  1 10  sailors ;  what  will  each  man's  share  be  ? 

'    Ans.  each  officer  must  have  23/  2«  5d  0.^^. 

each  midshipman      -      17  6    9     3^. 

each  seaman   -    -     -       6  7    2    0^^. 

£x.  5.  H,  with  a  capital  of  1000/,  began  trade  the  first  of 
Januaiy,  and,  meeting  with  success  in  business,  took  in  i  as  a 
partner,  with  a  capital  of  1500/,  on  the  first  of  March  fol-- 
lowing.  Three  months  after  that  they  admit  k  as  a  third 
partner,  who  brought  into  stock  2800/.  After  trading  toge- 
ther till  the  end  of  the  year,  they  find  there  has  been  gained 
.1776/  10« ;  how  must  this  be  divided  among  the  partners  ? 

Ans.  H  must  have  457/   9«  4^. 
'  I     -     -    -     571   16   8$. 
K    -     -     -     747     3  14. 

6.  X,  T,  and  z  made  a  joint-stock  for  13  months;  x  at 
first  put  in  20/,  and  4  months  after  20/  more  ;  y  put  b  at 
first  30/,  at  the  end  of  3  months  he  put  in  20/  moi*e,  and  2 
months  after  he  put  in  40/  more  ;  z  put  in  at  first  60/,  and 
5  months  after  he  put  in  10/  more,  1  month  after  which  he 
took  out  30/ y  during  the  12  months  they  gained  50/;  how 
much  of  it  must  each  have  ? 

Ans.  X  must  have  lOllSeSd  ^^\q» 
y     -     -     -     22     8    1      0»». 
z     -     -     -      16   13  4     0, 


SIMPLE  INTEREST. 


Interest  is  The  premium  or  sum  allowed  for  the  loan,  or 
fi>rbearance  of  money.  The  money  lent,  or  forborn,  is  called 
the  Principal.  And  the  sum  of  the  principal  and  its  interest, 
added  together,  is  called  the  Amount.  Interest  is  allowed 
at  so  much  per  cent,  per  annum;  which  premium  per  cent, 
per  annum,  or  interest  of  100/  for  a  year^  is  called  the  rate  of 
interest  :-«-So, 

When 


SIMPLE  INTEREST.  125 

When  interest  is  at  3  per  cent,  the  rate  ib  3  ; 
-  -      4  per  cent.      -      -    4 ; 

-  5  per  cent.      -      -     5 ; 

-  6  per  cent.      -      -    6 ; 

But,  by  law  in  England,  interest  ought  not  to  be  taken  high- 
er than  at  the  rate  of  5  per  cent. 

Interest  is  of  two  sorts ;  Simple  and  Compound. 

Simple  Interest  is  that  which  is  allowed  for  the  principal 
lent  or  forbom  only,  for  the  whole  time  of  forbearance. 
As  the  interest  of  any  sum,  for  any  time,  is  directly  propor- 
tional to  the  principal  sum,  and  also  to  the  time  of  continu- 
ance ;  hence  arises  the  following  general  rule  of  calcula- 
tion. 

As  100/ is  to  the  rate  of  interest,  so  is  any  given  principal 
to  its  interest  for  one  year.    And  again, 

As  I  year  is  to  any  given  time,  so  is  the  interest  for  a  year^ 
just  found,  to  the  interest  of  the  given  sum  for  that  time. 

Otherwise.  Take  the  interest  of  1  pound  for  a-  year, 
-which  multiply  by  the  given  principal,  and  this  product  again 
by  the  time  of  loan  or  forbearance,  in  years  and  parts,  for  the 
interest  of  the  proposed  sum  for  that  time. 

JVote^  When  there  are  certain  parts  of  years  in  the  time, 
as  quarters  or  months,  or  days :  they  m^  be  worked  for, 
either  by  taking  the  aliquot  or  like  parts  of  the  interest  of  a 
year,  or  by  the  Rule  of  Three,  in  the  usual  way.  Also  to 
divide  by  100,  is  done  by  only  pointing  off  two  figures  for 
decimals. 

EXAMPLES. 

1.  To  find  the  interest  of  330/ 10«,  for  1  year,  at  the  rate 
of  4  per  cent,  per  annum. 

Here,  As  100  :  4  :  :  230/  10«  :  9/  4t  4|</. 

4 


JOO)  9,22    0 
20 


4*80  Ans.  9/  4«  4|<2. 

4 

3-20 

Ex.  2. 
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Ex.  2.  To  find  the  interest  of  547/  iSa^  for  3  years,  at  5  per 
cent,  per  annum. 

As  100  :  5  :  :  54775  : 

Or    20  :  1  :  :  547-75  :  27-3875  interest  for  1  year. 

3 


/  82-1635  ditto  for  3  years. 

20 


9     3-2500 
12 


d    300         Ans. 82/ 3«  3e/. 


3.  To  find  the  interest  of  200  guineas,  for  4  years  7  months 
and  25  days,  at  4^,  per  cent,  per  annum. 

ds  /  ds 

2102  As  365   :  9-45  :  :  25  :       / 

4i  or      73  :  9-45  :  :     5  :  '6472 

840  

105  *73)  47-25  (-6472 
345 

9-45  interest  for  1  yr.  530 

4  19 

37-80      ditto  4  years. 
6  mo  s=  ^  4*725    diRo  6  months. 
1  mo  =:  |>     '7875  ditto  I  month. 
-6472  ditto  25  days. 

/  43-9597 
20 


«   19-1940 
12 


d     2*3280 

4  Ans.  43/  I9s  '^{d, 

q     1*3120 


4.  To  find  the  interest  of  450/,  for  a  year,  at  5  per  cent, 
per  annum.  Ans.  22/  ]0«. 

5  To  find  the  interest  of  715/  \2a  6dj  for  a  year,  at  4^ 
per  cent,  per  annum.  Ans.  32/  4«  Olrf, 

6.  To  find  the  interest  of  720/,  for  3  years,  at  5  per  cent, 
per  annum.  Ans.  108/. 

Ex.7. 
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7.  To  find  the  interest  of  355/  1 5«  for  4  years,  at  4  per  cent, 
per  annum .  Ans.  56/  1 8#  4  ^d, 

£x.  8.  To  find  the  interest  of  32/  Sa  Bd^  for  7  years,  at  4^ 
per  cent,  per  annum.  Ans.  9/ 12«  Id, 

9.  To  find  the  interest  of  170/,  for  1^  year,  at  5  per  cent, 
per  annum.  Ans.  12/  15*. 

10.  To  find  the  insurance  on  205/  15«,  for  ^  of  a  year,  at 
4  per  cent,  per  annum.  Ans.  2/  U  1  id* 

11.  To  find  the  interest  of  319/  6dj  for  5^  years,  at  S|  per 
cent,  per  annum.  Ans.  68/  15«  94^. 

12.  To  find  the  insurance  on  107/,  for  117  days,  at  4^  per 
cent,  per  annum.  Ans.  1/  12«  7d. 

13.  To  find  the  interest  of  17/  5«,  for  117  days,  at  4|  per 
cent,  per  annum.  Ans.  5«  3d, 

14.  To  find  the  insmtmce  on  7l2/6«,  for  8  months,  at  7|  per 
cent,  per  annum.  Ans.  35/  12«  3J</. 

Mite.  The  Rules  for  Simple  Interest,  serve  also  to  calcu- 
late Insurances,  or  the  Purchase  of  Stocks,  or  any  thing  else 
that  is  rated  at  so  much  per  cent. 

See  also  more  on  the  subject  of  Interest,  with  the  algebraical 
expression  and  investigation  of  the  rules  at  the  end  of  the 
Algebra,  next  following. 


COMPOUND  INTEREST. 

CoMPOUHD  Interest,  called  also  Interest  upon  Interest^ 
is  that  which  arises  from  the  principal  and  intesest,  taken 
together,  as  it  becomes  due,  at  the  end  of  each  stated  time  of  ■ 
payment.  Though  it  be  not  lawful  to  lend  money  at  Com- 
pound Interest,  yet  in  purchasing  annuities,  pensions,  or  leasee 
in  reversion,  it  is  usual  to  allow  Compound  interest  to  the 
purchaser  for  his  ready  money. 

Rules. — 1 .  Find  the  amount  of  the  given  principal,  for  the 
time  of  the  first  payment,  by  Simple  Interest.  Then  con- 
sider this  amount  as  a  new  principal  for  the  second  payment^ 
-whose  amount  calculate  as  before.  And  so  on  through  all 
the  payments  to  the  last,  always  accounting  the  last  amount 
as  a  new  principal  for  the  next  payment.  The  reason  of 
which  is  evident  from  the  definition  of  Compound  Interest. 
Or  eUcj 

2.  Find  the  amount  of  1  pound  for  the  time  of  the  first 
payment,  and  raise  or  involve  it  to  the  power  whose  index 
is  denoted  by  the  number  of  payments.  Then  that  power 
Hiultiplied  by  the  given  principal,  will  produce  the  whole 

amount. 
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amount.  ]f  rom  which  the  said  principal  being  subtracted^ 
leaves  the  Compound  Interest  of  the  same.  As  is  evident  from 
the  first  Rule. 

KXAMPLBS. 

1.  To  find  the  amount  of  720/,  for  4  years,  at  5  per  cent, 
per  annum. 

Here  5  is  the  20th  part  of  100,  and  the  interest  of  W  for  s 
year  is  ^  or  -05,  and  its  amount  1"05.   Therefore, 

1.  By  the  Ut  Rule,  2.  By  the  2d  Bute, 

lad  1*05  amount  of  1/. 

20)720     0    0     Istyr'sprincip.  1-05 

36  0     0     1st  yr's  interest.         

1  •  1 025  2d  power  of  it. 

20)756     0     0     2d  yr's  princip.  M025 

37  16     0    ^d  yr'a  interest.     — — 

■ . 1'21550625  4th  pow.  of  it, 

20)793  16     0     3d  yr's  princip.  720 

39  13     9^  3d  yr's  interest*     ^    ■ 

/  875- 1 645 

20  )  833     9     9^  4th  yr's  princip.  20 

41   la    5|  4th  yr's  interest       

9  3*2900 

£  875     3     Z\  the  whole  amount  12 

—  or  ans.  required.  , 

d  3-4800 


2.  To  find  the  amount  of  50/,  in  5  years,  at  5  per  cee/t 
per  annum,  compound  interest.  Ans.  63/  1 6«  3^  . 

3.  To  find  the  amount  of  50/  in  5  years,  or  10  half- 
years,  at  5  per  cent,  per  annum,  compound  interest,  the  in- 
terest payable  half-yearly.  Ans.  64/  0«  \d, 

4.  To  find  the  amount  of  50/,  in  5  years,  or  20  quarters, 
at  5  per  cent,  per  annum,  compound  interest)  the  interest 
payable  quarterly.  Ans.  6M  2«  0J</. 

5.  To  find  the  compound  interest  of  370/  forbom  for  6 
years,  at  4  per  cent  per  annum.  Ans.  98/  3«  4li/. 

6.  To  find  the  compound  interest  of  410/ forbom  for  2i 
years,  at  4^  per  cent  per  annum,  the  interest  payable  hal^ 
yearly.  Ans.  48/  4*  1  \\d, 

7.  To  find  the  amount,  at  compound  interest,  of  217^ 
forbom  for  21  years,  at  5  per  cent,  per  annum,  the  interest 
payable  quarterly.  Ans.  242/  13«  4J</. 

J^otc.  See  the  Rules  for  Compound  Interest  algebmcally 
investigated,  at  the  end  of  the  Algebra. 


ALLIGATION.  1S9 


ALLIGATION. 

Alligation  teaches  htm  to  oonpound  or  mix  togethtr 
several  simples  of  differeDt  qualities,  so  that  the  composition 
may  be  of  some  intermediate  quality  or  rate.  It  is  com- 
monly distinguished  into  txro  caaes,  Alligation  Medial,  and 
Alligation  Alternate. 


ALLIGATION  MEDIAL. 

Allioation  Medial  is  the  method  of  finding  the  rate 
or  quality  of  the  composition,  from  having  the  quantities 
and  rates  or  qualities  of  the  several  simples  giyen.  And  it 
is  thus  performed : 

*  Multiply  the  quantity  of  each  ingredient  by  its  fate  or 
quality;  then  add  all  the  products  together,  and  add  also  all 


*  JDemonBtraiion,    The  rule  is  thus  proved  by  Algcbnu 

Let  at  6,  c  he  the  qusntities  of  the  ingredients, 
and  fB,  fifp  their  rates,  or  qoaltties,  or  prices  ; 
then  anu  Im^  (p  are  their  several  values, 
and  anf\-  bn  '{'  ep  the  sum  of  their  values, 
also  a  -^  b  -^^  e'xM  the  sum  of  the  quantities, 
Aod  if  r  denote  the  rate  of  the  whole  composition, 

then  a  +b  +cy^r  will  be  the  value  of  the  whole, 
conteq.  a  -^  b  -^  c  X  ^^^  ^^  ^  ^  +<?'» 

and  r stB  om  +  *n  +  c/?  -f-  a'\-b'\-Cy  which  is  the  Rule. 

Xtf^e,  If  an  ounce  or  any  other  quantity  of  pure  gold  be  reduced  in- 
to 24  equal  parts,  these  parts  are  called  Caracts  ;  but  gold  is  often 
mixed  with  some  base  metal,  which  is  called  the  Alloy,  and  the  mix* 
ture  is  said  to  be  of  so  many  oaracts  fine,  aocording  to  the  proportion 
of  pare  gold  eontained  in  it ;  thus,  if  22  caracts  of  pure  gold,  and  2  of 
all<^  be  mixed  together,  it  is  said  to  be  22  caracts  fine. 

If  any  one  of  the  simples  be  of  little  or  no  value  with  respect  to  the 
seat,  its  rate  is  sapposed  to  be  nothing ;  as  water  nixed  with  wine,  and 
alloy  with  gold  and  silver. 
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the  quantities  together  into  another  sum ;  then  divide  the 
former  sum  by  the  latter,  that  is,  the  sum  of  the  product»- 
by  the  sum  of  the  quantities,  and  the  quotient  will  be  the 
rate  or  quality  of  the  composition  required. 


EXAMPLES. 

I.  If  three  sorts  of  gunpowder  be  mixed  together,  viz. 
50lb  at  13cf  a  pound,  44ib  at  9dj  and  26lb  at  Sd  a  pound; 
how  much  a  pound  is  the  composition  worth  ? 

Here  50,  44,  36  are  the  quantities, 
and      12,     9,     8  the  rates  or  qualities ; 
then    50  X  12  =  600 

44  X     5  =  396 
26  X     8  =  308 


120)  1204         (10^1^=10  3^ 

Ans.  The  rate  or  price  is  lO-j^d  the  pound. 

2.  A  composition  being  made  of  5lb  of  tea  at  7«  per  lb> 
91b  at  Be  6d  per  lb,  and  14^1b  at  58  \0d  per  lb;  what  is  a 
lb  of  it  worth  ?  Ans.  6«  lO^d. 

S.  Mixed  4  gallons  of  wine  at  4t  \0d  per  gall,  with  7  gal- 
lons at  $8  3d  per  gall,  and  9-|  gallons  at  5a  Bd  per  gall ; 
what  is  a  gallon  of  this  composition  worth  ?  Ans.  5«  4|(f . 

4.  A  mealman  would  mix  3  bushels  of  flour  at  Se  Sd 
per  bushel,  4  bushels  at  Ss  6d  per  bushel,  and  5  bushels  at 
4a  M  per  bushel ;  what  is  the  worth  of  a  bushel  of  this 
mixture  ?  Ans  4«  7-Jrf. 

5.  A  farmer  mixes  10  bushels  of  wheat  at  5«  the  bushel, 
with  18  bushels  of  rye  at  3«  the  bushel,  and  20  bushels  of 
barley  at  3«  per  bushel :  how  much  is  a  bushel  of  the  mixture 
worth  ?  Ans.  3*. 

6.  Having  melted  together  7  oz  of  gold  of  22  caracts  fine, 
12^  oz  of  21  caracts  fine,  and  17  oz  of  19  caracts  fine  :  I 
would  know  the  fineness  of  the  composition  ? 

Ass.  20  II  caracts  fine. 

7.  Of  what  fineness  is  that  composition,  which  is  made  by 
mixing  31b  of  silver  of  9  oz  fine,  with  5lb  8  oz  of  10  oz; 
fine,  and  lib  10  oz  of  alloy  ?  Ans.  7}j-oz  fine. 

ALLIGATIO^f 
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ALLIGATION  ALTERNATE. 

Aluoation  Alterkate.  is' the  method  o!  finding  ^ hat 
tqnantitf  of  any  number  of  simples,  whose  rates  are  given> 
will  compose  a  mixtui*e  of  a  g:iven  rate.  So  that  it  is  the  re- 
verse of  Alligation  Medial,  and  may  be  proved  by  it. 

BULS  1*. 

1.  Set  the  rates  of  the  simples  in  a  column  under  each 
ether.^— 2.  Connect,  or  link  with  a  continued  line,  the  rate 
of  each  simple,  which  is  less  than  that  of  the  compound,  with 
one,  or  any  number,  of  those  that  are  greater  than  the  com- 
pound ;  and  each  greater  rate  with  Qne  or  any  number  of  the 
less. — 3.  Write  the  difference  between  the  mixture  rate,  and 
that  of  each  of  the  simples,  opposite  the  rate  with  which  they 
are  linked. — 4.  Then  if  only  one  difference  stand  against 
any  rate,  it  will  be  the  quantity  belonging  to  that  rate  ;  but 
if  there  be  several,  their  sum  will  be  the  quantitv. 

The  examples  may  b^  proved  by  the  rule  lor  Alligation 
Medial. 


*  Dcmonat.  By  connecting  the  less  rate  to  the  greater,  and  placing 
the  difference  between  them  and  the  rate  alternately,  the  quantities 
resulting  are  such,  that  there  is  precisely  as  much  gained  by  one 
quantity  as  is  lost  by  the  other,  and  therefore  the  gain  and  loss  upon 
the  whole  is  equal,  and  is  exactly  the  proposed  rate  :  and  the  same 
will  be  true  ofany  other  two  simples  managed  according  to  the  Rule. 

In  like  manner,  whatever  the  number  of  simples  may  be,  and  with 
how  many  soerer  every  one  is  linked*  since  it  is  always  a  less  with  a 
greater  than  the  mean  price,  there  will  be  an  equal  balance  of  loss 
and  gain  between  every  two,  and  consequendy  an  equal  balance  on  the 
whole,    q.-  e.  d. 

It  is  obvious^  from  this  Rule,  tHat  questions  of  this  sort  admit  of  a 
great  variety  of  answers  ;  for,  having  found  one  answer,  we  may  find  as 
many  more  as  we  please,  by  only  multiplying  or  dividing  each  of  the 
quantities  found,  by  2,  or  3,  or  4,  &c :  the  reason  of  which  is 
evident ;  for,  if  two  quantities,  of  two  simples,  make  a  balance  of  loss 
and  gain,  with  respect  to  the  mean  price,  so  must  also  the  double  or 
treb&,  the  i  or  ^  part,  or  any  other  ratio  of  these  quantities,  and  so  on 
ad  infinitum. 

These  kinds  of  questions  are  called  by  algebraists  indeterminate  or 
im/imited  problems  ;  and  by  an  analytical  process,  theorems  may  be 
f  AJsed  that  will  give  all  thepotsibie  answers. 


SXAMFLSS. 
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1.  A  merchant  ^ould  mix  wines  at  16«,  at  ISf^  and  at 
33ff  per  gallon,  so  as  that  the  miKture  ma^  be  worth  30t  the 
gallon  :  what  quantity  of  each  must  be  taken  ? 

Sl6^'*Ny  2  at  16» 
18>.  J  2  at  18« 
22  J/  4  +  2  =  6  at  22*. 

Ans.  2  gallons  at  I69,  2  gallons  at  18«}  and  6  at  22*. 

2.  How  much  wine  at  6«  per  gallon,  and  at  4«  per  gallon 
must  be  mixed  together,  that  the  composition  may  be  worth 
fia  per  gallon  ?  Ans.  1  qt-  or  1  gall,  kc, 

3.  How  much  sugar  at  4cf,  at  M,  and  at  1 1  ^  per  lb,  must 
be  mixed  together,  so  that  the  composition  formed  by  them 
may  be  worth  7d  per  lb  ? 

Ans.  1  lb,  or  1  stone,  or  1  cwt,  or  any  other  eqttal  quantity 
of  each  sort. 

4.  How  much  com  at  2«  6(f,  3*  8</,  4«,  and  4$  8</per 
bushel,  must  be  mixed  together,  that  the  compound  may  be 
worth  3«  \0d  per  bushel  ? 

Ans.  2  at  2«  6^,  2  at  3«  8c/,  3  at  4«,  and  3  at  4«  Sd. 

5.  A  goldsmith  has  gold  of  16,  of  18,  of  23,  and  of  24 
caracts  Gne  :  how  much  must  he  take  of  each,  to  make  it  21 
caracts  fine  ?  Ans.  3  of  16,2  of  18, 3  of  33,  and  5  of  24. 

6.  It  is  required  to  mix  brandy  at  12«,  wine  at  10«,  cyder 
at  1«,  and  water  at  0  per  gallon  together,  so  that  the  mixture 
may  be  worth  8«  per  g^lon  ? 

Ans.  8  gals  of  brandy,  7  of  wine,  2  of  cyder,  and  4  of  water. 

&ULB   XI. 

When  the  whole  composition  is  limited  to  a  certain 
quantity  :  Find  an  answer  as  before  by  linking  ;  then  say,  as 
the  sum  of  the  quantities,  or  difierences  thus  determined,  is 
to  the  given  quantity  ;  so  is  each  ingredient,  found  by  link* 
ing,  to  the  required  quantity  of  each. 

BXAMFLES. 

1.  How  much  gold  of  15,  17,  18,  and  22  caracts  fine,  must 
be  mixed  together,  to  forma  composition  of  40  oz  of  20  ca- 
ii^acts  fine  ? 

Here 
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2 

2 
2 


ft 


5+3+2  =  10 


16 
Thentas     16  :  40  :  :     2  :     5 
and    16  :  40  :  :  10  :  25 
Ans.  5  oz  of  15,  of  17}  and  of  18  caracls  fine,  and  25  oz  of  22 
caracta  fine*. 

Ex.  2.  A  vintner  has  wine  at  4*,  at  5*,  at  S»  6d,  and  at  6* 
a  gallon;  and  he  would  make  a  mixture  of  18  gallons,  so 
that  it  might  be  afforded  at  S»  4rf  per  gallon  ;  how  much  of 
each  sort  must  he  take  ? 

Ans.  3  gal.  at  4«,  3  at  5«,  6  at  5»  6</,  and  6  at  6». 


*  A  great  number  of  questions  might  be  here  f^ren  relating  to  the 
specific  grsTities  of  metab^  &c.  but  one  of  the  most  curious  may  here 
aaffice. 

Hiero,  king  of  Syracuse,  gave  orders  for  a  crown  to  be  made  entirely 
of  pure  gold ;  but  luspeoiing  the  workman  had  debased  it  by  mixing  it 
vnth  silver  or  copper,  he  recommended  the  discovery  of  the  fraud  to 
the  famoas  Aronimedesy  and  desired  to  know  the  exact  quantity  of 
alloy  in  the  cxown. 

Arehimedes,  in  order  to  detect  the  imposition,  procured  two  other 
masses,  the  one  of  pureg^ld,  the  other  of  siWer  or  copper,  and  each 
«f  the  same  weight  with  the  former ;  and  by  putting  eaeh  separately 
ifiCo  a  vessel  full  of  water,  the  quantity  of  water  expelled  by  them  de^ 
termined  their  specific  gravities :  from  which,  and  their  given  weights, 
Ike  exact  quantities  of  gold  and  alloy  in  the  crown  may  be  determined. 

Suppose  the  weight  of  each  crown  to  be  lOlb,  and  that  the  water 
ezpeUed  by  the  copper  or  silver  was  921b,  by  the  gold  52lb,  and  by  tiic 
compound  crown  641b  ;  what  will  be  the  quantities  of  gold  and  alloy  in 
tii«  crown  I 

The  rates  oftheslrop1esare92  and  52,  and  of  the  compound  64; 
therefore 

g4|92-^    12  of  copper 
^152—'    28ofgold 
And  the  sum  of  these  is  12+ 28  s  40,    which   should  have  been 
but  10  ;  therefore  by  the  Rule, 

40  :  10  : :  12  :  31b  of  oofqxr')  ..     ^„„^, 
40  :  10  : :  28  :  nb  of  gold    5  ^^  *"'^''' 

RULE 
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&ULK  III*. 


When  one  of  the  ingredients  is  limited  to  a  certain  quan«> 
tity ;  Take  the  difference  between  each  price,  and  the  mean 
rate  as  before  ;  then  say,  As  the  difference  of  that  simple, 
whose  quantity  is  given,  is  to  the  rest  of  the.  differences  se- 
verally ;  so  is  the  quantity  given,  to  the  several  quantities 
required. 

EXAMPLES. 

1.  How  much  wine  at  5«,  at  5«  6^,  and  6«  the  gallon, 
mu$t  be  mixed  with  3  gallons  at  4^  per  gallon,  so  that  the 
mixture  may  be  worth  5«  4d  per  gallon  ? 

48'^>v       8  +  2  =   10 


Here  64 


+  2  =  10 
+  4  =  20 
+  4  =  20 


Then  10  :  10  :  :  3  :  3 
10  :  20  ;  :  3  :  6 
10  :  20  :  :  3  :  6 
Ans.  3  gallons  at  5«,  6  at  5^  6c/,  and  6  at  6«. 

2.  A  grocer  would  mix  teas  at  12«,  10«,  and  6a  per  lb, 
with  20lb  at  49  per  lb.  how  much  of  each  sort  must  he  take 
to  make  the  composition  worth  Ss  per  lb  ? 

Ans.  201b  at  49,  lOib  at  6^  LOlb  at  10«,  and  20lb  at  \2e. 

3.  How  much  gold  of  15,. of  17,  and  of  22  caractsfine, 
must  be  mixed  with  5  oz  of  18  caracts  fine,  so  that  the  com* 
position  may  be  20  caracts  fine  ? 

Ans.  5  oz  of  15  caracts  fine,  5  oz  of  17,  and  25  of  22. 


*  In  the  very  same  manner  questions  may  be  wroug^ht  when  several  of 
the  ing^dients  are  limited  to  certain  Quantities,  by  findtnr  first  for  one 
limit,  and  then  for  another.    The  two  last  Rules  can  need  no  demon- 
stration, as  they  evidently  result  from  the  first,  the  reason  of  which 
has  been  already  explained. 


POSITION. 
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POSITION. 

Position  is  a  method  of  performing  certain  questions, 
which  cannot  be  resolved  by  the  common  direct  iniles.  It  is 
sometimes  called  False  Position,  or  False  Supposition,  because 
it  makes  a  supposition  of  false  numbers,  to  work  with  the 
same  as  if  they  were  the  true  ones,  and  by  their  means  dis- 
covers the  true  numbers  sought.  It  is  sometimes  also  called 
Tnal-and- Error,  because  it  proceeds  by  triais  of  false  num- 
bers, and  thence  finds  out  the  true  ones  by  a  comparison  of 
the  errors, — Position  is  either  Single  or  Double. 


SINGLE  POSITION. 


SiHGLB  Position  is  that  by  which  a  question  is  resolved 
by  means  of  one  supposition  only.  Questions  which  have 
their  result  proportional  to  their  suppositions,  belong  to 
Single  Position :  such  as  those  which  require  the  multipli- 
cation or  division  of  the  number  sought  by  any  proposed  num- 
ber ;  or  when  it  is  to  be  increased  or  diminished  by  itself, 
or  any  parts  of  itself,  a  certain  proposed  number  of  times. 
The  rule  is  as  follows  : 

Take  or  assume  any  number  for  that  which  is  required, 
and  perform  the  same  operations  with  it,  as  are  described  or 
performed  in  the  question.  Then  say,  As  the  result  of  the 
said  operation,  is  to  the  position,  or  number  assumed  ;  so  is 
tlic  result  in  the  question,  to  a  fourth  term,  which  will  be 
the  number  sought** 


•  The  reason  of  this  Rule  is  evident,  because  His  supposed  that  the 
results  are  proportional  to  ihe  suppositions.  ^ 

Thus,  na  :  a  : :  nz  :  z, 

a  z 

or  —  :  o  : :  — .  :  3, 
n  n 

a         a  z         z 

w  —  ±  —  &c  :  o  :  :  —  ±  —  &c  :  z, 
n        Tji  n         m 

and  soon. 

SXA.MPLK8. 


1.3i  ARITHMETIC. 


XXAMP^KS. 


1.  A  peps«n  after  speading  •}  and  i  of  his  money,  has  yet 
remaining  60/  ;  whal  had  he  at  ^rsti 

Suppose  he  had  at  first  1 20/.  Proof. 

Now  I  of  120  is  40  I  of  144  is  48 

^  of  it  is     30  I  of  144  is  36 

their  sum  is    70  their  sum  84 

-which  taken  from  130  taken  from  144 


leaves    50  leaves    60  as 

Then,  50  :  120  : :  60  :  144,  the  Answer.  per  question. 

2.  What  number  is  that,  which  being  multiplied  by  7,  and 
the  product  divided  by  6,  the  quotient  may  be  21  ?        Ans.  18. 

3.  What  number  is  that,  which  being  increased  by  |,  ^ 
and  ^  of  itself,  the  sum  shall  be  75  ?  Ans.  36. 

4.  A  general,  after  sending  out  a  foraging  i  and  ^  of  his 
men,  had  yet  remaining  1000 ;  what  number  had  he  m  com- 
mand ?  Ans.  6000. 

5.  A  gentleman  distributed  52  pence  among  a  number  of 
poor  people,  consisting  of  men,  women,  and  children  ;  to 
each  man  he  gave  6</,  to  each  woman  4af,  and  to  each  child 
2d :  moreover  there  were  twice  as  many  women  as  men,  and 
thrice  as  many  children  as  women.  How  many  were  there 
of  each  ?  Ans.  2  men,  4  women,  and  12  children  f 

6.  One  being  asked  his  age,  said,  if  ^  of  the  years  I  have 
lived,  be  multiplied  by  7,  and  |  of  them  be  added  to  thei 
^product,  the  sum  will  be  2 19.    What  was  his  age  ? 

Ans.  45  years. 


DOUBLE 


L    isr   J 

DOUBLE  POSITION. 

13ouBLE  Position  is  the  method  of  resolving  certain 
questions  by  means  of  two  suppositions  of  false  numbers. 

To  the  Double  Rule  of  Position  belong  such  questions  as 
have  their  results  not  proportional  to  their  positions  :  such  are 
those,  in  which  the  numbers  sought,  or  their  parts,  or  their 
multiples,  are  increased  or  diminished  by  some  given  absolute 
number^  which  is  no  known  part  of  the  numiber  sought. 

RULE  I*. 

Take  or  assume  any  two  convenient  numbers,  and  proceed 
with  each  of  them  separately,  according  to  the  conditions  of 
the  question,  as  in  Single  Position  ;  and  find  how  much  each 
result  is,diffcrent  from  the  result  mentioned  in  the  question, 
calling  these  differences  the  errors^  noting  also  whether  the 
results  are  too  great  or  too  little. 


*  DemoTutr.  The  Rule  it  founded  on  this  tupposkion,  namely,  that 
the  first  error  is  to  the  second,  as  the  difference  between  the  true  and 
first  supposed  number,  is  to  the  differ  ence  between  the  true  and  second 
supposed  number  ;  when  that  is  not  the  case,  the  exact  answer  to  the 
<2ue6tion  cannot  be  found  by  this  Rule. — That  the  Rule  is  true,  accord- 
iog  to  that  supposition,  may  be  thus  proved. 

Liet  a  and  i  be  the  two  suppositions,  and  a  and  b  their  results, 
produced  by  similar  operation  ;  also  r  and  t  tlieir  errors,  or  the 
differences  between  the  results  a  and  b  from  the  true  result  n  '; 
and  let  a:  denote  the  number  sought,  answering  to  tlie  true  result  v  of 
the  question. 

Then  is  n— A  =  r,    and  v — b^=s*.      And,    according  to   the 

supposition  on  which  the  Rule  is  foimded,  r  :  t::x—- a  :  x  —  b  i 

hence,  by  multiplying  extremes   and  means,  rx  -«  rb=  »x  -^  ta  ; 

then,  by  transposition,    rx  —  «x  s=  rb  —   «a  ;    and,  by   division, 

rb  —  9a 

X  ms s=  the  number  sought,  which  is  the   rule   when  the 

r  —  « 
resnlts  are  both  too  little. 

If  the  results  be  both  too  great,  so  that  a  and  b  are  both  greater 
than  v  ;  then  n  —  a  =  —  r,  and  n  —  b  =  —  •♦  or  r  and  *  arc  both 
negative  ;  hence  —  r:  —  *::x  —  a  :  r —  A,  but  —  r  :  —  *  :  :  4" '' 
s  ^  «,  therefore  r  :  »  : :  ar  —  o  :  X' —  b  ;  and  the  rest  will  be  exactly 
as  ixi  the  former  case. 

But  if  one  result  a  only  be  too  little,  and  the  other  b  too  great, 
or  one  error  r  positive,  and  the  other  #  negative,  tlicn  the  theorem  be- 
ri+  *a 

cotnes  X  == ,  which  Is  the  Rule  in  this  case,  or  when  the  crrora 

r  +  t 
are  unlike. 

Vol.  I.  T  Then 
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Then  muldply  each  of  the  said  errors  by  the  contnuy  sup^ 
position,  namely,  the  first  position  by  the  second  error,  and 
the  second  position  by  the  first  error.     Then, 

If  the  errors  are  alike,  divide  the  difference  of  the  products 
by  the  difference  of  the  errors,  and  the  quotient  will  be  the 
answer. 

But  if  the  errors  are  unlike,  divide  thp  siun  of  the  products 
by  the  sum  of  the  errors,  for  the  answer. 

Ab/f ,  The  errors  are  said  to  be  alike,  when  they  are  either 
both  too  great  or  both  too  little  ;  and  unlike,  when  one  is  too 
great  and  the  other  too  little. 

KXA.MFLES. 

1.  What  number  is  that,  which  being  multiplied  by  6, 
the  product  increased  by  18,  and  the  sum  divided  by  9,  the 
quotient  shall  be  20  ? 
Suppose  the  two  numbers  1 8  and  30.    Then, 
First  Position.  Second  Position. 

18     Suppose  30 

6    mult.  6 


sf 


108  180 

18  add  18 

9)  126  div.  9)  198 

14  results  22 

20  true  res.  20 


+  6    errors  unlike 
2d  pos.  30    mult. 

180 
36  

sum  8  )  216    sum  of  products. 

27    Answer  sought. 

RULE  U. 

FiMD,  by  trial,  two  numbers,  as  near  the  true  number  as 
convenient,  and  work  with  them  as  in  the  question  ;  marking 
the  errors  which  arise  from  each  of  them. 

Multiply  the  difference  of  the  two  numbers  assumed,  or 
found  by  trial,  by  one  of  the  errors,  and  divide  the  product  by 
the  difference  of  the  errors,  when  they  are  alike,  but  by  their 
sum  wheh  they  are  unlike. 

Add 


DOUBLE  POSITION.  1 3» 

Add  the  quotient,  last  found,  to  the  number  belonging  to 
the  said  error,  when  that  number  is  too  little,  but  subtract 
it  when  too  great,  and  the  result  will  give  the  true  quantity 
ftougbt*. 

K  So,  the  foregoing  example,  worked  by  this  2d  rule 
will  be  as  follows  : 

30  positions  1 8  ;  their  dif.     1 3 

—2  errors  +  6  ;  least  error    2 

sum  of  errors  8^  24  (3  subtr. 
from  the  position  30 

leaves  the  answer  27 

Ex.  2.  A  son  asking  his  fiather  how  old  he  was,  received 
this  answer  :  Your  age  is  now  one-third  of  mine ;  but  5 
years  ago,  your  age  was  only  one-fourth  of  mine.  What  then 
arc  their  two  ages  ?  Ans.  15  and  45. 

3.  A  workman  was  hired  for  20  days,  at  3*  per  day,  for 
every  day  he  worked ;  but  with  this  condition,  that  for 
every  day  he  played,  he  should  forfeit  U.  Now  it  so  hap- 
pened, that  upon  the  whole  he  had  2/  4«  to  receive.  How 
many  of  the  days  did  he  work  ?  Ans.  1 6. 

4."  A  and  3  began  to  play  together  with  equal  sums  of 
money :  a  first  won  20  guineas,  but  afterwards  lost  back  | 
of  what  he  then  had  ;  after  which,  b  had  4  times  as  much  as 
A.     What  sum  did  each  begb  with  ?  Ans.  1 00  guineas. 

5.  Two  persons,  a  and  b,  have  both  the  same  income, 
A  saves  i  of  his ;  but  b,  by  spending  50/  per  annum  more 
than  A,  It  the  end  of  4  years  finds  himself  100/  m  debt. 
What  does  each  receive  and  spend  per  annum  ?  ,     ,  .^, 

Ans.  They  receive  125/ per  annum;  also  a  spends  lOO/, 
and  B  spends  1 50/  per  annum. 


r:#::x  —  fl:Jr—  *,  therefore 


♦  For  since,  by  the  supposition,  ''  =  '!•  '."T^  'f^  ,77  ^.,1* 
by  division,  r  -  t :  *  :  :  6  -  a  :  a—  A,'  which  is  the  'id  Rule. 
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PERMUTATIONS  and  COMBINATIONS. 

pERMUTATioir  is  the  altering,  changing  or  varying  the 
position  or  order  of  things  ;  or  the  showing  how  many  diffe- 
rent  ways  they  may  be*  placed. — This  is  otherwise  called 
Alternation,  Changes,  or  Variation  ;  and  the  only  thing  to 
be  regarded  here,  is  the  order  they  stand  in  ;  for  no  two  par- 
cels are  to  have  all  their  quantities  placed  in  the  same  situa- 
tion :  as,  how  many  changes  may  be  rung  on  a  number  of 
bells,  or  how  many  diffei^ent  ways  any  number  of  persons 
may  be  placed,  or  how  many  several  variations  may  be  made 
of  any  number  of  letters,  or  any  other  things  proposed  to  be 
varied. 

Combination  is  the  showing  how  often  a  less  number  of 
things  can  be  taken  oat  of  a  greater•^and  combined  together, 
without  considering  their  places,  or  the  order  they  stand  in. 
This  is  sometimes  called  Election  or  Choice  ;  and  here  every^ 
parcel  must  be  different  from  all  the  rest,  and  no  two  are  to 
have  precisely  the  same  quantities  or  things. 

Combinations  of  the  same  Formy  are  those  in  which  there  are 
the  same  number  of  quantities,  and  the  same  repetitions  : 
thus,  cuibcy  bbcdy  ccde^  are  of  ,the  same  form ;  ambc^  abbb^  aabby 
are  of  different  forms. 

Comfiosition  of  Quantitiesj  is  the  taking  a  given  number  of 
quantities  out  of  as  many  equal  rows  of  different  quantities^ 
one  out  of  every  row,  and  combining  them  together. 

Some  illustrations  of  these  definitions  are  in  the  following 
Problems  : 

PROBLEM  I. 

To  assign  the  dumber  of  Permutations^  or  Changes^  that  can  be 
made  ^f  any  Given  Mimber  of  Things^  all  different  from  each 
other, 

RULE*. 

Multiply  all  the  terms  of  the  natural  scries  of  numbersi- 
from  1  up  to  the  given  number,  continually  together,  and  the 
last  product  will  be  the  answer  required. 

EXAMPLES 


*  The  reason  of  the  Rule  may  be  sbown  thus  ;  any  one  thing  a  i» 
capable  only  of  one  position,  as  a.  ^ 

Any  two  things  a  and  *,  are  only  capable  of  two  variations ;  as  ^, 
ba  ;  whose  number  is  expressed  by  1  X  2. 


PERMUTATIONS  ahd  COMBINATIONS.      I4:i 


SXAMPLBS. 

1 .  How  many  changes  may  be  rung  on  6  bells: 

1 

2 


2 
3 

e 

4 

24 
5 

6 


720  the  Answer. 

Orl  ><:2x3x4x5x6=  720  the  Answer, 

2.  How  many  days  can  7  persons  be  placed  in  a  dilTerene 
position  at  dinner  ?  Ans.  5040  days. 

3.  How  many  changes  may  be  rung  on  12  bells,  and  what 
time  would  it  require,  supposing  10  changes  to  be  rung  in  I 
minute,  and  the  year  to  consist  of  365  days,  5  hours,  and  49 
siinutes  ? 

Ans.  479001600  changes,  and  91  years,  26  days,  22  hours, 
41  minutes. 

4.  How  many  changes  may  be  made  of  the  words  in  the 
following  Terse  :  Toi  tibi  sunt  dot  en  y  virgo^  qtiot  Mera  ctelo  ? 

Ans.  40320  changes. 


If  there  be  three  things,  a,  6,  and  e  /  then  tny  two  of  them,  leaving 
out  the  3d,  will  have  1X2  variations ;  and  consequently  when  the  3a 
is  taken  in,  there  will  be  1X2X3  variations. 

In  the  same  manner,  when  there  are  4  things,  every  three,  leaving 
•at  the  4th,  will  have  1X2X3  variations  ;  consequently  by  taking 
in  successively  tlie  4  left  out,  there  will  be  1  X  2  X  3  X  4  variations. 
AimI  so  on  aa  far  as  we  please. 


'.< 


PROB- 
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PROBLEM  II. 

Jlny  Number  of  different  Things  being  given  ;  tojlndhowmany 
Changes  can  be  made  out  ofthem^  by  taking  a  Given  Mtmber 
of  Quantities  at  a  Time, 

RULE*. 

Tare  a  series  of  numbers,  beginning  at  the  number  of 
things  given,  and  decreasing  by  1  to  the  number  of  quanti- 
ties to  be  taken  at  a  time,  and  the  product  of  aU  the  terms 
will  be  the  answer  required. 

EXAMPLES. 

1 .  How  many  changes  may  be  rung  with  3  bells  out  of  8  ? 

6 


56 
6 

336  the  Answer. 

Or,  8x7x6(  =  3  terms)  =  336  the  Answer. 

3.  How  many  words  can  be  made  with  5  letters  of  the 
alphabet,  supposing  24  letters  in  ally  and  that  a  number  of  con- 
sonants alone  will  make  a  word.  Ans.  5 1 00480. 

3.  How  many  words  can  be  made  with  5  letters  of  the 
alphabet  in  each  word,  there  being  26  letters  in  all,  and  6  vow- 
els, admitting  that  a  number  of  consonants  alone  will  not  make 
a  word?  Ans.  137858400. 

FROb- 

■^ — ■ ^ • — — ■ — • —  -lit        _ 

«  Tliis  Rule,  expressed  in  algebraic  termi,  U  as  follows 

wX^i  —  l  X^  —  2X*»*  —  3  &c.  to  n  terms  :  where  m  =  the  num- 
ber of  things  givcHf  and  n  a=  the  quantities  to  be  taken  at  a  time. 

In  order  to  demonstrate  the  Rule,  it  will  be  proper  to  premise  the 
foHowing  Lemma ; 

Lemma.  The  number  of  chan^  of  m  things,  taken  n  at  a  time, 
equal  to  m.  changes  of  m  -«  1  thmgs,  taken  n  —  1  at  a  time. 

Demonstr,  Let  any  five  quantities,  a  b  cdehe  given. 

First,  leave  out  the  a,  and  let  v  » the  number  of  all  the  variations 
of  every  two,  be,  bj,  &c.  that  can  be  taken  out  of  the  four  remaining 
quantities  b  cde, 

No\v,1ct  a  be  put  in  the  fil'st  place  of  each  of  them,  a,  b,  c,  a,  b,  d,  &c . 
and  the  number  of  changes  which  still  remain  the  same  ;  that  is,  v  zss 
the  number  of  variations  of  every  3  out  of  the  5,  a,  b,  c,  d,  #>,  when  a 
is  first. 

in  hke  manner,  if  b,  c,  </,  e  be  successively  left  outt  the  number  of 
variations  of  all  the  two's  will  also  be  ==  «  ;  and  putting  b,  c,  d,  e  re- 
spectively 


19 
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PROBLKM.   III. 

-4ny  Number  of  ThingB  being  given  ;  of  which  there  are  several 
given  Things  qf  one  Sorty  and  several  of  another^  i^c.  ;  to 
Findhovf  many  Changes  can  he  made  out  of  them  all, 

RULE*. 

Take  the  scries  I  X  2  x  3  x  4,  &c.  up  to  the  number 
of  things  given,  and  find  the  product  of  all  the  terms. 

Take  the  series  1  x  3  x  3  x  4,  &c.  up  to  the  number  of 
given  things  of  the  first  sort,  and  the  series  1X^x3X4, 
&c.  up  to  the  number  of  given  things  of  the  second  sort,  8tc. 

Divide 


spectively  in  (he  first  place*  to  make  3  quantities  out  of  5,  there  will 
atili  be  v  variations,  as  before. 

But  these  are  all  the  variations  that  can  happen  of  3  things  out  of 
5,  when  a,  6,  c,  d^  e  are  successively  put  first ;  and  therefore  the  sum 
of  all  these  is  the  sum  of  all  the  changes  of  3  things  out  of  5. 

But  the  sum  of  these  is  so  many  times  «,  as  is  tlie  number  of  things ; 
that  is  Sv^  or  mv,  ss  all  the  changes  of  3  times  out  of  5. 

And  the  same  way  of  reasoning  may  be  applied  to  any  numbers 
whatever. 

Demon,  of  the  Rule,    Let  any  7  things,  abed  efg,  be  given,  and  let 
S  be  the  number  of  quantities  to  be  tsSten. 

Then  m  as  7,  and  n=sZ» 

Now,  it  is  evident,  that  the  number  of  changes  that  can  be  made  by 
tjJcingil  by  1  out  of  5  things,  will  be  5,  which  let  s«  v. 

Then,  by  the  Lemma,  when  m  =  6,  and  71^^*2^  the  number  of 
changes  will  be  =«  mv  -s  6  x  ^  •  which  let  be  »=  «  ^  second  time. 

Again,  by  the  Lemma,   when  mrs  7  and  n  as  3  ,  the  number  of 
changes  is  mo=7X    6X5;    that  is  mv^»  my,  (m  —  1)  X 
(m  —  2),  continued  to  3,  or  n  terms. 

And  tlie  same  may  be  shown  for  any  other  numbers. 

*  This  Rule  is  expressed  in  terms  thus : 

1X2X3X4X5,  &c  to  m 

'i 
1  X  2  X  3,  &c  to  j&  X  1  X  2  X  3,  &c  to  <7,  &c. 
where  m  =  the  number  of  things  given,  p  ^^  the  number  of  tilings 
of  the  first  sort  g  ==  the  number  of  toings  of  the  second  sort  &.c. 

The  Detn^n ttratioH  may  be  shown  as  follows ; 

Any  two  quantities,  a  6,  both  different,  admit  of  2  chanfres  ;  but  if 
the  quantities  are  the  same,  or  ab  becomes  a  a,  there  wiil  be  only 

1  X  2 
one  pontaon ;  which  may  be  esprcssed  by      ■■  =s  1 

1X2 
Any  3  quaattities,  a,  6,  c,  all  different  from  each  other,  afford  6  varia- 
tioAs  s  but  if  the  quantities  be  iJl  ahke,  or  a  be  becomes  a  a  a,  then 

the 
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Divide  the  product  of  all  the  terms  of  the  first  seri^  by 
the  joint  product  of  all  the  terms  of  the  remsdning  ones,  and 
the  quotient  will  be  the  answer  required. 

EXAMPLES. 

1.  How  many  variations  can  be  made  of  the  letters  in  (he 
word  Bacchanalia  ?  >^ 

1    X  2  (  =  number  of  c's)  =  2  * 

1X2X3X4(=  number  of  o's)  =  24 
1    X    2    X    3X4x'5X6X7X8X9x    10  X    II 
(  =  number  of  letters  in  the  word)  =  39916800 
2  X    24  =  48  )  39916800  (831600  the  Answer. 

151 
76 
288 


2.  How  many  different  numbers  can  be  made  of  the  follow- 
ing figures,  1220005555  ?    -  Ans.  12600. 

3.  How  many  varieties  will  take  place  in  the  succession  of 
thefoUowing  musical  notes,  fa,  fa,  fa,  sol,  sol,  la,  mi,  fa  ? 
Ans.  3360. 

the  6  variations  will  be  reduced  to  1 ;  wliich  may  be  exprcMed  by 
1X2x3 

— —  =  1.  Again,  if  two  of  the  quantities  only  are  alike,  or  ab  c 

1X2X3 

becomes  aac  s  then  tlie  6  variations  will  be  reduced  to  these  z,aaCj 

1X2X3 
c  a  a,  and  aca-,  which  may  be  expressed  by  ^— — ^  s=  3 

1   X  2 
Any 4 (jnantities,  abed,  all  different  from  each  other,  will  admit 
of  24  variations.    But  if  the  quantities   be  Uie  same,  or  a  6  c  </  be- 
comes a  aaot  the  number  of  variations  wiU   be  reduced  to  one  ; 

1X^X3X4 
which  is  Bg  .         sss  1. 

1X2x3X4 
Again,  if  three   of  tlie  quantities  only  be  tlie  same,  ot  a  b  c  d 
becomes  a  a  a  b,  the  number  of  variations  will    be  reduced    to 
these  ^  a  a  a  b,    a  a  h  a,    a  b  a  a,  and  b  a  a  a  ;  which  is  ass 
1X2X3x4 
=  4 

1  X  2  X    > 

And  thus  it  may  be  shewn,  that  if  two  of  the  quantities  be  alike, 
or  the  4  quantities  be  aabc,  the  number  of  variations  will  be  re* 

1X2x3X4 
duced  to.  12 ;  which  may  be  expressed  by  — — ^^—  =sx  12. 

1X2 
And  by  reasoning  in  the  same  manner,  it    will  appear,  that  tlie 
number  of  changes  which  can  be  madeof  the  quantities  a^^c,  is 

1X2X3X4X5X6 
equal  to  60  ;  which  may  be  expressed  by 

1X2X1X2X3 

=  60.  And  so  on  for  any  other  quantities  whatever. 

PROB- 
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nOBLSM  IV. 

To  find  the  Changes  qfany  Given  JVumker  qf  Things  j  taking  a 
Given  ^Tumker  at  a  Time  :  in  which  there  are  several  Given 
Things  of  one  Sort  ^  several  qf  another y  kite. 

EVtE*. 

Find  all  the  different  forms  of  combination  of  all  the  gireii 
things  taken  as  many  at  a  time  as  in  the  question. 

Find  the  number  of  changes  in  anjr  form,  and  multiply  it  hj 
the  number  of  combinations  in  that  form. 

Do  the  same  for  every  distinct  form,  and  the  sum  of  all  the 
products  will  g^ve  the  whole  number  of  changes  required. 

XXAMPtBS. 

'    1.  How  many  alternations,  or  changes,  can  be  made  of 

every  four  letters  out  of  these  8,  aaabbbcc  f 

No.  of  forms.  No.  of  changes-. 

a^b^a^c^h^a^b^c  --•.-----4 

a^b^^aU^jb^c^ 6 

a^bc^b^aCyC^  ab     --------12 

r4  X     4  ==  16 

Therefore -{  3  x     6=18 

43  X   12  =  3d 

70  ss  number  of  changes 

^—  required. 

3.  How  many  changes  can  be  made  of  every  8  letters  out 

«f  these  10;  aaaabbccde  ?  Ans  33260. 

3.  How  many  different  numbers  can  be  made  out  of  l  unit, 

"'      ■      •  ..,—  ■■■  -.       ,  -_- 

*  The  reason  of  this  Rule  is  plun  from  vbat  baa  been  ihown  be^ 
fofre«  and  the  nature  of  the  problem. 

A  Rule  for  finding  the  iTumber  of  Forms, 

1.  Place  the  things  so,  that  the  greatest  indices  may  be  firsts  and 
the  rest  in  order. 

2.  Begin  with  the  first  letter^  and  join  it  to  the  second,  third,  fourth* 
&c.  to  the  last 

'  3.  Then  take  the  jecond  letter,  and  join  it  to  the  third,  fourth,  &c.  ta 
the  laat.  And  so  on,  till  they  are  entirely  exhausted,  always  remem- 
berinf^  to  reject  such  combinations  as  have  occurred  before  ;  and  thisr 
will  give  the  combinations  of  all  the  two's. 

4.  Join  the  first  letter  to  every  one  of  the  twos,  and  the  second, 
third,  &c.  as  before  ;  and  it  will  give  the  combinations  of  all  the  threes. 

5.  Proceed  in  the  same  manner  to  get  the  combinations  of  all  tlie 
fours*  Sec  and  you  will  at  last  get  all  the  several  forms  of  combina- 
tions»  and  the  numbter  in  each  term. 

Vol.  I.  U  2  twcJs> 
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2two89  3  threes^  4  fourS)  and  5  fives  ;    taken  5  at  a  time  ^ 

AJ18.311U 

PROBLEM   ▼. 

To  find  the  J^umber  qf  ComUnatioiu  qf  any  Given  Mtmber  of 
t/iings  all  different  from  each  other  j  taken  any  Given  Mtmber 
at  a  time. 

RULE.* 

Take  the  series  1,  2,  3,  4,  &c.  up  to  the  number  to  be 
taken  at  a  time,  and  find  the  product  of  all  the  terras'. 

Take  a  series  of  as  many  terms,  decreasing  by  I,  from  the 
given  number,  out  of  which  the  election  b  to  be  made,  and 
find  the  product  of  all  the  terms.    ^ 

Divide  the  last  product  by  the  former,  and  the  quotient 
will  be^the  number  sought. 

EXAMPLES. 

1 .  How  many  combinations  can  be  made  of  6  letters  out 
of  ten  ? 

*  This  Uule,  expressed  algebraically,  isj 
m       m  —  1       m  —  2       «r-3 

—  X  —  X  — —  X ^c.  to    n   terms ;  where  m  is  the 

13  3  4 

number  of  given  quantities,  and  n  those  to  be  taken  at  a  time. 

pemonttr,  of  the  Rule,  1.  Let  the  number  of  things  to  be  taken  at 
a  time  be  2,  and  the  things  to  be  combined  sa  m. 

Now,  when  m,  or  the  number  of  things  to  be  combinedr  is  only  two, 
as  a  and  *,  it  is  evident  that  there  can  be  but  one  combination,  as  ab  ,- 
but  if  mbe  increased  by  one,  or  the  letters  to  be  combined  be  3.  as  a 
b,  c  i  then  it  is  plain  that  the  number  of  combinations  will  be  increased 
by  2,  smce  with  each  of  the  former  letters  a  and  b,  the  new  letter  c  may 
be  joined.  In  this  case  therefore,  it  is  evident  that  the  whole  number 
of  combinations  will  be  truly  expressed  by  I  +2. 

Again,  if  m  be  increased  by  one  letter  more,  or  the  whole  number  of 
letters  be  four,  as  o,  A,  c,  rf  ;  then  it  will  appear  that  the  whole  number 
of  combinations  must  be  increased  by  3,  since  with  each  of  the  pre- 
ceding  letters  the  new  letter  d  may  be  combined.      The  combinations, 
therefore,  in  this  case  will  be  truly  expressed  by  1  +  2  +  3. 

And  in  the  same  manner  it  may  be  shown  that  the  whole  number  of 
combinations  of  2,  m  5  things,  will  be  1  +  2  +  3  +  4  ;  of  2  in  6  thinw. 
1  +  2  +  3  +  4+5;  and  of  2,  in  7  things,  1  +  2+3+4  +  5  + 
6,  fitc. ;  whence,  universally,  the  number  of  combinations  of  m  thinips. 
taken2by2,i8«  1  +  2+3+  4+  5  +  6,  &c.to  (m  -  1)  ter^s. 

But  the  sum  of  this  series  is  =  -.  X  ;  which  is  the  same  aa. 

the  rule. 

2.  Let  now  the  number  of  quantities  in  each  combination  be  sup- 
posed ta  be  three. 

'  Then 
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1  X3XdX4X5X  6  (  as  the  number  to  be  Uken 
at  a  time  )  ==  720. 

IOX9XSX7X6XS  (  ss  same  mimber  from  10) 
=  151200. 

Then  720  )  151200  (  210  the  Answer. 
1440 

720 
720 

2.  How  many  combinations  am  be  made  of  2  letters  out 
•f  the  24  letters  of  the  alphabet  ?  Ans.  276. 

3.  A  general,  who  had  often  been  successful  in  .vrar,  was 
asked  by  his  king  what  reward  he  should  confer  upon  him  for 
his  services  ;  the  general  only  desired  a  farthing  for  every 
file»  of  10  men  in  a  file,  which  he  could  make  with  a  body 
of  100  men ;  what  is  the  amount  in  pounds  sterling  ? 

Ans.  18031572350/ 9«2(i: 


Then  it  U  plain,  that  when  m  as  3,  or  the  things  to  be  combined  are 
St  bfiCf  there  can  be  only  one-combination.  But  if  m  be  increased  by 
l,orthe  things  to  be  combined  are  4,  as  a,  b,  c,  d,  then  will  the  number 
of  combinations  be  increased  bv  3  :  since  3  is  the  number  of  combina- 
tions of  2  in  all  the  preceding  letters,  a,  ^,  c,  and  with  each  two  of 
these  the  new  letter  </may  be  combined. 

The  number  of  combinations,  therefore  in  this  case>  is  1  +  3. 
^airi,  if  m  be  increased  by  one  more,  or  the  number  of  letters  be 
supposed  5  ;  then  the  former  number  of  combinations  will  be  in- 
creased by  6,  that  is,  by  all  the  combinations  of  2  in  the  4  preceding 
letters,  a,  kt  c,  d  ,•  since,  as  before,  with  each  two  of  tliese  the  new 
letter  c  may  be  combined. 

The  number  of  combinations,  therefore,  in  this  esse,  is  1  -f  3  -|-  6. 
Whence,  universally,  the  number  of  combinations  of  m  things,  taken 
3  1^  3,  IS  1  +  3  +  6  +  10  &c.  to  m  •—  2  terms. 

Ill        m  — 1     fli  -*  2 
But  the  sum  of  this  series  is  ae  ^  X  — ~  X  — — -  \    which    is 

12  3 

the  same  as  the  role. 

And  the  same  thing  will  hold,  let  the  number  of  things  to  be  taken 
at  a  time  be  what  it  will  {  therefore  the  number  of  combinations  of  9» 
things,  taken  n  at  a  time,  will  be  «« 
jn      m  — 1      m  — 2      m  — 3 
—  X  —  X——X——,&c.  ton  terms,    q.  i.  ». 
12  3  4 
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RROBLEH  VI. 

To  find  the  Number  af  Combinations  of  any  Given  Kumktr  (jf 
ThingBf  by  taking  any  Given  Number  at  a  time ;,  in  which 
there  are  several  Things  of  one  Sort^  several  of  another^  ks^c* 

RULE. 

F1ND9  by  trial)  the  number  of  different  forms  ivhich  the 
things  to  be  taken  at  a  time  will  admit  of|  and  the  number  of 
combinations  there  are  in  each. 

Add  all  the  combinations,  thus  found  together^  and  the 
sum  will  be  the  number  required. 

F'XAMPLES.- 

1.  Let  the  things  proposed  h^aaab  be  ;  it  is  required  to 
find  the  number  of  combinations  made  of  every  3  of  these 
quantities  \ 

Forms.  Combinationi* 

fl3 I 

^a^bja^c^b^ayb^c 4 

a  be     '        -        -        -        -        -        -I 

Number  of  combinations  required  =  6 

2.  Let  aaabbbcche  proposed ;  it  is  required  to  find  the 
number  of  combinations  of  these  quandties,  taken  4  at  a 
time  ?  Ans.  10. 

3.  How  many  combinations  are  there  ina  aa  a  bbc  cde^ 
taking  8  at  a  time  ?  Ans.  1 3. 

4.  How  many  combinations  are  there  inaaaaabb  b  bb 
cc  c  cddddeee  efffg^  taking  10  at  a  time  ?       Ans.  28 19. 

PROBLEM.  VII. 

To  find  the  Compositions  of  any  Number^  in  an  equal  Number^ o^ 
SetSjthe  Things  themselves  being  all  different, 

RULE*. 

Multiply  the  number  of  things  in  every  set  continually 
together,  and  the  product  will  be  the  answer  required. 


*  Demonstr,  Suppose  there  are  only  two  sets  ;  then,  it  Is  plain,  that 
every  quantity  of  the  one  set  being  combined  with  every  quantity  of  the 
other»  will  make  all  the  compositionsiof  two  things  in  tliese  two  sets  s 

and 
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EXAMPLES. 

1 .  Suppose  there  are  four  companiesy  in  each  of  which 
there  are  9  men ;  it  is  required  to  find  how  many  ways  9 
men  may  be  chosen,  one  out  of  each  company  ? 

9 

9 


81 
9 

729 
9 


656 1  the  Answter. 

Or.  9X9X9X9=  6561  the  Ansmelr. 

2.  Suppose  there  are  4  companies;  in  one  of  which 
there  are  6  men,  in  another  8,  and  m  each  of  the  other  twe 
9  ;  what  are  the  choices,  by  a  composition  of  4  men,  one  out 
«f  each  company  ?  Ans.  3888. 

3.  How  many  changes  are  there  in  throwing  5  dice  ? 

Ans..  7776. 


and  the  namber  of  these  compositions  is  evidently  the  prodact  of  the 
number  of  quantities  in  one  set  by  that  in  the  other. 

Agsin,  suppose  there  are  three  sets  ;then  the  composition  of  two, 
in  any  two  of  the  sets,  being  combined  with  every  quantity  of  the  third, 
snll  make  all  the  compositions  of  three  in  the  three  sets.  That  is,  the 
compositions  of  two  in  any  two  of  the  sets,  being  multiplied  by  the  num- 
ber of  quantities  in  the  remaining  set,  will  produce  the  compositions  of 
three  in  the  three  sets  ;  which  is  evidently  the  continual  product  of  all 
the  three  numbers  in  the  three  sets. 

And  the  same  manner  of  reasoning  will  hold,  let  the  number  of  sets 
be  what  it  will.  <^.  k.  d. 

The  doctrine  of  permutations,  combinations,  Sec  is  of  very  extensive 
use  in  different  parts  of  the  Mathematics  ;  particularly  in  the  calcula- 
tion of  annuities  and  chances.  The  subject  might  have  been  pursued 
to  a  much  greater  length  :  but  what  is  here  done,  will  be  found  suf- 
ficient for  most  of  the  purposes  to  which  things  of  this  nature  arc  appli- 
cable. 
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Quest.  K  The  swiftest  velocity  of  a  cannon-ball^  is 
about  2000  feet  in  a  second  of  time.  Then  in  what  time, 
at  that  rate,  would  such  a  ball  be  in  moving  from  the  earth 
to  the  sun,  admitting  the  distance  to  be  100  millions  of  miles, 
and  the  year  to  contain  365  days  6  hours, 

Ans.  8  lY^V  years. 

QcEST.  2.  What  is  the  ratio  of  the  velocity  of  light  to  that 
of  a  cannon-ball)  which  issues  from  the  gun  with  a  velocity  of 
1 500  feet  per  second  ;  light  passing  from  the  sun  to  the  earth 
in  7|  minutes  ?  Ans.  the  ratio  of  7822 23|  to  1 . 

Quest.  3.  The  slow  or  parade-step  being  70  paces  per 
minute,  at  28  inches  each  pace,  it  is  required  to  determine 
at  what  rate  per  hour  that  movement  is  I        Ans.  \\^i  miles. 

Quest.  4.  The  quick-time  or  step,  in  marching,  being 
2  paces  per  second,  or  120  per  minute,  at  28  inches  each  ; 
then  at  what  rate  per  hour  does  a  troop  march  on  a  route, 
smd  how  long  will  they  be  in  arriving  at  a  garrison  20  miles 
distant,  allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 

.        C  the  rate  is  3/^  miles  an  hour. 
-^"*'  I  and  the  time  7|  hr.  or  7  h  17  j  min. 

Quest.  5-  A  wall  was  to  be  built  700  yards  long  in  29 
dajrs.  Now,  after  1 2  men  had  been  employed  on  it  for  1 1 
days,  it  was  found  that  they  had  completed  only  220  yards  of 
the  wall.  It  is  required  then  to  determine  how  many  men 
must  be  added  to  the  former,  that  the  whole  number  of  them 
may  jiist  finish  the  wall  in  the  time  proposed,  at  the  same 
rate  of  working  ?  Ans.  4  men  to  be  added. 

Quest.  6»  To  determine  how  far  500  millions  of  gui- 
neas will  reach,  when  laid  down  in  a  straight  line  touching 
one  another  ;  supposing  each  guinea  to  be  an  inch  in  diameter, 
as  it  is  very  nearly.  Ans.  789 1  miles,  728  yds,  2ft,  8  in. 

Quest.  7.  Two  persons,  a  and  b,  being  on  opposite 
sides  of  a  wood,  which  is  536  yards  about,  they  begin  to  go 
round  it,  both  the  same  way,  at  the  same  instant  of  time  ;  a 
goes  at  the  rate  of  1 1  yards  per  minute,  and  b  34  yards  in 
3  minutes ;  the  question  is,  how  many  times  will  the  wood 
be  gone  round  before  the  quicker  overtake  the  slower  ? 

Ans.  17  times. 

Qjuest. 
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Quest.  6.  a  can  do  a  piece  of  work  aloDO  m  12  days, 
and  B  alone  in  14  ;  in  what  time  will  they  both  together  per- 
form a  like  quantity  of  work  ?  And.  6  ^-^  days. 

QuzsT.  9.  A  person  who  was  possessed  of  a  -f  share  of 
a  copper  mine,  sold  j  of  his  interest  in  it  for  1800/  ;  what  was 
the  reputed  value  of  the  whole  at  the  same  rate  ?    Ans.  4000/. 

Quest.  10.  A  person  after  spending  20/  more  than  ^  of 
his  yearly  income,  had  then  remaining  30/  more  than  the 
half  of  it ;  what  was  bis  income  I  Ans.  200/, 

Quest.  11.  The  hour  and  minute  hand  of  a  clock  are 
exactly  together  at  12  o'clock  ;  when  are  they  next  together  ? 

Ans.  at  1  -ff  hr,  or  1  hr,  5-^  min* 

Qt7xsT.  13.  tf  a  gentleman  whose  annual  income  is  1500/^ 
spends  ^  guineas  a  week  ;  whether  will  he  save  or  run  in 
debt,  and  how  much  in  the  year  ?  Ans.  save  408/. 

Quest.  13.,  A  person  bought  180  oranges  at  2apenny9 
and  ISO  more  at  3  a  penny  ;  after  which,  selling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lose  by  the 
bargain  I  Ans.  he  lost  6  pence* 

Quest.  14.  If  a  quantity  of  provisions  serves  1500  men 
12  weeks,  at  the  rate  of  20  ounces  a  day  for  each  man  ;  how 
many  men  will  the  same  provisions  maintain  for  20  weeks,  at 
the  rate  of  8  ounces  a  day  for  each  man  ?  Ans.  2250  men. 

Quest.  15.  In  the  latitude  of  London,  the  distance  round 
the  earth,  measured  on  the  parallel  of  latitude,  is  about  15550 
miles  ;  now  as  the  earth  turns  round  in  23  hours  56  minutes^ 
at  what  rate  per  hour  is  the  city  of  London  carried  by  this 
motion  fi*om  west  to  east  ?  Ans.  649|||  miles  an  hour. 

Quest.  16.  A  father  left  his  son  a  fortune,  |  of  which  he 
ran  through  in  8  months  ;  ^of  the  remainder  lasted  him  12 
months  longer ;  after  which  he  had  bare  820/  left.  What 
sum  did  the  father  bequeath  his  son  ?  Ans.  19 13/  6«  8</. 

Quest.  17.  If  1000  men,  besieged  in  a  town,  with  pro- 
visions for  5  weeks,  allowing  each  man  16  ounces  a  day,  be 
reinforced  with  500  men  more  ;  and  supposing  that  they  can- 
not be  relieved  till  the  end  of  B  weeks,  how  many  ounces  a 
flay  must  each  man  have,  that  the  provision  may  last  that 
time  ?  Ans.  6|  ounces* 

Qijsst.  18.  A  younger  brother  received  8400/,  which 
was  just  I  of  his  elder  brother's  fortune :  What  was  the 
father  worth  at  his  death  I  Ans.  19200/. 

Quest. 
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Quest.  19.  A  pet*son,  looking  on  his  watch,  was  ssked 
^vhat  was  the  lime  of  the  day^  who  answered,  It  is  between 
5  and  6  ;  but  a  more  particular  answer  being  required,  he 
said  tliat  the  hour  and  minute  hands  were  then  exactly  toge- 
ther :  What  was  the  time  ?  Ans.  27^  min.  past  5. 

Quest.  30.  If  20  men  can  perform  a  piece  of  work  in 
12  days,  how  many  men  will  accomplish  another  thrice  as 
large  in  one-fifth  of  the  time  ?  Ans.  300. 

Quest.  21.  A  father  devised  ^^  of  his  estate  to  one  of  his 
sons,  and  -^  of  the  residue  to  another,  and  the  surplus  to  his 
relict  for  life.  The  children's  legacies  were  found  to  be 
514/  6«  Sd  different:  Then  what  money  did  he  leave  the 
widow  the  use  of  I  Ans.  1270/  U  9^}£f. 

Quest.  22.  A  person,  making  his  will,  gave  to  one  child 
^  of  his  estate,  and  the  rest  to  another.  When  these  legacies 
came  to  be  paid  the  one  turned  out  1200/  more  than  the 
other  :  What  did  the  tesutor  die  worth  ?  Ans.  4000/. 

Quest.  23.  Two  persons,  a  and  b,  travel  between 
London  and  Lincoln,  distant  100  miles,  a  from  London^ 
and  B  from  Lincoln,  at  the  same  instant.  After  7  hours  they 
meet  on  the  road,  when  it  appeared  that  a  had  rode  1^  miles 
an  hour  more  than  b.  At  what  rate  per  hour  then  did 
each  of  the  traveller J  ride  ?  Ans.  a  7|f,%aid  b  6^  miles. 

Quest.  24,  Two  persons,  a  and  b,  travel  between  Lon- 
don and  Exeter,  a  leaves  Exeter  at  8  o'clock  in  the  morn- 
ing, and  walks  at  the  rate  of  3  miles  an  hour,  without  inter- 
mission ;  and  b  sets  out  from  London  at  4  o'clock  the  same 
evening,  and  walks  for  Exeter  at  the  rate  of  4  miles  an  hour 
constantly.  .  Now,  supposing  the  distance  between  the  two 
cities  to  be  130  miles,  whereabouts  on  the  road  will  they 
meet  ?  Ans.  69^  miles  from  Exeter. 

Quest.  25.  One  hundred  eggs  being  placed  on  the 
ground,  in  a  straight  line,  at  the  distance  of  a  yard  from  each 
other :  How  far  will  a  person  travel  who  shall  bring  them  j 

one  by  one  to  a  basket,  which  is  placed  at  one  yard  from  the  1 

first  egg  ?  Ans.  10 1 00  yards,  or  5  miles  and  1300  yds. 

Quest.  26.  The  clocks  of  Italy  go  on  to  24  hours  : 
Then  how  many  strokes  do  they  strike  in  one-  complete  re- 
volution of  the  index  ?  Ans.  300. 

Quest.  27.  One  Sessa,  an  Indian,  having  invented  the 
game  of  chess,  shewed  it  to  his  prince,  who  was  so  delighted 

with 
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nidi  %  ttiat  be  ^romi^ed  him  BOf  reward  he  should  ask  ;  on 
-which  Setsa  requiested  that  he  might  be  allowed  one  grain  of 
vheat  for  the  first  square  on  the  chess  boards  2  for  the  second, 
4  for  the  third,  and  so  on,  doubling  continually,  to  64,  the 
whole  number  of  squares.  Now,  supposing,  a  pint  to  contiuft 
76B0  of  these  grains,  and  one  quarter  or  8  bushels  to  be  worth 
3/#  6(/,  it  is  required  to  compute  the  value  of  all  the  com  ? 

Ans.  645046821628^/  17 1  Sd\*mg. 

Quest.  38.  A  person  increased  his  estate  annually  by 
100/  more  than  the  I  part  of  it ;  and  at  the  end  of  4  years 
found  that  his  estate  amounted  to  10342/  3«  9d,  What  had  he 
at  first  ?  Ans.  4000/L 

Qowr.  99.  Pkid  1012/  lOt  for  a  ^inclpal  of  750/,  taken 
in  T  years  before  :  at  what  rate  per  cent,  per  annum  did  i  pay 
interest  ?  Ans.  5  per  cent. 

Quest.  30.  Divide  1000/  among  a,  B,  C  ;  so  as  to  give 
A  120  more,  and  b  95  less  thiin  ^. 

Ans.  A  445,  B  230,  c  325. 

Quest-  31.  A  person  being  asked  the  hour  of  the  day, 
«aid,  the  time  past  noun  is  equal  to  fths  of  the  time  till  mid- 
night.   What  was  the  time  ?  Ans.  20  min.  past  5* 

Quest.  32.  Suppose  that  I  have  A  of  a  ship  worth  1200/  ; 
what  part  of  her  have  I  left  after  seUmg  }  of  |  of  my  share, 
and  what  is  it  wortli  f  Ans.  ^-jf^  worth  185/. 

Quest.  33.  Part  1200  acres  of  huid  among  a,  b>  c  }  s«y 
{hat  b  may  have  100  more  than  a,  and  c  64  mo^  than  b. 

Ans.  A  312,  B  412,  c  476. 

Quest.  34.  What  number  is  that,  from  Which  if  there  be 
taken  4  of  |,  and  to  the  remainder  be  added  -ff  of  ^,  the 
sum  will  be  10  ?  Ans.  9}|. 

Quest.  3s.  There  is  a  number  which,  if  multiplied  by  | 
of  7  of  1^  will  produce  1  :  what  is  the  square  of  that 
number  ?  Ans.  l-j^. 

Quest.  36.  What  length  must  be  cut  off  a  board,  8^ 
Inches  broad,  to  contain  a  square  foot,  or  as  much  as  12  inches 
in  length  and  12  in  breadth  ?  Ans.  16  {^  inches. 

Quest.  37.  What  sum  of  money  will  amount  to  138/ 2» 
6dy  in  15  months,  at  5  per  cent,  per  annum  simple  interest  ^ 

Ans.  130/, 

Quest.  38.    A  father  divided  his  fortune  among  his  three 

sons,  A,  B,  c>  giving  a  4  as  often  as  B  3,  and  c  5  as  oflen  as 

Vol.  1.  X  B  6 ; 
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B  6 ;  vhat  was  the  whole  legacy,  supposing  iJa  shard'  was 
4000/.  Ads.  9500£. 

Quest.  39.  A  young  hare  starts  40  yards  before  a  grey- 
hound, and  is  not  perceived  by  him  till  she  has  been  up  4Qr 
seconds ;  she  scuds  away  at  the  rate  of  10  miles  an  hour,  and 
the  dog^  on  view,  makes  after  her  at  the  rate  of  1 8  :  how  long 
will  the  course  hold,  and  what  ground  will  be  run  over,  count- 
ing from  the  outsetting  of  the  dog  ?  " 

Ans.  60^  sec.  and  530  yards  nm. 

Quest.  40.  Two  young  gentlemen,  Without  private  for- 
tune, obtain  commissions  at  the  same  time,  and  at  the  age  of 
rs.  One  thoughtlessly  spends  10/  a  year  more  than  his  pay ; 
but,  shocked  at  the  idea  of  not  paying  his  debts,  gives  his 
creditor  a  bond  for  the  money,  at  the  end  of  every  year,  and 
also  insures  his  life  for  the  amount ;  each  bond  costs  him  30 
shillings,  besides  the  lawful  interest  of  5  per  cent  and  to  in- 
sure his  life  costs  him  6  per  cent. 

The  other,  having  a  proper  pride,  is  determined  never  to 
run  in  debt ;  and,  that  he  may  assist  a  friend  in  need,  perse- 
veres in  saving  10/  every  year,  for  ^hich  he  obtains  an  inter- 
est of  5  per  cent,  which  interest  is  every  year  added  to  his 
savings,  and  laid  out,  so  as  to  answer  the  effect  of  compound 
interest. 

Suppose  these  two  officers  to  meet  at  the  age  of  5Q,  when 
each  receives  from  Government  400/  per  annum  ;  that  the 
one,  seeing  his  past  errors,  is  resolved  in  future  to  spend  no 
more  than  he  actually  has,  after  paying  the  interest  for  what 
he  owes,  and  the  insurance  on  his  life. 

The  other,  having  now  something  before  hand,  means  in 
future,  to  spend  his  full  income,  without  increasing  his  stock. 

It  is  desirable  to  know  how  much  each  has  to  spend  per 
annum,  and  what  money  the  latter  has  by  him  to  assist  the 
distressed,  or  leave  to  those  who  deserve  it  ? 

Ans.  The  reformed  ofUcer  has  to  spend  66/  \9a  \^-53%9d 
per  annum. 
The  pmdent  officer  has  to  spend  437/  12^  l\l'4379d 

per  annum. 
And  the  latter  has  saved,  to  dispose  of,  752/ 199  9'189^c'. 
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fOG ARITHMS  are  made  to  facilitate  troublesome  calcu* 
latioDs  in  numbers.  This  they  do^  because  they  perform 
multiplication  by  only  addition,  and  division  by  only  subtrac- 
tion, and  raising  of  powers  by  multiplying  the  logarithm  by 
the  index  of  the  poweCf  and  extracting  of  roots  by  dividing' 
the  logarithm  of  the  number  by  the  index  of  the  root.  For, 
logarithms  are  numbers  so  contrived,  and  adapted  to  other 
numbers,  that  the  suras  and  differences  of  the  former  shall 
correspond  to,  and  show,  the  products  and  quotients  of  the 
latter,  &c. 

Or,  more  generally,  logarithms  are  the  numerical  expo« 
nents  of  ratios ;  or  they  are  a  series  of  numbers  in  arith- 
metical 


*  The  invention  of  Logirithms  is  due  to  Lord  Napier,  Baron  of 
Merchiston*  in  Scotland,  and  is  properly  considered  as  one  of  the 
most  us^ul  inventions  of  modem  times.    A  table  of  these  numbers  was 
first  pabUshed  by  the  inventor  at  fidingburgh,  in  the  year  1614,  in  a 
treatise  entitled  Canon  Mirificum  LogarUhmorutn  /  which  was  eagerly 
received  by  ail  the  learned  throughout  Europe.     Mr.  Henry  Bng^, 
then  professor  of  j^^ometry  at  Clresham  College,  soon  after  the  djs- 
covery,  went  to  visit  the  lioble  inventor ;  after  which,  tliey  jointly  un- 
dertook the  arduous  task  of  computing  new  tables  on  this  subject,  and 
reducing  them  to  a  more  convenient  form  than  that  which  was  at  first 
thought  of.    But  Lord  Napier  dying  soon  after,  the  whole  burden  teU 
upon  Mr.  Briggs,  who,  with  prodigious  labour  and  great  skill,  made  an 
entire  Canon,  according  to  die  new  form,  for  all  numbers  from  1  to 
20000,  and  from  90000  to  10100,  to  14  places  of  figures,  and  published 
it  at  London  in  the  year  1624,  in  a  treatise  entitled  Arithmetioa  Loga- 
ziUuiuca^  with'  directions  for  supplying  the  intermediate  parts. 

This 


156  LOGARITHMS. 


meticsJ  progression,  answering  to  another  series  of  numbers 
in  geometrical  progression. 

Thus     i^'     ^'    ^'    ^'    ^'    ^*    ^'  Indices,  or  logarithms. 
^   c^    3»    "*>    89  lA  ^^>  ^^'  Geometric  progression. 

m 

£v      5^'     ')    ^'    ^'    "^^      ^'      ^'  Indices,   or   logarithms. 
clj     3>    9,  27,81,  S4a*.T39^  Geometric  progression. 

jOr     5^»     *»    ^»        *^'  *'  ^'      Indices,  or  logs. 

i  1,    10,  JOO,    1000,  10000,    100000,  Geom.  progress* 

Where  it  is  evident,  that  the  same  indices  serve  equally 
r  any   geometric  series  ;  and  consequently  there  may  be  aa 


for 


This  Canon  wm  agun  published  is^  HoUand  by  Adrian  Vbttq^  in  the 
year  1628,  together  with  the  Logarithma  of  aU  Uie  numbers  w&ch  Mr. 
Briggs  had  omitted  ;  but  he  contracted  them  down  to  10  places  of 
decimals.  Mr.  Briggs  ako  computed  the  Lo^rilhms  of  the  shies, 
tangents,  and  secants,  to  every  degree,  and  centeam,  or  lOOtii  part  of  a 
dc|^e,  oif  the  whole  qoadrant ;.  and  annexed  them  to  tke  natural  sinea, 
tangents,  and  secants*  ivhidk  he  had  belbre  comyuledv  to  fifteea 
places  of  figures.  These  Tables,  with  theix  construction  mid  use, 
ivere  first  published  in  the  year  1633,  after  Mr.  Briggs's  death,  by  Mr. 
Henry  Gettibrand,  under  the  title  of  Trigonometria  Britannica. 

Benjamin  Urstnus  also  rave  a  Table  of  Napier's  Logs,  and  of  sines, 
to  every  10  seconds.  And  Cbr.  Wolf,  in  hia  Mathematical  Lencon, 
aays  that  one  Van  looser  had  compiUed  them  to  WKy^  single  second, 
hut  Ilia  untimely  death  prevehted  their  publication.  Many  other 
autliors  have  treated  on  this  subject ;  but  as  their  numbers  are  fre- 
quently inaccurate  and  incommodiously  disposed,  they  are  now  gene- 
rally neglected.  The  Tables  in  most  repute  at  present,  are  those  of 
jCtanliner  in  4to,  first  published  in  the  year  1743 ;  and  my  own  Tables 
in  8vo,  first  printed  in  the  year  1785,  where  the  Logarithms  of  all  num- 
bers may  be  easily  fi>und  from  1  to  lOOOQUOft  ;,aDd  those  of  the  sioea, 
tangents,  aqd  secsnts,  to  any  degree  of  sjccucacy  seqnixed- 

A)so,  Mr.  M^ichjieb  Taylor's  Tabks  in  large  4to,  edntalning  the  com- 
mon logaritbrns,  and  the  logarithmic  sines  and  tangents  to  every  ae^ 
cond  of  the  quadrant,  And,  in  France,  the  new  hook  of  logarithm* 
by  Callet  ;  vbe  2d  edition  of  which,  in  1795,  haa  ^e  tables  still  far- 
ther extended,  and  are  printed  with  what  are  caUcd  stereotypes,  the 
types  in  each  page  beiog  soUeoed  together  into  a  solid  masa  ov  block* 

Bodson*8  Antilogarithmlc  Canon  is  likewise  a  very  elaborate  work, 
9!nd  used  for  finding  the  nombers  answering  to  any  given  logarithm. 

endless 
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endless  ymntif  of  systems  of  logaritVmS)  to  the  samo  common 
mtssbers,  bf  on]y  changing  the  second  term,  9,  3,  or  10,  be. 
of  the  ^ometiicsl  series  of  whole  numbers  ;  and  by  inter- 
polation tli0  If  hole  sji^siem  of  numbers  may  be  made  to  enter 
the  geometrie  series,  and  receive  their  proportional  logarithms, 
whether  integers  or  decimaH. 

It  is  also  apparent,  from  the  nature  of  these  series,  that  if 
9BSf  two  indices  be  added  together,  their  sum  will  be  the 
index  of  that  number  which  is  equal  to  the  product  of  the 
two  terms,  in  the  geometric  progression,  to  which  those  in- 
^ees  bekmg.  Thus,  the  indices  2  and  3,  being  added  to- 
gether, make  5 ;  and  the  numbers  4  mk)  9,  or  the  terms 
corresponding  to  those  indices,  being  multiplied  together, 
^Bftke  32,  whSchisthe  number  answering  to  the  index  5. 

In  filbe  manocr,  if  any  one  index  be  subtracted  &om 
another,  the  dilference  will  be  the  index  of  that  numbei- 
wbkb  is  equal  to  the  quotient  of  the  two  terms  to  which 
tliose  in^ces  belong*  Thus,  the  index  6,  minus*  the  index 
4,  is  s  3  ;  and  the  terms  corresponding  to  those  indices  a#e 
M  and  16,  whose  q^uotient  is  ss  4,  which  is  the  numbet 
answering  to  the  index  2. 

For  the  same  reason,  if  the  logarithm  of  any  number 
be  multiplied  by  the  index  of  its  power,  the  product  will 
be  equal  to  the  logarithm  of  that  power.  Thus,  the 
index  or  logarithm  ef  4,  in  the  above  series,  is  2 ;  and 
If  tins  nimber  be  multiplied  by  3,  the  product  will  be 
=a  6 ;  which  is  the  logarithm  of  64,  or  the  third  power 
of  4. 

And,  if  the  logarithm  of  any  number  be  divided  by  the 
index  of  its  root,  the  quotient  wUl  be  equal  to  the  logarithm 
of  that  root.  Thus,  the  index  or  logarithm  of  64  is  6  ; 
jmd  if  this  ntimber  be  divided  by  2,  the  quouent  will  be 
33  3  ;  which  is  the  logarithm  ef  8,  or  the  squai'e  root 
of  64. 

The  logarithms  most  convenient  {or  practice,  are  such  as 
are  adapted  to  a  geometric  series  increasing  in  a  tenfold  pro 
portion,  as  in  the  last  of  the  above  forms  ;  and  are^  those 


is  1 ;  that  of  100  is  2  ;  that  of  1000  is  3  ;  &c.    And,  in 

decimals, 
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deciHials,  the  logarithm  of  *1  is—  1 ;  thstof  -01  is  ■—  2 ;  that 
of  '001  is—-  3  ;  &c.  Th£  log.  of  1  being  0  in  eveiy  system. 
Whence  it  follows,  that  the  logarithm  of  any  number  between 
I  and  10,  must  be  0  and  some  fractional  parts ;  and  ttiat  of  a 
number  between  10  and  100,  will  be  1  and  some  fractional 
parts  ;  and  so  on,  for  any  other  number  whatever.  And 
since  the  integral  part  of  a  logarithm,  usually  called  the  Index, 
of  .Characteristic,  is  always  thus  readily  found,  it  is  commonly 
omitted  in  the  tables  ;  being  left  to  be  supplied  by  the  openb- 
tor  himself,  .as  occasion  requires. 

Another  Definition  of  Logarithms  is,  that  the  logarithm  of 
any  number  is  the  index  of  that  power  of  some  other  num- 
ber, which  is  equal  to  the  given  number.  So,  if  there  be 
K  =  r",  then  n  is  the  log.  of  N  ;  where  n  may  be  eithei'  posi- 
tive or  negative,  or  nothing,  and  the  root  r  any  number 
whatever,  according  to  the  dLfferent  systems  of  logarithms. 
When  n  is  =  0,  then  N  is  =  1,  whatever  ihe  value  of  r  is  ; 
^hich  shows,  tliat  the  log.  of  1  is  always  0,  in  every  system 
of  logarithms.  When  n  is  =  1 .  then  N  is  =  r  /  so  that  the 
radix  r  is  always  that  number  whose  log.  is  1,  in  every 
system.  When  the  radix  r  is  =  2*718281828459  8cc,  the. 
indices  n  are  the  hyperbolic  or  Napier's  log.  of  the  numbers 
N ;  so  that  n  is  always  the  hyp.  log.  of  the  number  N  or 
(2-718  &c.)'V 

But  when  the  radix  r  is  =  10,  then  the  index  n  becomi^ 
the  common  or  Briggs's  log.  of  the  number  N  :  so  that  the 
common  log.  of  any  number  Id"  or  N,  is  n  tlie  index  of 
that  power  of  10  which  is  equal  to  the  said  number.  Thus 
100,  being  the  second  power  of  10,  will  have  2  for  its  loga- 
rithm ;  and  1000,  being  tlie  thifd  power  of  10,  will  have  3 
for  its  logarithm:  hence  also,  if  50  be  =  10**^ ••'^,  then 
is  1*69897  the  common  log-  of  50*  And,  in  genei'al,  the. 
following  decftple  seiies  of  terms, 

viz.  10*,  10»,  10*,  10«,  100,  10-«,  10-*,  10-*,  lO-*, 
or  10000,-  1000,  100,  10,  1,  -1,  -01,  -001,  -0001, 
have     4,        3,        2,         1,         0,  ~1,       —2,       —3,      —4, 

for  their  logarithms,  respectively.  And  from  this  scale  of 
numbers  and  logarithms,  the  same  propeities  easily  follow, 
as  above  mentioned. 
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PBOBLSM. 

To  compute  the  Logarithm  to  any  of  t/i»  /Natural  lumbers 

1,  2,  3,  4y  5y  iSTc. 

Rule  i*. 

Takb  the  geometric  series,  1,  10,  100,  1000,  10000,  &c> 
^ind  apply  to  it  the  arithmetic  series,  0,  1,  3,  3,  4,  8cc.  as 
logaridiras.--*Find  a  geometric  mean  between  1  and  10,  oi^ 
between  10  and  100,  or  any  other  two  adjacent  terms  of  the 
series,  between  which  the  number  proposed  lies. — In  like 
maimer,  between  the  mean,  thus  found,  and  the  neavest  ex- 
treme, find  another  geometrical  mean  ;  and  so  on,  till  you 
arrive  within  the  proposed  limit  of  the  number  whose  loga- 
rithm is  sought. — Find  also  as  many  arithmetical  means,  in 
the  same  ord^r  as  you  found  the  geometrical  ones,  and  these 
will  be  the  logarithms  answering  to  the  said  geometrical 
mean^. 

BXAMPUB. 

Let  it  be  reqmred  to  find  the  logarithm  of  9. 
Here  the  proposed  number  lies  between  1  and  10. 
First,  then,  the  log,  of  10  is  l,and  the  log.  of  1  is  0  ; 

theref.  l_+9  "5"  2=  |  =  '5  is  the  arithmetical  mean, 
and  V  10x1  =  v^  10  =:  3*  1 622777  the  geomv  mean  ; 
hence  the  log.  of  3- 1)62277  7  is  -5. 

Secondly,  the  log,  of  10  is  I,  and  the  log.  of  3-1622777  is  *5  ; 

theref.  I  -f-  -5  -5-  2  =  '75  is  the  arithmetical  mean, 

and  v'  10X3-1622777  =  5-62341 32  is  the  geom.  mean  ; 
hence  the  log.  of  5*623413^  is  -75. 

Thirdly,  the  log,  of  10  is  l,and  the  log.  of  5-6234132  is  -75  ; 
theref7T"+  -75  -s-  2  =  '875  is  the  arithmetical  mean, 
and  ^  10  X  5-6235132  =  7-4989422  the  geom.  mean  ; 
hence  the  log.  of  7-4989422  is -875. 

Fourthly,  the  log.  of  10  is  1,  and  the  log.  of  7-4989422  is  -875  ; 
thcref,THr^875  -r  2  =  -9375  is  the  arithmetical  mean, 
and  V  10  X  7*4989422  =  86596431  the  geom.  mean  ; 
hence  the  log.  of  8-6596431  is  -9375. 

*  Th«  reader  who  wishes  to  inform  himsell  more  particularly  con- 
cerning the  history,  nature,  and  conBtruction  of  Logarithms,  may  con- 
sult the  Introduction  to  my  Mathematical  Tables*  lately  published* 
— ^***  he  will  find  his  curiositT  amply  gratified,  t 

Fifthly, 
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Fifthly,  die  log,  of  10  is  1,  and  the  log.  of  8-6596431  is  ^9375  ; 

theref.  1  -^'9375  -f*  2  =  '96875  is  the  arithmetical  mean, 

and  »/  10X8-6596431  =  9-3057204  tlie  geom.mean; 
hence  the  log.  of  9-3057304  is:96875. 

Sixthly,  the  log.  of  8-6596431  is  •937«,  and  the  log.    of 
9'3057204  is -96875  ; 

theref.  -9375  +  -96875  -?>  2  aa  '953135  is  the  aritb.  mean, 

and  v^  8-6596431   X    9*3057304    a:  8*9768713  the  geo- 
metric mean ; 
hence  the  log.  of  8*9768713  is  «953135. 

And  proceeding  in  this  manner}  after  35  extractions)  it 
vill  be  found  that  the  logarithm  of  8-9999998  is  -9543435  ; 
ivhich  may  be  taken  for  the  logarithm  of  9,  as  it  difiers  so 
little  from  it,  that  it  is  sufficiently  exact  for  all  practical  pur* 
poses.  And  in  this  manner  were  the  logarithms  of  almost  all 
the  prime  numbers  at  first  computed. 


IIULE  II*. 


Let  h  be  the  number  whose  logarithm  is  required  to  be 
found  ;  and  a  the  number  next  less  than  ^  so  that  h  —  a  =:  1^ 
the  logarithm  of  a  being  known  ;  and  let  •  denote  the  sum 
of  the  two  numbers  a  ^b.    Then 

1.  Divide  the  constant  decimal  -8685889638  Ice.  by  «, 
and  reserve  the  quotient :  divide  the  reserved  quotient^  by 
the  square  of  «,  and  reserve  this  quotient :  divide  this  last 
quotient  also  by  the  square  of  «,  and  again  reserve  the 
quotient :  and  thus  proceed,  continually  dividing  the  last 
quotient  by  the  square  of  «,  as  long  as  division  can  be ' 
made.  ^ 

2.  Then  write  these  quotients  orderly  under  one  another, 
the  first  uppermost,  and  divide  them  respectively  bv  the  odd 
numbers,  i,  3, 5, 7,  9,  8cc.  as  long  as  division  can  be  made  ; 
that  is,  divide  the  first  reserved  quotient  by  1,  the  second  by 
3,  the  third  by  5,  the  fourth  by  7,  and  so  on. 

d.  Add  alt  these  last  quotients  together,  and  the  sum  will 
be  the  logarithm  of  6  *r  a ;  therefore  to  this  logarithm  add 
also  the  given  logarithm  of  the  said  next  less  number  o,  so 
will  the  last  sum  be  the  logarithm  of  the  number  b  proposed. 


*  For  the  demonstration  of  this  rule,  ace  my  Mathematical  Tablet, 
p.  109j  &c. 

That 
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Thatisy 

n  111 

;.  of*  is  log.  a  +  —  X  (  1  + + + +&cO 

4  3««  5«*  7m* 

frhere  n  denotes  the  constant  given  decittial  r8685889638  &c. 

1 

Ex.  1.  Let  it  be  required  to  find  the  log.  of  the  number  2. 
Here  the  given  number  b  is  2,  and  the  next  less  number  a 
is  1,  whose  Jiog.  is  0 ;  also  the  sum  2  +  1  =  3  =  «,  and  its 
square  •*=  9.     Then  the  operation  will  be  as  follows : 


868588964 

1  ) 

•289529654  ( 

•289529654 

289S29654 

3  ) 

32169962  ( 

10723321 

33169962 

5  ) 

3574440  ( 

714888 

3574440 

7  ) 

397160  ( 

56737 

397 1 60 

9  ) 

44129  ( 
4903  ( 

4903 

44129 

11.) 

446 

4903 

13  ) 
15  ) 

546^ 

42 

S45 

•61  ( 

4 

61 

log.  of  4     •  -301029995 

add  log. 1  -  -000000000 

log.  of  2    -  -301029995 

Ex-  3.  To  compute  the  logarithm  of  th«  number  3. 

Here  6  s  3,  the  next  less  number  a  _  2,  and  the  sum 
.«  ^.  5  3SS  5  =  «t  whose  square  «<  is  25,  to  divide  by  which, 
.jdways  muluply  by  -04.     Then  the  operation  is  as  follows : 


5  )  -868588964 
25  )  173717793 
25  )  6948712 
25  )  277948 

25  11118 

35  ^  445 

18 


1 

3 


)  -173717793  ( 

)        6948712  ( 

5  )  277948  ( 

7  )  11118  ( 

9  )  445  ( 

II   )  18  ( 

log.  of  i     - 
log.  of  2  add 


•173717793 

2316237 

55590 

1588 

50 

2 


•176091 260 
•301029995 


log.  of  3  sought  -477121255 

•  _ 

Then,  because  the  sum  of  the  logarithms  of  numbers, 
criycs  the  logarithm  of  their  product ;  and  the  difference  of 
^le  logarithms,  gives  the  logariihm  of  the  quotient  of  the 
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numbers ;  from  the  above  two  logarithms,  and  the  logarithm 
of  10,  which  is  1,  we  may  raise  a  great  many  logarithms,  as^ 
in  the  following  examples : 


EXAMPLE  3. 

Because  2x2  =  4,  therefore 
to  log.  2  -  -3010299951 
add  log.  2   -     -3010299951 

BUm  is  log.  4    '60205999 1| 


EXAMPLE  4. 

Because  2  x  3  s  6,  therefore 
to  log.  2       -     -301029995 
add  log.  3.   -     -477121255 

sum  is  log.  6.    -778 1 5 1 250 


EXAMPLE  5. 

Because  2^  =  8,  therefore 
log.  2         -        -3010299951 
mult,  by  3.  3 


gives  log.  8      '903089987 


EXAMPLE  6. 

Because  3'  =  9,  therefore 
log.  3       -       -477121254/^ 
mult,  by  3  2 

gives  log.  9    •954242509 


EXAMPLE  7. 

Because  ^  =  5,  therefore 
from  log.   10  1-000000000 


take  log.  2 


•30l029995f 


leaves  log«  5  -698970004^ 


EXAMPLE  8. 

Because  3x4  =  12,  therefore 
to  log.  3  -  -477121255 
add  log.  4    -       -60205999 1 

g^ves  log,  1 2    1  -079 1 8 1 246 


And  thus,  computing,  by  this  general  rule,  the  logarithms 
to  the  other  prime  numbers,  7,  11,  13,  17,  19,  23,  &c,  and 
then  using  composition  and  division,  we  may  easily  find  as 
many  logarithms  as  we  please,  or  may  speedily  examine  any 
logarithm  in  the  table* 


*  There  are,  besides  these,  msny  other  ingenioos  methods,  which 
later  writers  have  diseovered  for  finding  the  logarithms  of  numbers* 
in  a  much  easier  way  than  by  the  original  inventor ;  but,  as  they 
cannot  be  understood  without  a  knowledge  of  some  of  the  higher 
branches  of  the  mathematics,  it  is  thought  proper  to  omit  them,  and 
to  refer  the  reader  to  those  works  whidi  are  written  expressly  on  the 
subject,  it  would  likewise  much  exceed  the  limits  of  this  compen- 
dium, to  point  out  all  the  particular  artifices  that  are  made  use  of  for 
constructing  an  entire  table  of  these  numbers  ;  but  any  information  of 
this  kind,  which  the  learner  may  wish  to  obtiun^  may  be  fbund  in  my 
Tables^  before  mentioned, 


DetcrifttUn 
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Mtacrifiti^n  and  Use  of  the  Tablb  of  Logarithms. 

Haying  explained  the  manner  of  forming  a  table  of  the 
logarithms  of  numbers,  greater  than  unity ;  the  next  thing  to 
he  done  is,  to  show  how  the  logarithms  of  fractional  quan^ 
tities  may  be  found.  In  order  to  this,  it  may  be  observed, 
that  as  in  the  former  case  a  §;eometric  series  is  supposed'  to 
increase  towards  the  le  ft,  from  unity,  so  in  the  latter  case 
it  is  supposed  to  decrease  towards  the  right  hand,  still  be* 
^iniung  with  unit ;  as  exhibited  in  the  general  description, 
page  148,  where  the  indices  being  made  negative,  still  show 
the  logarithms  to  which  they  belong.  Whence  it  appears, 
t  hat  as  4.  lii|  the  log.  of  10, so  —  1  is  the  log. of  ^V  or  •!  ; 
and  as  -|-  2^  the  log.  of  100,  so—  3  is  the  log.  of  -j^  or 
'01 :  and  sodh. 

Hence  it  appears  in  general,  that  all  numbers  which  con- 
sist of  the  same  figures,  whether  they  be  integral,  or  frac- 
tional, or  mixed,  will  have  the  decimal  parts  of  their  loga- 
rithms the  same,  but  differing  pnly  in  the  index,  which  will 
he  more  or  less,  and  positive  or  negative,  according  to  the 
place  Qf  the  first  figure  of  the  number. 

Thus,  the  logarithm  of  2651  bein^  3*423410,   the  log.  pf 

TIP  ^^  1^'  ^^  TvW>  ^^'  P^^  ^^  ^^  >  ^^^^  ^^  ^  follows  : 


Numbers. 

Logarithms. 

2  6  5   1 

3-423410 

2  6  51 

2  -4  2  3  4  1   0 

2  6-51 

1  -4  2  3  4   1  0 

2-651 

0-423410 

•3  6  5  J 

—  I  -4  2  3  4  1  0 

•0265   1 

—2-423410 

0  0265   1 

—3-423410 

Hence  it  also  appears,  that  the  index  of  any  logarithm,  is 
always  less  by  1  than  the  number  of  integer  figures  which 
*  the  natural  number  consists  of ;  or  it  is  equal  to  the  distance 
of  the  first  figure  from  the  place  of  units,  or  first  place  of  in- 
tegers, whether  on  the  left,  or  on  the  right,  of  it :  and  this 
index  is  constantly  to  be  placed  on  the  left-hand  side  of  the 
decimal  pait  of  the  logarithm. 

When  there  are  integers  in  the  given  number,  the  index 
is  always  affirmative;  but  when  there  are  no  integers,  the 
index  is  negative,  and  is  to  be  marked  by  a  short  line  drawn 
before  it,  or  else  above  it.     Thus, 

A  number  having        1,  2,  3,4,  5,  &c.  integer  places, 

the  index  of  its  log.  is  0,  1,  2,  3,4,  kc.  or  1  less  than  thosfe 
places. 

And 
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And  a  decimal  fraction  having  its  first  figure  in  the 

1st,  2d,  3d,  4th,  8cc.  place  of  the  decimals,  has  aiways- 
.»  1,  —  2,  —  3,  —  4,  Sec.  for  the  index  of  its  logarithm. 
It  may  also  be  observed,  that  though  the  indices  of  frac- 
tional quantities  are  negative,  yet  the  decimal   parts  of  their 
logarithms  are  always  affirmative.  And  the  negative  mark  ( — ^ 
may  be  set  either  before  the  index  or  over  it. 

1.   TO   FIND,   IN    THE   TABLE,   THE    LOGARITHM   TO   ANT 

NUMBEB*. 

1.  If  t/ie  given  Kumber  be  less  than  100,  or  consist  of 
only  two  figures  ;  its  log.  is  immediately  founiLby  inspection 
in  the  first  page  of  the  table,  which  contains  all  numbers 
from  1  to  100,  with  their  logs,  and  Uie  index  immediately 
annexed  in  the  next  column. 

So  the  log.  of  5  is  0-698970.  The  log.  of  23  is  1-361728. 
The  log.  of  50  is  1-698970.     And  so  on. 

2.  If  the  Mtmber  be  more  than  \00  but  lea9  than  lOOOO; 
that  is,  consisting  of  either  three  or  four  figures;  the 
decimal  part  of  the  logarithm  is  found  by  inspection  in  the 
other  pages  of  the  table;  standing  against  the  given  number,  in 
this  manner  jviz.  the  first  three  figures  of  the  given  number  in 
the  f^rst  column  of  the  page,  and  the  fourth  figure  one  of  those 
along  the  top  line  of  it ;  then  in  the  angle  of  meeting  are  the 
last  four  figures  of  the  logarithm,  and  thefirsttwo  figuresof  the 
same  at  the  beginning  of  the  same  line  in  the  second  column 
of  the  page  :  to  which  is  to  be  prefixed  the  proper  index, 
which  is  always  1  less  than  the  number  of  integer  figures. 

So  the  logarithm  of  25 1  is  2-399674,  that  is,  the  decimal 
-399674  found  in  the  table,  with  the  index  2  prefixed,  be- 
cause the  given  number  contains  three  integers.  And  the 
log.  of  3409  is  1-532627,  that  is,  tlie  decimal  -532627 
found  in  the  .table,  with  the  index  I  prefixed,  because  the 
given  number  contains  two  integers. 

3.  But  if  the  given  Mimber  contain  more  than  four  figurea  f 
take  out  the  logarithm  of  the  first  four  figures  by  inspection 
in  the  table,  as  before,  as  also  the  next  greater  logarithm^ 
subtracting  the  one  logarithm  from  the  other,  as  also  their 
corresponding  numbers  the  one  from  the  other.    Then  say, 

As  the  difference  between  the  two  numbers^ 
Is  to  the  difference  of  their  logarithms, 
So  is  the  remaining  part  of  the  given  number, 
To  the  proportional  part  of  the  logarithm. 


*  Se:  the  table  of  Logarithms  at  the  end  of  the  2d  Tolume. 

Which 
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Which  part  being  added  to  the  less  logarithm^  before  taken 
out,  gives  the  whole  logarithm  sought  very  nearly. 


EXAMPLS. 


To  find  the  logarithm  of  the  number  34*0926. 
The  log.  of  340900,  as  before,  is  532627. 

And  log.  of  341000  -  -  is  532754. 

Thediffs.are     100  and  127 


Then  as     100  :  127  : :  26  :  33,  the  proportional  part. 

This  added  to      -    -     532627,  the  first  log. 

Gives,  with  the  index,  1*533660  for  the  log.  of  34*0926. 

4.  If  the  number  consist  both  of  integers  and  fractions,  or 
is  entirely  fractional ;  find  the  decimal  part  of  the  logarithm 
the  same  as  iC  all  Its  figures  were  integral ;  then  this,  having 
prefixed  to  it  the  proper  index,  will  give  the  logarithm  re- 
quired. 

5.  And  if  the  given  number  be  a  proper  vulgai*  fraction  : 
subtract  the  logarithm  of  the  denominator  from  the  loga- 
rithm of  the  numerator,  and  the  remainder  will  be  die  loga- 
rithm sought ;  which,  being  that  of  a  decimal  fraction,  must 
always  have  a  negative  index. 

6.  But  if  it  be  a  mixed  number ;  reduce  it  to  an  improper 
fraction,  and  find  the  difference  of  the  logarithms  of  the  nu- 
merator and  denominator,  in  the  same  manner  as  before. 


EXAMPLES. 


I.  To  find  the  log.  of  47. 
Log.  of  37  -  1-568202 

Log.  of  94         -  1*973128 

Di£  log.  of  ^}         '^  I  -595074 

Where  the  index  1  is  negative. 


2.  To  find  the  log.  of  1 7if 
First,  1 7; -I  =  V^ .     Then, 
Log.  of  405        -  2  607455 

Log.  of  23  -  1S6172» 

Dif.  log.of  17JI  1-245727 


II.   TO  FIND  THE  If ATVRAL  NUMBER  TO  ANY  GIVEN 

LCOAKITHM. 

This  is  to  be  found  in  the  tables  by  the  reverse  method 
to  the  former,  namely,  by  searching  for  the  proposed  loga- 
rithm among  those  in  the  table,  and  taking  out  the  corres- 
ponding number  by  inspection,  in  which  the  proper  number 
of  integers  are  to  be  pointed  off,  viz.  I  more  than  the 
index.  For,  in  finding  the  number  answering  to  any  given 
lo^rithm,  the  index  ahvays  shows  hov/  far  the  first  figure 

mi!  St 
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must  be  remsved  from  the  place  of  units,  viz.  to  the  left 
hand,  or  integers,  when  the  index  is  affirmative ;  but  to  the 
right  hand,  or  decimals,  when  it  is  negative. 


XXAMPLES. 

So,  the  number  to  the  log.  1*532882  is  34*  11 . 

And  the  number  of  the  log.  1*532883  is  -34 11. 

But  if  the  logarithm  cannot  be  exactly  found  in  the  table  ; 
take  out  the  nei^t  greater  and  the  next  less,  subtracting  the 
one  of  these  logarithms  from  the  other,  as  also  their  natural 
numbers  the  one  from  the  other,  and  the  less  logarithm  from 
the  logarithm  proposed     Then  say, 
As  the  difference  of  the  first  or  tabular  logarithms, 
Is  to  the  difference  of  their  natural  numbers, 
So  is  the  differ,  of  the  given  log.  and  the  least  tabular  log. 
To  their  corresponding  numeral  difference. 
Which  being  annexed  to   the  least   natural   number  above 
taken,  gives  the  natural  number  sought,   corresponding  to 
the  proposed  logarithm. 

EXAMPLE. 


So,  to  find  the  natural  number  answering  to  the  given 

logarithm  1-532708. 
Here  the  next  greater  and  next  less  tabular  logarithms, 
with  their  corresponding  numbers,  are  as  below : 
Next  greater  532754  its  num.  341000;  given  log.  53270S 
Next  less        532627  iu  num.  340900  ;  next  less   532627 


Differences  127  —        100  -^  81 


Then,  as  127  :  100  ::  81  :  64  nearly,  the  numeral  differ. 
Therefore  340964  is  the  number  sought,  marking  off  two 
integers,  because  the  index  of  the  given  logarithm  is  1. 

Had  the  index  been  negative,  thus  1-532708,  its  corres- 
ponding number  would  have  been  -340964,  wholly  de- 
cimal. 

MULTIFLX- 
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MULTIPLICATION  bt  LOGARITHMS. 

AULE. 

Takb  out  the  logarithms  of  the  factors  from  the  table, 
then  add  them  together,  and  their  sum  will  be  the  logarithm 
•f  the  product  required.  Then,  by  means  of  the  table, 
take  out  the  natural  number,  answering  to  the  sum,  for  the 
product  sought.  * 

Observing  to  add  what  is  to  be  carried  from  the  decimal 
part  of  the  logarithm  to  the  affirmative  index  or  indices,  or 
else  subtract  it  from  the  negative. 

Also,  adding  the  indices  together  when  they  are  of  the 
same  kind,  boUi  affirmative  or  both  negative  ;  but  subtract- 
ing the  less  from  the  greater,  when  the  one  is  affirmative 
and  the  other  negative,  and  prefixing  the  sign  of  the  greater 
to  the  remainder. 

EXAMPLBS. 


1.  To  Multiply  23*14  by 
5062. 
Numbers.    Logs. 
23*  14  -  1*364363 
5-063  -  0-704322 


%k 


Product   117*1347     2068685 


2.  To  multiply  2-581926 
by  3-457291. 
Numbers.      Logs. 
2-581926  -  0-4U944 
3-457291  -  0-538736 


Prod.    8-92648       -  0-950680 


3.  To  mult.  3-902  and  597-16 

and  '0314728  all  together. 

Numbers.    Logs. 

3-902     -     0*591287 

597- 16  -     2-776091 

•0314728— 2*497935 


Prod.    73*3333 


1*865313 


Here  the— 2  cancels  the  2, 
and  the  1  to  carry  from  the 
decimals  is  set  liown. 


4-.  To  mult.  3*586,  and  2*1046, 
and  0-8372,  and  0-0294  all 
together. 

Numbers.      Logs. 
3-586     -  0-554610 
2-1046  -  0-323170 
0-8372  —  1-922829 
00294—2-468347 


Prod.      0*1857618—1-268956 


Here  the  2  to  carry  cancels 
the— 2,  and  there  remains  the 
I  -—1  to  set  down. 


DIVISION 
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RULE. 

From  the  logarithin  of  the  dividend  subtract  the  loga- 
rithm of  the  divisor,  and  the  number  answering  to  the  re- 
mainder will  be  the  quotient  required. 

Observing  to  change  the  sign  of  the  index  of  the  divisor^ 
from  affirmative  to  negative,  or  from  negative  to  affirmative  ; 
then  take  the  sum  of  the  indices  if  they  be  of  the  same  name, 
or  their  difference  when  of  difl'erent  signs,  with  the  sign  of 
thc'grcater,  for  the  index  to  the  logarithm  of  the  quotient 

And  also,  when  1  is  borrowed,  m  the  left-hand  place  of 
the  decimal  part  of  the  logarithm,  add  it  to  the  index  of 
the  divisor  when  that  index  is  afliirnuitive,  but  subtract  it 
vrhen  negative ;  then  let  the  sign  of  the  index  arising  from 
hence  be  changed,  and  worked  with  as  before. 

EXAMPLES. 


1.  To  divide  24163  by  -4567. 

Numbers.  Logs. 

Dividend  24163    -  4-383151 

Divisor  -    4567    -  3-659631 


Quot.      5-29078  0-723520 


2.  To  divide  37-149  by  523-76 

Numbers.    Logs. 
Dividend  37149    -    1-569947 
Divisor     523-76.-    2-719132 


Quot.    0709275  —2-850815 


S.Divide '06314    by  -007241 

Numbers.     Logs. 
Divid.       -06314  — 2-800305 
Divisor  -007241  — 3-859799 


<iuot.       8-71979        0-940506 


•  Here  1  carried  from  the 
decimals  to  the  ^~  3,  makes  it 
become — 2,  which  taken  from 
the  other  —  2,  leaves  0  re- 
maining. 


4.  To  divide  -7438  by  13-9476. 

Numbers.        Logs. 
Divid.       -7438     —  1-871456 
Divisor     12-9476      Ml2i89 


Quot.     -057447     —  2-759267 


Here  the  1  taken  from  the 
-— 1,  makes  it  become  -^  2,  to 
set  down. 


J^ote.  Aa  to  the  Ruie-of-Three,  or  Rule  of  Proportion, 
it  is  performed  by  adding  the  logarithms  of  the  2d  and  3d 
terms,  and  subtracting  that  of  the  first  term  from  their  sum. 
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INVOLUTION  n  LOGARITHMS. 

r 

RULS. 

Tau  out  the  logarithm  of  the  given  number  {rom  the 
table.  Multiply  the  log  thus  found,  by  the  index  of  the 
power  proposed.  Find  the  number  answering  to  the  pro* 
duct}  and  it  will  be  the  power  required. 

JVote.  In  multiplying  a  l<^rithm  with  a  negative  index, 
by  an  affirmative  number,  the  product  will  be  negative 
But  what  b  to  be  carried  from  the  decimal  part  of  the  loga* 
rithm,  will  always  be  affirmative,  /^nd  therefore  their  dif- 
fereace  will  be  the  index  of  the  product,  and  is  always  to  be 
made  of  the  same  kind  with  the  greater. 

£XAMPLKS. 


I.  To  square  the  number 
2  5791. 
Numb.  Log. 

Root  2-5791     -     -     0  41 1468 
The  index    -    -    2 


Power  6*65174 


0*822936 


2.  To  find  the  cube  of 
3  07146. 
Numb.  Lo(c. 

Root  3*07146    -    -    0*487345 
The  index    •    -     3 


Power  28-9758 


1*462035 


3.  To  raise  -09163  to  the  4th 
power. 
Numbb  Log. 

Root  09 1 63     .      ~  2*962038 
The  index    -    -    4 


Pow  "000070494  —  5*848152 


Here  4  times  the  negative 
Index  being  —  8,and  3  to  carry, 
the  difTerence  ^  5  is  the  index 
of  the  product. 


4.  To  raise  1*0045  to  the 
365th  power. 
Numb.  Log. 

R00ti-Q045     -     .     0*001950 

Theindex    -    -    365 


9750 
11700 
5850 


Power  5*  1 49  32*         0*71 1750 


*  This  iniwer  5*14932  though  found  strictly  according  to  the  gene- 
ral ruley  it  not  correct  in  the  last  two  figures  32  ;  nor  can  the  answers 
to  f  och  qoettions  relating  to  very  high  powera  be  ^nerally  found  true 
to  6  places  of  figures  by  the  table  of  logarithms  in  thta  work ;  if  any 
power  above  the  hundred  thouaandth  were  requirsd*  not  one  figure  of 
the  answer  Ibond  by  the  isble  of  logarithms  hcee  given  could  be  de* 
pendedon. 

The  logarithm  of  1-0045  ia  00194994108  true  to  eleven  places,  which 
multiplied  by  365  gives  '7117285  true  to  7  places*  snd  the  correspond- 
ijig  number  true  to  7  plsces  is  5-149067. 

Vot:  I.  Z  RVOLUTIOIV 


I, no  3 

EVOLUTION  BY  LOGARITHMS. 

Take  the  log.  of  the  given  number  out  of  the  table. 
Divide  the  log.  thus  found  by  the  index  of  the  root.    Then 
Che  number  answeripg  to  the  quotiemy  will  be  the  root 

JVoCe.  When  the  index  of  the  logarithm,  to  be  divided,  ia 
negative,  and  does  net  exactljr  contain  the  divisor,  without 
some  remainder,  increase  the  mdex  by  such  a  number  as  wili 
make  it  exactly  divisible  by  the  index,  carrying  the  units  bor- 
rowed, as  so  many  tens,  to  the  left-hand  place  of  the  decimal, 
and  then  divide  as  in  whole  numbers* 


Ex.  1.  To  find  the  square  root 
of  365. 
Numb.  Log. 

Power  365  2)2-562393 

Root      19-10496       1-28 1U6| 


Eic.  3.  To  find  the  10th  root 
of  2. 
Numb.  Log, 

Power  2    -  -    10  )  0-301030 

Root    1-07177S  0*030103 


Ex.  2.  To  find  the  3d  root  of 
12345. 
Numb.  Log. 

Power.      12345   3)4091491 
Root      23-1116         1-363830|. 


Ex;5.  To  find  i/«093. 
Numb.  Log. 

Power  -093       2) —  2-9684«3 
Root  -304959      —1-484241^ 

Here  the  divisor  2  is  con- 
tained exactly  once  in  the  ne- 
gative index  *-<  2,  and  there- 
fore the  index  of  the  quotient 
is— I. 


Ex.  4.  To  Jisid  the  365th  root 
of  1-045. 
Numb.  Log« 

Power  1  •045     365)  0-0 1 9 1 1 6 
Root     1-000121        0*000052f 


I  Ex.  6.  To  find  the  ^  •0004». 
Numb.  Log.   - 

Power -00048  S)-»  4*68 1241 
Root     -0782973  — 2*893747 

•  Here  the  divisor  3  hot  being  ex« 
ftctlycontained  in — 4,it  is  augment- 
ed by  2,  to  make  up  6,  in  which  tie 
di?isor  is  contained  just  2  times  ; 
then  the  2,  thus  borrowed^  being 
parried  to  the  decimal  figure  6» 
makes  26,  which  divided  by  S^ 
gives  8,  &c. 


I 


Ex.7.  To  find  31416  X  82  x  ^. 
Ex.  8.  To  find  •02916  X  751*3  X  ^J-j;. 
Ex.  9.  As  7241   :  3-58  :  :  2046  :  ? 
Ex.  10.  As  y  724  :  y4|  :  ;  6*927  ;  2 
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ALGEBRA. 


DEFINITIONS  AND  NOTATION. 

)»  XjLLOEBRA  is  the  science  of  computing  by  symbols. 
It  is  sometimes  also  called  Analysis  ;  and  is  a  general  kind 
of  arithmetic^  or  universal  way  of  computation. 

2.  In  this  science,  quantities  of  all  kinds  are  represented  by 
the  letters  of  the  alphabet.  And  the  operations  to  be  per- 
formed with  them,  as  addition  or  subtraction,  Sec,  are  de- 
noted  by  certain  simple  characters^  instead  of  being  expr^sed 
by  words  at  length. 

3.  In  algebraical  questions,  some  qoantidtea  are  known  or 
giyen,  viz.  those  whose  values  are  known  :  and  others  un- 
known^  or  are  to  be  foimd  out,  viz.  those  whose  values  are 
DOC  kxMwn.  The  former  of  these  arc  represented  by  the 
leading  letters  of  the  alphabet,  a,  6,  c,  d^  &c  ;  and  the  latter,' 
or  unknowa quantities,  by  the  final  letters,  z,  y,  or, »,  &c. 

4.  The  characters  used  to  denote  the  operations,  are 
chiefly  the  following ; 

+  signifies  addition,  and  Is  named  filu9, 

— •  signifies  lAibtraction,  and  is  named  mintu, 

X  or  .  signifies  multiplication,  and  is  named  into, 

•?•  signifies  division,  aiid  is  named  by. 

^    signifies  the  square  root ;  y^  the  cube  root ;  */  the 

4tb  root,  8cc  ;  and  ^  the  nth  root. 

:  ::  :    sigidfies  proportion. 

c=     ^gnifies  eqtiality,  and  is  named  equal  to. 

And  8o  on  for  other  operations. 

Thus  q+  b  denotes  that  the  number  represented  by  b  is 
to  be  added  to  that  represented  by  a, 

a^^b  denotes,  that  the  number  represented  by  d  is  to  be 
subtracted  from  that  represented  by  a. 

atfi  6  denotes  the  difference  of  a  tttxd  b^  \^'hcn  it  is  not 
luMifm  which  is  the  greater. 

0^1  or 
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41^,  oraXbf  or  aJf^  expreates  the  product)  by  muhipli* 
catiooj  of  the  numbers  represented  uy  a  and  A. 
a 
a  ^bjOT  — -,  denotes,  that  the  number  represented  by  a 
b 
is  to  be  divided  by  that  which  is  expressed  by  b, 
a  I  b  II  c  X  d,  signifies  that  a  is  in  the  same  proportion  to  6, 

as  c  is  to  d. 

jrsa  —  d-f-c  is  an  equation,  expressing  that  x  is  equal 
to  the  difference  of  a  and  b^  added  to  the  quantity  r. 

V'  (ly  or  a'l  denotes  the  square  root  of  a  ;  v^a^  or  a'^  the 

cube  root  of  a ;  and  v^a'  or  a^  the  cuberootofthesquareof  a; 

also  v^tf,  or  a*,  is  the  mth  root,  of  a  ;  and  y  a*  or  a;;  is  the 

nth  power  of  the  mth  root  of  a,  or  it  is  a  to  the  ~  power. 

a'  denotes  the  square  of  a  ;  a^  the  cube  of  a  sa^  the  fourth 
power  of  g  $  and  d^  the  nth  power  of  a. 

a  +  ^  X  ^»  or  (a*f  ^)  r,  denotes  the  product  of  the  compound 
quantity  a -(- 6  multiplied  by  the  simple  quantity  c«  Using 
the  bar  ■  ■  ,  or  the  parenthesis  (  )  as  a  vinculum,  to  connect 
several  simple  quahtities  into  one  compound. 

a+b 

4>  +  &  «j*  g  — 6or»       ,  expressed  like  a  fraction,  means 

the  quotient  of  a  +  ^  divided  by  a  — «•  b. 

i/  ab  +cdy  or  {ab  +  cd)'*,  is  the  square  root  of  the  com- 
pound quantity  a^+ rd.  And  c<|/a6+cd,  or  c(tib^cdy^^ 
denotes  the  product  of  c  into  the  square  root  of  the  compoimd 
quantity  ab  +  cd. 

m   .    5 

a  +  ^.^c,or(a  +  6  —  €)\  denotes  the  cube,  or  third 
power,  of  the  compound  quantity  a^^-  b^^c. 

3a  denotes  that  the  quantity  a  is  to  be  tak^n,  3  times,  and 
4  (« +  ^)  is  4  times  a  »{-  b.  And  these  numbers,  3  or  4, 
showing  how  often  the  quantities  are  to  be  taken,  or  multi-^ 
plied,  are  called  Co-efficients. 

AIso|x  denotes  that  X  is  multiplied  by  | ;  thus  J  X  ^  or 

5.  Like  Quantities,  are  those  which  consist  of  the  same 
lettei's,  and  powers.  As  a  and  3a ;  or  tab  and  Aab  \  or 
3a*^  and -—6a'^. 

6.  Unlike  Quantities,  are  those  which  consist  of  different 
letters,  or  different  powers.  As  a  2iAb\  or  2a  and  a^  ;  or 
^ab^  and  3a^c. 

7.  Simple 
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Y.  %iiple  Quantities)  are  those  which  consist  of  one  tenn 
only-     As  Sa,  or  5ab^  or  6abc*, 

8.  Compottnd  Quantities  are  those  which  consist  of  two  or 
more  terms.    As  c  +  *, or  2a  —  3c,  ora  +  2d  —  3c. 

9.  And  when  the  compound  quantiqr  consists  of  two  tennis 
k  is  called  a  Binomial,  asa+3;  when  of  three  terms,  it  is  a 
Trinomial,  as  a  +  26  —  3c  ;  when  of  four  terms,  a  Quadrino* 
nual,  as3a-— 3^-fc— 4</;  and  soon.  Also,  a  Multinomial 
or  PoljmomiaU  consists  of  many  terms. 

10.  A  Residual  Quantity,  is  a  binomial  having  one  of  the 
terms  neg;ative.    As  a  —  2^. 

11.  Poflitiye  or  Affirmauve  Quantities,  are  those  which 
are  to  be  added,  or  have  the  sign + •  As  4  or  -f*  a,  or  ab  :  for 
when  a  quantity  is  found  without  a  sign,  it  is  understood  to  be 
positive,  or  have  the  sign  +  prefixed. 

12.  Negative  Quantities,  are  those  which  are  to  be  sub* 
tracted*    As  —  a,  or  —  2a6,  or  -*  3a&*, 

13*  Like  Signs,  are  etdier  all  pouUve  (  -f  ),  or  all  nega- 
tive (—> 

14.  Unlike  Signs,  are  when  some  are  positive  (  +  )>  ^(i 
others  negative  (  —  )• 

1 5.  The  Co-efiicient  of  any  quantity,  as  shown  above,  is 
the  number  prefixed  to  it.    As  3,  in  the  quantity  3ad. 

16.  The  Power  of  a  quantity  (a)^  is  its  square  (a^)y  or 
cube  (a'),  or  biquadrate  (a^),  Sec ;  called  idso,  the  2a  power, 
or  3d  power,  or  4th  power,  &c. 

17.  The  Index  or  Exponent,  is  the  number  which  denote* 
the  power  or  root  of  a  quantity.  So  2  is  the  exponent  of 
the  square  or  secoqd  power  a'  ;   and  3  is  the  index  of  the 

cobe  or  3d  power ;  and  \  is  the  index  of  the  square  root,  a^ 

or  \/  a ;  and  •}  is  the  index  of  the  cube  root,  a',  or  y^  a. 

18.  A  Rational  Quantity,  is  that  which  has  no  radioal 
sign  (V)  or  index  annexed  to  it.    As  a,  or  3ad. 

19.  An  Irrational  QuanUty,  or  Surd,  isthatof  which  the  value 
caiuiotbe  accurately  expressed  in  numbers,  as  the  square 
roots  of  2,  3,  5*  Surds  are  commonly  expressed  by  means  of 

the  radical  sign  \/,  f»  \/2t  y'a,  ^  a^,  or  a^'. 

20    The  Reciprocal  of  any  quantity,  is  that  quantity  in- 
verted, or  vnity  <Uvided  by  it*    So,  the  reciprocal  of  a,  or 
a  I  ah 

^— ,  is  — ,  and  the  reciprocal  of — is  — . 
la  b       a 

'     21.  The 
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Sh  The  letters  by  which  any  simple  quantity  is  exppesae4, 
may  be  ranged  according  to  any  order  at  pleasure.  So  the 
product  of  a.  and  *,  may  be  either  expressed  by  aA,  or  b^  ; 
and  the  product  of  a,  b,  and  c,  by  either  abc^  or  acb^  or  bac^ 
or  bca^  or  caby  or  cba  ;  as  it  matters  not  which  quantities  are 
placed  or  multiplied  first.  But  it  wiH  be  sometimes  found 
convenient  in  long  operations,  to  place  the  several  lettei*s 
according  to  their  order  in  the  alphabet,  as  abc^  which  otdtr 
also  occurs  most  easily  or  naturally  to  the  mind. 

S2.  Likewise,  the  several  members,  or  terms,  of  which  a 
compound  quantity  is  composed,  may  be  disposed  in  any 
order  at  pleasure,  witliout  alteiing  the  value  of  the  signifi- 
cation  of  the  whole.     Thus,  3a^^2ab  +  4abc  may  also  be 

written  3a  -f  4abc  —  2abj  or  ^bc  +  Za  —  2ad,  or 2a*  +  3a 

+  4adc,  Stc  ;  for  all  these  represent  the  same  thing,  namely, 
the  quantity  which  remains,  when  the  quantity  or  term  2ab 
is  subtracted  from  the  sum  of  the  terms  or  quantities  3a  and 
4abc,  But  it  is  most  usual  and  natural,  to  begin  with  a  po- 
sitive term,  and  with  the  first  letters  of  the  alphabet. 

SOME  EXAMPLES   FOR  PRACTICE, 

In  finding  the  numeral  values  of   various  expressions,  or 

combinations,  of  quantities. 

Supposing  a  =s  6,  and  5  =  5,  and  c  =s:  4,  and  d  =  1,  and 
tf  c=  0.     Then 

K  Will  aS  -f.  Sab  — c>  =  36  +  90  —  16  *=  1 10. 

2.  And  2a3  —3a**  +c^  =  433  —540  +  e4  =  — 44. 

3.  And  aS  X  0  +  A  —  2abc  s=  36  x  1 1  —  240  =  156. 

a^  216 

4.  And hc2  = +  16  =  12+16  =28. 

a  +  3c  18 

5.  And  ^/2ac+c*  or  2ac  -f-  c«l  "*    =^  64  =  8. 

^bc  40 

6.  And  •  c  +  — T====  =  2J.— =7. 

^     .     ,  llZl±li!zif^     36  ^  1      35 

7.  And  Ofl_^y=====- -= —     7 

8.  And  v'  d«— ac  +  •  2ac  +r«  =  1  -I-  8  r=  9. 

■'■'■'  _  .III..    11.^  ' 

9.  And  ^  b^  w.  ac+ v^2«c^ass:^25— 34+8  sc  3. 
10.  Andc*A+  c—  rfa=  183, 

1 U  And  9ab  «-  iOd>  +  c  =  24. 

12.  And 
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IS.  And  — X<2ss  45. 

c 

a+b       d 

13.  And  —  X  —  =  i3|. 

c  d 

14.  And  ^— •  =s  4. 

c  d 

15.  And— •+e=i45. 

c 

a*b 

16.  And  -—  X  ^  =  0. 

c 


^  •       # 


#•' 


ir.  And*  — cxrf — r=  1. 


18.  Anda-r*-— c  —  </ sa  8. 


19.  And a+*  —  c~d  =  6. 

20.  Anda*cx  rf*  =  144. 

21.  Andacd— .ds=33. 

22.  And  a^e  4.  d'l;  +  d  »  1. 

23.  And X =  I'f 


34.  And  v'  «•+  *»  —  V  <>*  —  ^*  s=  4-4936249. 
25.  And  3ar«  4.  4'  a^^b^  ==  292*497942. 
36.  And  4a« 3a  ^a^.— fa6  ac  72. 


ADDinON. 

Addition,  in  Algebra,  is  the  connecting  the  quantities 
together  by  their  proper  signs,  and  incorporating  or  uniting 
into  one  term  or  sum,  such  as  are  similar,  and  can  be  united. 
As  3a  «f  26  —  2a  =s  a  +  26,  the  sum. 

The  rule  of  addition  in  aJgebra,  may  be  divided  into  threes 
cases :  one,  when  the  quantities  are  like,  and  their  signs  like 
also ;  a  second,  when  the  quantities  are  like,  but  their  signs 
unlike ;  and  the  third,  when  the  quantities  are  unlike. 
Which  are  performed  as  follows*. 

CASE 

*  The  reasonfl  on  which  tbe«e  operations  are  founded,  wiU  rea- 
dily appear,  by  a  little  reflection  on  the  nstare  of  the  quantities  to 

br 
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CASE  1. 

JVhen  the  Quantitiet  arc  Ldkcy  and  have  Like  Signs, 

Add  the  co-efficients  together,  and  set  down  the  sum; 
after  which  set  the  common  letter  or  letters  of  the  like  quan- 
tities, and  prefix  the  common  sign  -f-  or  — . 


be  added  or  coUected  tof^ether.  For,  with  regard  to  the  first  ex- 
ample,  where  the  quantities  are  3a  and  5^,  whatever  a  rmesenta 
in  the  one  ternii  it  will  represent  the  tame  thing  in  the  other;  to 
that  3  timet  any  thing  and  5  timet  the  tame  thinr,  coUeeted 
together*  must  needt  make  8  timet  that  thin?.  At  it  a  denote  a 
ahilling ;  then  3a  it  3  shillingt ;  and  Sa  is  5  shiumga*  and  their  sum 
8  thiUingt.  In  like  manner,  «-2a6  and — *lab^  or—' 3  titties  aay 
thing,  and  •—  7  timet  the  tame  thing,  make  —  9  timet  that  thing. 

At  to  the  tecond  case,  in  which  the  quantitiet  are  like,  hut  the 
aignt  unlike ;  the  reason  of  its  operation  will  easily  appear,  by  ve* 
llecting,  that  addition  means  only  the  unithig  of  quantities  together 
by  means  of  the  arithmetical  operations  denoted  by  their  aignt  Hh  >nd 
— ,  or  of  addition  and  tubtraction ;  which  being  ot  contrary  or  oppotite 
natures,  the  one  coefficient  must  be  subtracted  from  the  other,  to  ob* 
tain  the  incorporated  or  united  mass. 

• 

As  to  the  third  case,  where  the  qusnthies  are  unlike,  it  is  plain 
that  such  quantities  cannot  be  united  into  one,  or  otherwise  aaded, 
than  \pf  means  of  their  signs ;  thus,  for  example,  if  a  be  supposed 
to  represent  a  crown,  and  b  ^  shilling  {  then  the  sum  of  a  and  h 
can  be  neither  2a  nor  26,  that  is  neither  2  crowns  nor  2  shilhngs, 
but  only  1  crown  plus  1  shilling,  that  is  a  -f-  ^. 

In  this  rulei  the  word  adtEtion  is  not  very  properly  used  4  being  much 
too  limited  to  express  the  operation  here  performed.  The  bunness  of 
this  operation  is  to  incorporate  into  one  mass,  or  algebraic  exprestion« 
different  algebruc  quantities,  as  far  as  an  actuu  incorporation  or 
union  is  possible ;  and  to  retain  the  algebraic  marks  for  Going  it,  in 
CAses  where  the  former  is  not  possible.  When  we  hare  several  quanti- 
ties, some  affirmative  and  some  negative ;  and  the  relation  of  these 
quantities  can  in  the  whole  or  in  part  be  discovered ;  tuch  incorpora- 
tion of  two  or  more  quantities  into  one,  is  plainly  effiscted  by  the  fore* 
going  rules. 

Itmay  seem  a  paradox,  that  what  is  called  addition  in  algcbrs, 
should  sometimes  mean  addition,  and  sometimes  subtraetion.  But 
the  paradox  wholly  arises  from  the  scantiness  of  the  name  given  to 
tlie  algebraic  process ;  fi*om  employing  an  old  term  in  a  new  and  more 
enlar^d  sense.  Instead  of  addition,  call  it  incorporation,  or  union, 
or  striking  a  balance,  or  any  name  to  which  a  mote  extensive  idea  may 
be  annexed,  than  that  which  is  usually  implied  by  the  word  addition ; 
and  the  paradox  vanishes. 

ThiK, 
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irhus,  3a  added  to  Say  inak^s  Sa. 

And  ^  2ab  added  to  —  7ubf  makes  *—  9ab. 

And  5a  +  7b  added  to  7a  4>  36,  makes  12a  +  106.  * 

OTH£|K.  EXAMPLES   fOR   PRACTICE. 


3a 

—  Zbx 

bxy 

9ff 

^5bx 

%bxy 

5a 

^4bx 

Sbxy 

12a 

^  2bx 

bxy 

a 

^7bx 

Sbxy 

2a 

—    bx 

ebxy 

32a  —  22bx  \Sbxy 


Sr  3j:»   +  Sxy  2ax  —  4y 

2z  X*  -f.     jty  4ax  —    fj 

Az  2x*  +  4xy  ax  —  3y 

z  5jr^  +  2xy  5ajr  —  Sy 

sz  4x^  4-  3-^y  ^<'-*^  —  9y 

Iflz  15j:*   +  \Sxy  I9ax  —  I5y 


Sxy 
14xy 
^2xy 
\7xy 

4*y 


I3y* 

4a  —  46 

ry* 

5a  —  56 

2y« 

6a  --    6 

4y» 

3a  —  2* 

V* 

2a  —  76 

3y« 

fa  —    6 

^0  —  13x|  —  Sjry  5ary  —  3x  +  ^ab 

23  —  lOxJ  —  4jcy  Zxy  —  4x  +   3a6 

14  —  i4arj  —  7xy  Sxy  —  5x   +  5ad 

10. —  16x1  —  Sxy  xy  —  2x  +     ab 

16  —  20xT  —    xy  4xy  —    x  +   7a# 


V<Ji-  !•  -^  *  ^A^* 
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CASE  II. 

» 

When  the  QuafitUies  are  Like^  but  have  Unlike  Signs  ; 

Add  all  the  affirmative  co-efficients  into  one  sum,  and  all 
the  negative  ones  into  another,  when  there  are  several  of  a 
kind.  Then  subtract  the  less  sum,  or  the  less  co-efficient, 
from  the  greater^  and  to  the  remainder  prefix  the  sign  of  the 
greater,  and  subjoin  the  common  quantity  or  letters. 

So  ,  +  5a  and  —  3a,  united,  make  +  2a. 
And  -*  5a.  and  +  3a,  united,  make  —  2a. 

OTHER   EXAMPLES   FOR    PRACTICE. 

—  5a  +  Sax^  .f     Bx^  +  3y 

"h  4a  +  4ax*  —     5x^  +  4y 

+  6a  —  8aj?«  —  16x*  +  5y 

^^3a  —  6ax*  4-      3jc*  —  7y 

+    a  +  Sax^  +      2x«  —  2y 


+  3a  —  Sax*  —     8x3  ^   3^ 


—  Sa^ 

+ 

53«t/«' 

+ 

Aab  + 

4 

—     5a« 

+ 

93»y» 

■■■* 

4ab  + 

12 

—  IOa« 

— 

10d«y» 

+ 

Tab  — 

14 

-f.  I0a»  . 

— 

J9*«y' 

+ 

ab  -f 

3 

+  V4a« 

— 

2d«y3 

5a^  — 

10 

Saoj' 


4  .  1 

I*  +   lO^ax  +   3y  +   4ax* 

^     ax^  —     3^  ax  —    y  — .  5ax* 

+   5ax«  +     4^ax  -f-    4y  +  2ax^ 

—  6ax^  —  12 ^ax  — .  2y  -f  Sax"* 


CASE 
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CASE  III. 

When  the  Quantitie9.  are  Unlike. 

Having  collected  together  all  the  like  quaDtilies,  as  in 
tbe  two  foregoing  cases,  set  down  those  that  are  unlike^  One 
after  another^  with  their  proper  signs. 

SXAMPLSa. 


3xy 
2ax 

'-^Sxy 
6ax 

6xy— 12x» 

—  4x»  +   3xy 

+  4x*  -r-  2xy 

—  3xy  +  4x* 

4xy  —  8x» 

14ax— .2x> 
Sax  +  3xy 
8y*  —  4flx 
3x«  +  26 

4iix— 130+3xi 
5x»  +  3ax  +  9x» 

7xy — 4x»+  90 
X/X+^0   — 6x» 

—  2xy+  8«x 

9x«v' 

—  7x'y 
+  3flxy 

—  4x^y 

Tax  +  8x«-+  7xy 

9  +  lOv^ax  —  Sy 
2x  +  7y/xy  +  Sy 
Sy  +    3^ax— .4y 

10 —   4\^ax  +  4y 

• 

4x'y 

—  6xy« 
+  3y»x' 

—  7x*y 

4\^  X  —   3y 

2^xy  +  14x 

3x      +        2y 

—  9  +  3  v^  xy 

3a»  +    9    +    X*  — 4 
2a    —    8     +2a«— 3x 
4x*  — 2a«  +  18—7 
—  12  +    a  —  3x"  —  2y 

Add  a  +  6  and  3a  -*  Sb  together. 
Add  5a  -«.  8x  and  3a  —  4x  together. 
Add  6x  —  56  +  a  +  8  to  —  5a  — .  4x  +  4*  —  3. 
Add  a  +  26  —  3c  —  10  to  36  —  4a  +  5c  +  10  and  56  —  c. 
Add  a  -i-  b  and  a  -^  d  together. 

Add  3a+  6—  lOtoc  —  d— a  and  —  4c  +  2a  —  36  —  7. 
Add  3a-  +  6*  —  c  to  2a6  —  3a*  ^  be  -^  b. 
Add  c^  +  b^c  —  6«  to  ab*  —  c6c  +  6*. 
Add  9a  —  86  +  lOx  —  6rf  —  7c  +  50  to  2x   —  3a  —  5c 
+  46+  6d—  10. 


BtJBTRACTIOK. 


180 


ALGEBRA. 


SUBTRACTION. 

Set  down  in  one  line  the  first  quantities  from  which  the 
eubtractkm  is  to  be  made ;  and  underneath  them  place  all  the 
other  quantities  composing  th^  subtrahend :  ranging  the  like 
quantities  under  eaeh  6ther,  as  in  Addition. 

Then  change  all  the  signs  (  +  and  —  )  of  the  lower  line, 
or  conceive  them  to  be  changed ;  after  which^  collect  all  the 
terms  together  as  in  the  cases  of  Addition*. 


BXAMFLE^. 


From     7a^  —  3* 
Take     3a*  —  86 


9x« — 4y  4- 8  Sxy — *3+6j? —   y 

6x*+5y— 4         4j:y  — T  —  6x— 4y 


Rem.      4a^+5b         3x«  — 9y+12       4xy  +  4+ 13jr  +  3y 


From     5xy  —   6     4y^  —  3y  —  4 
Take— 2xy+    6     2|/«  +  2y  +  4 


..  30  -—  6x  —  5ary 
3xy— 9x+    8— 2ay 


Rem.     7jcy  —  12     2y»  —  5y  —  8      —  28  +  3x— 8xy+2fly 


From     8x»y  +  6    5 ^ xy  +  SUt ^ xy    Yx^  +  Hy/x — 18+3* 
Take— 2x«y  +  2    7^xy+3  —  2jry    9x*  — 12     +  5*  +  x' 


Bern. 


*  This  rule  is  founded  on  the  consideration,  that  addition  and  sub- 
traction are  opposite  to  each  other  in  their  nature  and  operationt  as 
are  the  signs  +  ^d  — ,  by  which  Uiey  are  expressed  and  represent- 
ed. So  that,  since  to  unite  a  negative  quantity  with  a  positive 
one  of  the  same  kind,  has  the  effect  of  diminish inr  it,  or  subduct' 
ing  an  equal  positive  one  from  it,  therefore  to  subtract  a  positive 
(which  is  the  opposite  of  uniting  or  adding)  is  to  add  the  equal  nega- 
tive quantity.  In  like  manner,  to  subtract  a  negative  quantity,  is  the 
same  in  effect  as  to  add  or  unite  an  equal  positive  one.  So  that,  by 
changing  the  siijn  of  a  quantity  from  -f-  to  — ,  or  from — to  +, 
changes  its  nature  from  a  subductive  quantity  to  an  additive  one,;  and 
any  qunntity  is  in  effect  subtracted,  by  barely  changing  its  sign* 


Sxy 


MULTIPLICATION.  18! 

5xy  — 30       7x^  —  2  (a +  d)         3xy^    +  20c-v/(xy  +  10) 
Tory  —  50       2x*  —  4  (c  -f.  *j         4x*y«  +  I'i  a^lxy  +  10) 


From  «  +  *?  take  a  —  *.  ^ 

From  4a  -f '^^9 take  6  +a» 
From  4a  —  4d,  take  3a  -f-  5^. 
From  Sa  — •  12j:,  take  4a  —  3jr* 
From  ax—  4a  —  2ft  +  5,  Uke  8  —  5*  -fa  +  6;c. 
From  3a  +  *  +  c  —  d^*10,  take c +2a  ^  d. 
^troaiSa +  b  +  e^d—  10,  take  ft—  10  + 3a. 
FromSaft  +  ft»  —  4r  +  ftc  —  ft,  take  3a«  — c  +ft*.  " 
From  a»  +  3ft  *c  +  aft»  —  aftc,  take  A«  4.  cft^  _  cftr. 
From  ISar  -f  6a  —  4ft  -f-  40,  take  4ft  —  3a  +  4x  +  6d —  10. 
From  2x — 3a+4ft+  6c  —  50,  take  9a  -far  +  6ft  -7: 6c — 40. 
Fr«m  6a  «*>  4ft  —  iSr  -f  l^x,  take  2x  ..  sa  +  4b  -^  5e, 


MULTIPLICATION. 

•  I 

This  consiflts  of  several  cases,  according:  as  the  factors  are 
simple  or  compound  quantities. 

CASK  1.  When  both  the  Factors  are  Sim/ile  Quantitiea : 

First  multiply  the  co-efiicients  of  the  two  terms  together, 
tben  to  the  product  annex  all  the  letters  in  those  terms, 
ivhich  will  give  the  whole  product  required. 

^  JVbte*.  Lake  signs,  in  the  factors,  produce  +>  an<l  unlike 
aig;ns  — ,  in  the  products. 


EXAMPLES. 


« 

UN     -■ 


*  That  this  rale  for  the  si^ns  is  trae>  may  be  thus  shown. 

1.  When -f  a  la  to  be  multiplied  by  -f  c  ;  the  ineanin{|^  is,  that  -f  a 
js  to  be  taken  as  many  times  as  there  are  units  in  c  /  and  since  the 
sum  ef  any  number  of  positive  terms  is  positive^  it  follows  that  +  a 
X  +  c  makss  +  ac, 

aWhen 


U3 

\0a 
2b 

—  3a 
+  26 

ALGEBRA. 

EXAMPLES. 

—  4c 

—  6x 

—  4a 

20a6 

—  6ab 

—  28ac 

+  24ajc 

4ac 
—  Sab 

9a^x 
4x 

S6a^x* 

—  2x«y 

Sxy* 

—  6x^y^ 

—  4ry 

—  xy 

— 

\2a^b€ 

+  4ar«y« 

1 

—  Sax 
Ax 

—  6c 

+  3xy 
—  4 

—  5xyx 

■* 

CASE  II. 

J^f  72  on^  of  the  Factors  is  a  Comfiound  Quantity, 

Multiply  every  term  of  the  multiplicand,  or  compound 
quantity,  separately,  by  the  multiplier,  as  in  the  former 
case  ;  placing  the  products  one  after  another,  with  die 
proper  signs ;  and  the  result  will  be  the  whole  product 
required. 


2.  When  two  quantities  arc  to  be  multiplied  together,  the  result  will 
be  exactly  the  same,  in  whatever  oilier  they  are  placed  ;  for  a  times 
c  is  the  same  as  c  times  a,  and  therefoi^,  \h\eii —  o  is  to  be  multiplied 
by  -f-  c,  or  +  c  by  —  a  .'  this  is  the  same  thin^  as  taking  —  a  as  many 
times  as  there  are  units  in  -f-  c ;  and  as  the  aum  of  any  number  of  nega- 
tive terms  is  negative,  it  follows  that  ^^a  X  +  Cy  or+aX— c 
make  or  produce  —  ac. 

3.  When  —  a  is  to  be  multiplied  by  —  c  ••  here  —  a  is  to  be  subtract- 
ed as  often  as  there  are  units  in  c*  but  subtracting  negatives  is 
the  same  thmg  as  adding  afHrmatives,  by  the  demonstration  of  the 
rule  for  subtraction  ;  consequently  the  product  is  c  times  a,  or  -^  ac. 

,  Otiierwise.  Since  a  —  a  s=  0,  therefore  {a  —  a)  X  -^cU  also  an  0» 
because  0  multiplied  by  any  quantity,  is  still  but  0 ;  and  since  the  first 
term  of  the  product,  or  a  X  —  c'lB  :='^  ac,  by  the  second  case  ; 
therefore  the  last  term  of  the  product,  or  —  a  X  —  c,  most  be  +  ac, 
to  make  the  sum  s  0,  or  -->*  ac  +  « c  es  0 ;.  that  is,  —  a  X  -^  a  =e 
+  ac. 

^XAMPLSa. 


MULTIPLICATION.  M3f 

> 

EXAMPLX8. 

5a  — 3c  5ae  —  43  2o«  — 3c+5 

2a  3a  3c 


10o«- 

-6ac 

12jr  — 
4a 

•  2ac 

3r*  + 
4x|f 

3P 

9a^c^\2ab  2a*bc — 3bc    +Sbc 


25c  — 7b  4x^^b  +  Sab 

*-2a  2ab 


10x«  —  3y«  3fl»  —  2x»  —63 

—  4x*  2aJ:« 


CASK  III. 

^hen  both  the  FaciorM  are  Comflound  Quantities  ; 

MvLTiPLY  every  term  of  the  multiplier  by  every  term  of 
the  multiplicand,  separately  ;  setting  down  the  products  one 
after  or  under  another,  with  their  proper  signs ;  and  add  the 
several  lines  of  products  all  together  for  the  whole  product 

quired. 


a  +  b 

Ax  —  5y                     3jc  . 

+  xy-..2y» 

-3y 

a*  +ab 

+  a3  +  3» 

12x2  +8xv               6x» 
—  15xy— 10y« 

+  3x«y— 6xy2 
— 6x»y— 3xy'-}-6y^ 

a—b 

I2x»  — 7xy—  lOy^  6x3 

^^  +  y 

x8  +y - 

1— 3x»y— 9xy>  +6y3 

• 

a*  +  fl3  +  6» 
a  — 3 

—  a3~3s 

X*  +  yx^ 

tf3-f.a«3+a3» 
-.a»3— a3«~3» 

a*      ».   -.3« 

x*+2yx»  +  y* 

a3       *      »       —33 

Ab/^- 


1S4  ALGEBRA.. 

JSTote.  In  the  multiplication  of  compound  quantities^  it  i» 
the  best  way  to  set  them  down  in  order,  according  to  the 
powers  and  the  letters  of  the  alphabet;  And  in  multiplyin|r 
them,  begin  at  the  left-hand  side»  and  multiply  from  the  left 
hand  towards  the  right,  in  the  manner  that  we  write}  which 
is  contrary  to  the  way  of  moltiplying  numbers.  But  in 
setting  down  the  several  products,  as  they  arise,  in  the  second 
and  following  lines,  range  them  under  the  like  terms  in  the 
lines  above,  when  thei*e  are  such  like  quantities  ;  which  is 
the  easiest  way  for  adding  them  up  together. 

In  many  cases,  the  multiplication  of  compound  quantitiea 
is  only  to  be  performed  by  setting  them  down  one  after 
another,  each  within  or  under  a  vinculum,  with  a  sign  of 
multiplication  between  them*    A»  (a  +  ^)  x  (a  -^  6)  x  3ad, 

ora  +  6  .  a  —  d  .  3a6» 


EXAMPLES  FOR  PRACTICE. 


1.  Multiply  lOac  by  2fl.  Ans.  20o^f. 

2.  Multiply  3a*  —  2b  by  5*.  Ans.  9a»A— 66*. 

3.  Multiply  3a  +  2b  by  3a  —  2b.  Ans.  9c«  — 4*». 

4.  Multiply  x*  —  xy  +  y^  by  jp  +  y.        Ans.  x^  +y'*^ 

5.  Multiply  ai  +  aH  ^ab^  +*'  by  a—*.     Ans.  «♦— 6* 

6.  Multiply  a*  +  ttb  +A*  by  a«  —  ab  +  6«. 

7.  Multiply  3x«  —  2jcy  +  5  by  Jc*  +  2jcy  —  6. 

8.  Multiply  3a«  —  2ax  -f.  5x^  by  3a«  —  4mx  —  7x^. 

9.  Multiply  3x3  ^  2jF«y«  +  3y*  by  2x3  —  Sjr'ya  -U  Sy3- 
ip.  Multiply  a*  +  a3  +  d»  by  a  —  26. 


DIVISIOK. 


Division  in  Algebra,  like  that  in  numbers,  is  the  converse 
of  multiplication  ;  and  it  is  performed  Kke  that  of  numbers 
also,  by  beginning  at  the  left-hand  side,  and  dividing  all  the 
parts  of  the  dividend  by  the  divisor,  when  they  can  be  so 
divided  ;  op  else  by  setting  them  down  like  a  fraction,  the 
dividend  over  the  divisor,  and  then  abbreviating  the  fraction 
as  much  as  can  be  done.  This  will  naturally  divide  tnttt* 
the  following  particular  cases. 

CA-SB 


CASS  I. 

JVhen  the  Divisor  and  Dividend  are  both  Simfde  Quaniitiee  / 

SsT  the  terms  both  down  as  in  division  of  numbersi  either 
the  diyisor  before  the  dividend,  or  below  it,  like  the  deno^ 
miaator  of  a  fraction.  Then  abbreviate  these  lerms  as 
much  as  can  be  done,  by  cancelling  or  striking  out  all  the 
letters  that  are  common  to  them  both,  and  also  dividing 
the  one  co-efficient  by  the  other,  or  a|»breviating  them  afler  ^ 

the  manner  of  a  fraction,  by  dividing  them  by  their  common         5 
measure. 

J^Qte.  Like  signs  in  the  two  &ctors  make  -f  in  the  quo-* 
tient;  and  unlike  signs  make— s  the  same  as  in  mullipli*' 
cation*. 

BXAMPL£^. 

).  To  divide  6ad  by  3«. 

Herep-«a6  -1.  3a,  or  3a)  606  (  or—  ==  3d. 

3a 

c 

2.  Also  c  '^  c  :=.  — =zA  ;  and  abx  -i-  bxy 

3.  Divide  16i-*'by8x. 

4.  Divide  ISa^j:'  by  -—  3a'x« 

5.  Divide  —  15ay*  by  3ay. 

6.  Divide—  18ax*^by—- 8ax;r, 


-^bxy 

abx 
bxV 

a 

y 

Ans.  ^T* 

Ans. 

—  44r. 

■ 

Ans.' 

^Sy. 

■ 

Ans. 

9xy 

43 

J^  Becstise  the  divisor  multipfied  by  the  qootient,  most  produce  the 
^jvidead.    Therefore, 

1.  When  both  the  terms  are  4-»  thequotietit  mutt  be  -)* ;  because 
-}-  in  the  divisor  X  +  in  ^^  qaotient,  produces  -^  in  Wts  dividend. 

3.  When  thetevms  are  both  — ,  die  quotient  is  abo  -f^  ;  because 
-^  in  thediTisor  X  +  '"  ^^^  quotient,  produces  *>  in  the  dividend. 

3.  When  oite  term  is  Hh  s^^d  t^  cAncr  — ,  the  quotient  must  be  -i-  ; 
becaEQse  -f"  io  the  divisor  X  —  in  the  quotient  produces  -*  in  the  divir* 
dead,  or  •—  in  the  divisor  X  -4*-  in  the  quotient  gives  ^  in  the  dividend. 

So  that  the  mie  is  general;  vl|..that  like  signs  give  Ht>  and  unlike 
jiigna  give  -«-» in  the  quotient 

V9U'  L  B  b  CASH 


xmg  ALGEERA. 


CASE  II. 


When  the  Dividend  ie  a  Compound  Quantity^  and  the  IHvieora 

Sim/ile  one  : 

DiviDB  tvtry  lerm  jof  Ae  ditidend  by  the  divisor^  as  iM 
the  former  case. 

EXAVFLES. 

.      ab+6*       a  +  b        -      .  ,, 

1.  (ab+6*)  -5^ 3<, or-^j^^  =  ~2^^   '"*  +*^- 

2.  (load  +  iSax)  t-  5a,  or j^^ =  23  +  3x. 

30az  —  48z 

3.  (soar  —  48r)  ^  r,-or ^ =  ^^  —  *^* 

4.  Divide  6ab  —  Sojr  +  a  by  3a. 

5.  Divide  3x*  —  15  +  6x  +  6a  by  Sx. 

6.  Divide  6a3c  -|-  ISa^x  ~  9aS6  by  3ab. 

7.  Divide  10c*x  —  1 5x«  —  35jc  by  5x. 

8.  Divide  I5a*3c—  1 5acx »  +  5arf«  by  —  5ac. 

9.  Divide  15a  +  3ay  —  ISy*  by  31a. 

IjO.  Divide  —  20rf«* »  +  60a* a  by—  6a6*. 

CASS  IIU 

Vl%en  the  Druieor  and  Dividend  aire  both  Compound  QuantitieeT 

1.  S^T  them  down  as  in  common  division  of  numbers, 
the  divisor  before  the  dividend,  with  a  small  curved  line 
between  them,  and  ranging  the  terms  according  to  the 
powers  of  some  one  of  the  letters  in  both,  the  higher 
powers  before  the  lower. 

3.  Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisory  as  in  the  first  case,  and  set  the  result  in  the 
cjuotient. 

3.  Multiply  the  whole  divisor  bf  the- term  thus  found,  and 
subtract  the  result ^rom  the  dividend. 

4.  To  this  reminder  bring  down  as  many  terms  of  the 
dividend  as  are  requisite  for  the  next  operation,  dividing  as 
before  ;  and  so  on  to  the  end,  as  in  common  arithmetic. 

mse^ 


DiYISION.  m 

AV^f.  If  the  diviior  be  not  exactly  contained  in  the  divi^ 
dend>  the  quantity  which  Tenudns  -  after  the  operation  is 
^nishedy  maj  be  placed  OTer  the  divisor,  like  a  vulgar  frac* 
"ticm^and  set  down  at  the  endof  the  qootient^  as  in  cemaxm 
'arithmetic. 


SXAXPX.X8. 


a*  —   ab 


^^b  -f  b^ 
ob-^-b^ 


a*  —  a*c 


—  3a*c  +  3atf« 

ac* 

4^3)a»— 6a>  +  12a  — 8  (a>  — 4a +  4 
a3— 3a* 


—  4a«  + 

ISa 
8a 

■ 

4a  — 

4a-. 

•8 

•8 

u  +z)a^  +  z^  (at  —  «r  +  x» 
a'  +  a*z 


az»  +  z« 


a^jF) 


M)8  ALGEBRA. 


—  a3j7 tf*X* 


s;iflx* — Sx* 
—  flJt^  —  X* 

—  2x* 


EXAMPLES  FOR  PBACTICB. 

I.  Divide  «»  +  4aj7  +  4**  by  a  +  ajr.  Ans.  c  +  2x. 

3.  Divide  a»  —  3a«z  +  Saar*  -^  r«  by  a  —  z. 

Ans.  a*  —  2^2  +  z»» 

3.  Divide  I  by  I  +  a.  Ans.  1  —  a  +  o»  —a*  +  Scc> 

4.  Divide  13x*  —  192  by  3x  —  6. 

Ans.  4j:*  +  8x«  -f.   I6x  +  32. 

5.  Divide  a«  —  5a**  +  10«»*«— .  lOa**^  +  5«d*  — *»  by 

a*  —  2aA  +  ft».  Ans.  a»  —  3ii»*  +  Sad*  —  *»: 

6.  Divide  48z3  -.  gsaz^  —  64tf  «z  +  150a «  by  2z  —3a. 
7.Divide*«— 3**jp*+3»»x*— x«byd3—3d«x+3dj:»—jFS^ 

8.  Divide  a^  —  jp^  by  a  —  x. 

9.  Divide  a»  +  Sa^x  +  Sax^  +  x»  by  a  +  x. 

10.  Divide  a*  +  4a'»A*  —  32A*  by  a  +  3*. 

1 1.  Divide  24a*  —  ^4  by  3a  —  2*. 


ALGEBRAIC  FRACTIONS. 

Algebraic  Fbactiosts  bave  the  saq^e  names  and  rules 
"of  operation^  as  humeral  fractions  in  common  arithmetic  ;  as 
appears  in  the  foUowbg:  Rules  and  Cases. 

CASB 


FRACTIONS^  IM 

,    CASB   I.       '  .  ^ 

7b  reduce  a  Mixed  Quantity  to  am  ImpTQfier  Fmction, 

Multiply  the  integer  by  the  denominator  of  the  fraction, 
jmd  to  the  product  add  the  numerator,  or  connect  it  with 
its  proper  sign, -f-  or — ;  then  the  denominator  being  set 
iinder  this  sum,  will  give  the  improper  fraction  required. 

EXAMPLES. 

b 

1.  Reduce  S|,  and  a  —  — « to  improper  fractions. 

X  ' 

3X5+4        15  +  4        19 

First,  3|  =  — ■  =5  '    =  —the  Answer. 

5  5  5 

And,  a  -.  -«  =r .  =      ■         the  Answer. 

XX  X 

2.  Reduce  a  +—  and  a  ^ to  improper  fractions; 

b  a 

«•      axb  +a^      ab  +  a* 

First,  c  -I s: —  = the  Answer. 

b  b  b 

z« — fl«       a«~2*+ff»      2a> — z» 

j^ud,  a =  — =  ■  —  the  Answer. 

a  a  a 

3.  Reduce  5  4  to  an  improper  fraction.  Ans.  y. 

3o  *     X  —  3a 

4.  RediKO  I  —  —  to  an  improper  fraction.  Ans. 

X  X 

3ox+a* 

5.  Reduce  2a  — to  an  improper  fraction. 

4x 
Ax—  18 

6.  Reduce  12  H to  an  improper  fraction. 

5x 
l_3a  — c 

7.  Reduce  x  +  — —  to  an  improper  fraction. 

c 

2x*  —  3a 

8.  Reduce  4  +Sx  — -  ■  to  an  improper  fraction. 

CASE   II*, 

To  Reduce  an  Imfirofier Fraction  toa  Whole  or  Mixed  Quantity. 

Div\PK  the   numerator  by  the  denominator,  for  the  i^: 
tegralpart;  and  set  the  .remainder,,  if  anjr,  over,  the  deno- 
minator, for  the  fractional  part ;  the  two  jomed  together  will 
})C  the  tnixed  quantity  required.  examples. 
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EXAMFLSS. 

16         ab+a^ 
\.  To  reduce  —  attd  ■  to  mix^d  quantidcf. 

3  o^ 

First,  V  =  16  -J-  3  =  5},  the  Answer  required. 
ai  +  a* a* 

And, =s  a^  +  a*  -r  *  =  «i  +  — .    Answer. 

b  •     b 

2ac  —  Stf  •         3ax  +  4x« 

2.  To  reduce and i — toraixedquantiucs, 

c  a  +JC 

2ac  —  3a«  *  ^9 

First, =  2ac_  3««^  r  =  ?a .  Answer. 

^'  c 

Sax  +  4r*  >»       — _«  ^s 

And, =  3ax  +  4x«  •£.  a  +  j:  a-  3ar  + .  Am. 

33         2ax—Sx* 

3.  Reduce— and  .^ — ^  to  nuxed quantities. 

5  a 

3j:» 
Ans.  6|,  and  2jr  — •  — -. 

a 
la^x         2a*  +  2*« 

4.  Reduce  — ^and  ,  to  whole  or  mixed  quan- 

2a  a~b 

titles. 

3jc« — 3y«  2x5 — 2y» 

5.  Reduce ^  and  — to  whole  or  mixed 

quantities. 

10a*  _  4a  +  6 

6.  Reduce .  to  a  mixed  quantity. 

Sa 
15aJ+5a» 

7.  Reduc^  ■ —to  a  mixed  quantity. 

3a*+2a2  — 2a  —  4 

CASE  III. 

To  Reduce  Fractions  t^a  C^pmon  Denominator. 

Multiply  every  numerator,  separately,  by  all  the  /deno- 
minators except  its  own,  for  the  oe  w  numerators ;  and  all  the 
denominators  together,  for  the  common  denominator. 

When  the  denominators  have  a  common  divisor,  it  will  be 
better,  instead  of  multiplybg  by  the  whole  denominators,  to 
muluply  only  by  those  parts  which  arise  from  dividuig  by  the 
common  divisor.  And  observmg  also  the  several  rules  and 
direcuons  as  in  Fractions  in  the  Arithmetic.         examples. 
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SXAMPLES. 

■a  b  , 

1.  Reduce  —  and  —  to  a  common  denominator* 

X  z 

a  b       az       bx 

Here  —  and  —  =  —  and  — ,  by  multiplying  the  terms  of 

X  Z  XT  XZ 

the  first  fraction  by  z,  and  the  terms  of  the  2d  by  x. 

a    X  b 

3.  Reduce  — «,  — s  and  —  to  a  common  denominator. 

X    b  € 

ax           h        abc   ex^        b*x 
Here  — ,  — ,  and  —  =  — — ,  — ,  and ,  by  multiplying  the 

X    b  c        bcx    bex        bcx  % 

terms  of  the  in  fraction  by  bcy  of  the  2d  by  tx,  and  of  the 
Sd  by  bx. 

2a        33 

3.  Reduce  —  and  —  to  a  common  denominator. 

X  2c 

4ac  Sbx 

Ans.  - —  and  — . 
2c X  2cx 

2a         Sa  +  2b 

4.  Reduce  —  and .  to  a  common  denominator. 

b  2c  4ac  3ab+  23^ 

J  Ans.  ——  and  •. 

2bc  2b  c. 

5a         3b 

5.  Reduce  —  and  —9  and  4dy  to  a  common  denominator. 

3x         2c 

lOac  9bx  2Acdx 

Ans.    ■  and  —  and  ■■ 


tcx  6cx  6cx 

5  3a  3a 

6.  Reduce  —  and  —  and  23  +  — j  to  fractions  having  a 

6  4  b 

20b  ISab  483>  4. 72a 

common  denominator.      Ans.  — ^  and j  and  •^^— . 

243  243  243 

1  2a»  2a»  +  3« 

7.  Reduce  —  and —  and  to  a  common  deno- 

3  4  a  +3 

ibioator. 

33         2c  d 

8.  Red;uce  —  and  —  and  —  to  a  common  denominator. 

4a  a       3a  2a 

(firSB 


iS2  ALGEBRA. 

CASS  IV. 

/ 

To  find  the  QrcateMi  Common  Measure  of  the  Terms  of  a 

Fraction, 

Divide  the  gi*eater  term  by  the  les},  ami  the  last  divisor 
by  the  last  remainder,  and  so  on  till  nothing  reroains ;  then 
the  divisor  last  used  will  be  the  common  measure  required  ; 
just  the  same  §is  in  common  numbers. 

But  note,  that  it  is  proper  to  range  the  quantities  according 
to  the  dimensions  of  some  letters,  as  is  shown  in  division. 
And  note  also,  that  all  the  letters  or  figures  which  are  com- 
mon to  each  term  of  the  divisors,  must  be  thrown  out  of 
them,  or  must  divide  them,  before  they  are  used  in  the 
operation. 


EXAMPLES. 

ab  +  b* 
I.  To  find  the  greatest  common  iqeasuro  of 


dc*  4-  bc^ 
ab  +  b^)  ae^  +  be* 
or  a  +  b    )  ac^  +  bc^  (  c* 
ac^  +  bc^ 


Therefore  the  greatest  common  measure  is  a  +  b, 

a*  —  «^ 
2.  To  find  the  greatest  common  measure  of 


a«  +2ab  +  b* 
c»  +  2ab  +  b*  )a3  —ab*  (a 

aS  +  2fl«A  +  ab* 


—  2a«A  —  2fl*«  )a*+  2ab  +  b* 
or        a+    b-   )a*+2ab  +b*  (a  +  B> 

a*  -f-   ab 


ab  +  b* 
ab  +  b* 

Therefore  a  +  bis  the  greatest  common  divisor. 

a*  —  4 
3.  To  find  the  greatest  common  divisor  of 


ah+^b 

And.  a  -^2. 
4.  Te 
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4.  To  find  the  greatest  common  divisor  of 


a*  — M 
Ans.  a*  —  b* 

5.  Ilpdth^yreatC8tcom.mcasurcof         ■  ■    . 

CASE   T. 

To  Reduce  a  Fraction  to  ita  Lowest  Tertng. 

Find  the  greatest  common  measure,  as  in  the  last  pro- 
blem.  Then  divide  both  the  terms  of  the  fraction  by  the 
common  measure  thus  found,  and  it  will  reduce  it  to  its  lowest 
terms  at  once,  as  was  required.  Or  divide  the  terms  by  any 
quantity  which  it  may  appear  will  divide  them  bot^,  as  in 
arithmetical  fractions* 

SX4MPLK8. 

ab+  b^ 
1  •  Reduce  ■  to  its  lowest  terms. 

ac^  +  be* 

ab  +  b*^ae*+bc^ 
ora+b    )  ar* -f- be'  (c* 
ac*  -f  A«c» 


Here  ab  -f-  6*  is  divided  by  the  common  &ctor  b. 

'  Therefore  a  +  6  is  the  greatest  common  measure,   and 

ab+b*^         b 
hence  a+b)  .-.-i.— ^.i.  =  — ^  is  the  fraction  reqmred. 

flc*  +  be*     c" 

e^  —  b'c 
2.  To  reduce  ■  to  its  least  terms* 

c^  +2be*+b^e 


3dc«—  2b*  c)c*+2bc+b* 

or  c  +  b)  e*  +  2bc+  b*  (^c  +  b 

c*  +    be 


bc+  b* 

be  +  b* 

Vbt.  h  Q  c  Therefore 
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Therefore  c  +  bis  the  greatest  common  ineasm*e»  and 
c^—b^c         c*  —  bc 

lience  c  +  b) = is  the  fraction  requirecT. 

c^  +  Uc+b^     c'+b 
€^—b^  €*  +  bc  +  b^ 

3.  Reduce  to  it«  lowest  terms.         Ana.  ■  ■      ■ 

e^ — b^c^  c^  +  bc* 

a^—b^  1 

4.  Reduce to  its  lowest  terms.  Ans. .. 


a^  —  b^ 

5.  Reduce    >    ■ to  its  lowest  terms. 

3a«  +6a*c+3a3c2    \ 

6.  Reduce  -— to  its  lowest  terms. 

a»  —  ab^ 

7.  Reduce    .  to  its  lowest  terms. 

a»  +  2tfd  +  *s 

CASK  VI. 

To  add  Fractional  Quantitiea  together. 

If  the  fractions  have  a  common  deneminator,  add  all  the 
numerators  together  ;  tlien  under  their  sum  set  the  commoi^ 
denominator,  and  it  is  done. 

If  thef  have  not  a  common  denominator,  reduce  them  to 
one,  and  then  add  them  as  before. 

BXAMPLES* 

a  a 

1.  Let*—  and  —  be  given,  to  find  their  sum. 

3  4 

a       a      4a       3a     7a 
Here*—- { — =-*-+'—=—- is  tlic  sum  required. 
3       4       12      12    12 

a    6  c 

2.  Given  — ,~,  and— ^  to  find  their  sum. 

be        ^d 

^^       ^        ^        c        aed     bbd      bcc       acd+bbd+bcc 
Here— +  —  +  —.  =  .— «^ ^  _^ ;___ 

6        c         d       bed      bed       bed  bed 

the  sum  required. 

3.  Let 
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•  3.  Let  a and  6  + be  added  together. 

i  c 

Here  a +*  + =a +A+ 

b  c  ^e  bo 

iabx — 3cjc* 
z:za  +  b  +  y  the  sum  required. 

be      ' 

4.  Add— and «- together.  Ana. 

3a  5^ 

a    a  a 

5.  Add  -— ,  — -  and  —  togetiier 

3    4  5 

20— 3        5a 

6.  Add and  —  together  Ans. 

4  8 

cr+S  Sa  —  5 

7.  Add  2a  •{ to  4a  -f . 

5  4 

da«  a+^ 

8.  Add  6a,  and  — ^  and  — —  together. 

Ab  3d 

5a         6a         3a  -f  3 


20d:p  + 

6<l.r 

ISad 

Ans. 

^■ 

9a- 

-~« 

8 

14a— 13 


Ans.  6a  -f 


20 


together. 


9.  Add  — ^9  and— and 

4         5  r 

3a  a 

10.  Add  2a,  and  —  and  3  -| —  together. 

8  6 

3a  5a 

It.  Add  8a  -J and 2a  —  —  together. 

4  8 


CASE  VIX. 

*  To  Subtract  one  Fractional  Quantity  from  another. 

Reduck  the  fractions  to  a  common  denominator,  as  in  addl 
non,  if  they  have  not  a  common  denominator. 

Subtract  the  numeraiprs  from  each  other,  and  under  their 
<fifference  set  the  common  denominator,  and  the  work  is 
€lone. 

•  In  the  addition  of  mixed  Quantities,  it  is  best  to  brings  the  frac- 
tional parts  only  to  a  common  denomitiator,  and  to  annex  their  sum  to 
the  sum  of  the  integers,  with  the  proper  sign.  And  the  same  rule 
may  be  obseired  for  mixed  quantities  in  subtraction  also. 

£XAMFLES« 
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EXAMPLES. 

3a        fa^ 
1.  To  find  the  difference  of -i- and  — . 

4        r 

Sa       4a-    %\a       16a      5a 
Here  —  —  —  =s— =-*-  is  the  difference  required* 

4  7        28         38       28 

2a-rd         3a— .46 
3.  To  find  the  difference  of ——and         ■     . 

4r  36 

2a  —  6     3a — 46     6a6^366     Uac  —  166c 

Here        ■■    —  = ■>—  .i    ss 

4c  36  126c  136c 

6a6  — 366— 12ac+ 166c 

.«—  is  the  <Ufference  required. 


w^ 


136c 

10a         4a 
3.  Required  the  difference  of  -«—  and^^. 

9  7 

3a 

4<  Required  the  difference  of  6a  and  — . 

4 
5a         3a 

5.  Required  the  differenee  of  -^  and  — . 

4  3 

26  3a-f.c 

6.  Subtract— from *•. 

c  6 

2a  +  6  4a  +  8 

X,  Take*  ■from- 

9  5 

a  ^  36  2a 

8.  Take2a  — froin4a.{ 

c  c 

CASS  VIII. 

To  Multiply  Fracti<mal  Quantities  together. 

Multiply  the  numerators  together  for  a  new  numerator) 
and  the  denominators  for  a  new  denominator*. 

*  1.  When  the  numerator  of  one  fraction,  and  the  denominator 
of  the  other,  can  be  divided  by  some  quantity,  which  is  common  to 
both,  the  quotients  may  be  used  instead  of  them. 

2.  When  a  fraction  is  to  be  multiplied  by  an  integer,  the  product  is 
found  either  by  multiplying  the  numerator,  or  dividing  the  denominator 
by  it ;  and  if  the  integer  be  the  same  with  the  denominator,  the  nu- 
merator may  be  tsken  for  the  product 

EXAMPLES. 
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BXAMPLfiS. 

a         2a 
1  •  Required  to  find  the  product  of  —  and  — . 

8  5 

a  X  2a       2a^        a* 

Here ==  — —  =  —  the  product  required. 

8X5  40         20 

a   3a         6a 

2.  Required  the  product  of — ,  — ,  and  — . 

3    4  7 

a  X  3a  X  6a        I8a'        3a^ 
— — — —  s=  —  5=  — —  the  product  required. 
3   X  4  X    7         84  14  m 

2a        a    -^  b 

3.  Required  the  product  of  —  and  -■  -    «. 

b         2a +  c 
2aX(a  +  6)        2aa  +  2a^ 

Here  ■  = the  product  required. 

dx(2a+c)       2ab+bc 

4a         6a 

4.  Required  the  product  of-*  and  — *. 

3  5c 
3a         4b^ 

5.  Required  the  product  of —  and  -— *. 

4  3a 
3a          8ar         4ab 

6-  To  multiply  — >  and  —  and  —  together. 

b  b  Se 

ab  3a'    . 

7.  Required  the  product  of  2a  +  —and  •^». 

2c  b 

2a*^2b^         4as  +26' 

B.  Required  the  product  of  and  — *• 

Sbc  a  +b 

2a  +  l  2a  — 1     - 

9.  Required  the  product  of  30,  and         ^  and        

a  ^a  +  b 

X        x»  a         a* 

JO.  Multiply  a  +  —  —  — —  by  x  —  —  +  — — '. 

2a        4a«  2x       4r* 

CASK  IX. 

To  Divide  one  Fractional  Quantity  by  another* 
DrviDK  the  numerators  by  each  other,  and  the  denomina- 
tors by  each  other,  if  they  wiU  exactly  divide.    But,  if  not, 
then  invert  the  terms  of  the  divisor,  and  multiply    by    it 
exactly  as  in  multiplication.  xxamplxs. 

*  1.  irtlie  fhketioDi  to  be  Prided  hiive  a  eamroon  deoomiiMitor,  take  thie  nnaientor  oTAa 

Jiwidcwd  Ibr  a  new  amaeiataff,  and  the  mtmerator  of  tke  ifiriMir  ftrthe  Mw  denominatoiw 

s.  VIThena  firaetioB  it  to  be  dhrided  bj  any  quaniitT,  it  is  tbe  mow  thing  whether  die 
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EXAMPLES. 

a        3a 

1 .  Required  to  divide  —  by  — . 

4         8 
a        3a        a        8         8a  2 

Here  —  -5-  —  £=_x— =  —  =  —  the  quotiont. 
4         8         4      3a       12a         3  • 

3a       5c 

2.  Required  to  divide  —  by  — • 

26       4d 
3a        Sc       3a      Ad       \2ad       6ad 

Here 5-  —  =3  —  X  —  =s =  ■ —  the  quodeat. 

26        4d       %b       5c        iOhc        56c 
2a  +  d        3a  +  26 

3.  To  divide by .    Here, 

^fl  — .  26       4a  +  6 
2a  +  6      4a  +  6       8a*  +  6aA  +  6* 

^ =  •-  the  quotieDt  required. 

3a— 26      3a +  26  9a< A6^ 

3a^-  2a 

4.  To  divide  ■    by 


a»  +  6«        2a  +26 
3a*            a+  6       3a*  x  (a  +  6)                3a 
Here,  > x = : 


fl«  +  63  a  (as+^3)xa       m^^a6+69 

IS  the  quotient  required. 

3ar       11 

5.  To  divide  —  by  — . 

4         12 

6.  To  divide by  3j:. 

5 
3x  +  1        4jc 

7.  To  divide  — by  — . 

9  3 

4jc  X 

8.  To  divide    ■.. .  —  by  — . 

1x—\         % 
4jr       3a 

9.  To  divide  —  by — . 

5         56 

2a  -*  6       tac 

10.  To  divide  >       —  by — -. 

4cd  M 

5a*  —  56*  6a«  +  ^ah 

1 1.  Divide  ■  by  , 

2a«--^6 .+  26«        4a  —  46   '   Involution. 


S.  Wkentbetw* 


€iiiititJlfitXt1[i5I!S^^    ^.<^«to««*lMtow,  eati  be  divided  bf  mim  eommoa 
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INVOLUTION. 

Involution  is  the  raising  of  powers  from  any  proposed 
root ;  such  as  finding  the  square^  cube,  biquadrate,  &c,  of  any 
given  quantity.    The  method  is  as  follows  : 

*  MuLTiFLT  the  root  or  given  quantity  byitself,  as  many 
times  as  there  are  units  in  the  index  less  one,  and  the  last  pro- 
duct will  be  the  power  rec^uired. — Or,  in  literals,  multiply 
the  index  of  the  root  by  the  index  of  the  power,  and  the  result 
will  be  the  power,  the  same  as  before. 

JSTqu,  When  the  sign  of  the  root  is  +,  all  the  powers  of  it 
will  be  ^ ;  but  when  the  ^gn  is  — ,  all  the  even  powers  will  be 
-f,  and  all  the  odd  powers  — ;  as  is  evident  from  multiplication. 

BXAMPLES. 


a,  the  root 

fl*,  the  root 

a*  =  square. 
fl5  —  cube 

a*  =  square 
a*  =  cube 

a*  =r  4th  power 
fl*  =  5th  powerr 
&c. 

a^  =  4th  power 
a*«=  5lh  power 
8cc. 

—     3a,  the  root 

—     3a6«,  the  root 

^     4a'  =  square 
—     %a^  =  cube 

+    90^6*  =  square 
—  27a  *6*  =  cube 

+   16a*  =  4th  power 
—  32a*  =  5th  power 

-f.  81a*6*  —  4ib  power. 
—  243a»A**=r5th  power. 

2ajc» 

a 

,  the  root 

— ,  the  root 

36 

26 

4a«j?* 

a« 

H =  square 

96« 

—  =  square 
46  « 

8a3x« 

«* 

^ s=:cube 

'- —  =  cube 

TTb^ 

863 

16a*ar» 

a*     . 

-J. =2  4th  power. 

=  biquadrate 

166* 

*  Any  power  .  ^ 

the  same-power  of  each  of  the  factors,  multiplied  together. 

And  any  power  of  a  fraction,  is  equal  to  the  same  power  of  the 
meraUHT,  dirided  by  the  like  power  of  the  denominaitor. 

Also,  powers  or  roots  of  the  same  quantity,  are  multiplied  by  one 
otiier^  by  adding  tlieir  exponents  \  or  dirided^'  by  subtracting  their  ^ 
pooentfl. 

Tbuf,a*  X  rt2=a3+Tz=n'.    And  rt3 -^  <ia  or— =  « 


an- 

ex- 


3..  a 


=  a. 


X— a 
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ar  —  a  =  root  jf  -f-  a  =:  root 

jr  — >a  J7  +a 


x* — ax  x«  +a:c 


:r«—  2flj;  +  a«  square  x^  +  2ax  +  a* 

X  —  a  j:    +  a 


x5 — 2aar*  +a^x  x^  +  2<Lr*  +  a*x 

—  ax*     +  3a^jr  — fl*  -j-  ax*    +  aa*x  +  a» 


x«— 3ax>+  3a«x— a»  x»  +  3ax*  +  3fl«x  +  a^ 


the  cubes,  or  third  powers,  of  x— a  and  x  +  fl. 

EXAMPLES   FOR    PEACTICE. 

1.  Required  the  cube  or  3d  power  of  3a*. 

2.  Required  the  4th  power  of  2a*^. 

3.  Required  the  3d  power  of  —  4a*  d*. 

a*x 

4.  To  find  the  biquadrate  of—  — . 

5.  Required  the  5Ui  power  of  a— 2x. 

6.  To  find  the  6th  power  of  2a^. 

Sjb  Isaac  Newtok's  Rule  for  ramng-  a  Binomial  to  ani/ 

Power  whatever^, 

1.  To  find  the  term*  without  the  Co-efficienu.  The  index  of 
the  first,  or  leading  quantity,  begins  with  the  index  of  the 
given  power,  and  in  the  succeeduig  terms  decreases  conti- 
nually by  1,  in  every  term  to  the  last;  and  in  the  2d  or 
following  quantity,  the  indices  of  the  terras^  are  0,  1,  2,  3,  4, 
l(c,  increasing  always  by  1.  That  is,  the  first  term  will  con- 
tain only  the  1st  part  of  the  root  with  the  same  index,  or  of 


*  This  rule«  expressed  in  general  terms,  is  as  follows  ; 

«— I  n—ln— -2 

(a  +  x)n  as  0^4.11. aa-ia>fff.  — ~aB-»x*-|-n.  — .— an-'x'&c. 

2  2       3 

n— 1  n  — 1« — 2 

(a  —  «)n  as:  an—  «.«»-* X  +  n,  — — « oa-SjcS— n.— — .-^ — an-SyS  Jcc. 

2  2       3. 

Note.  The  sum  of  the  co-efficients,  in  every  power,  is  equal  to  the 
number  2,  when  raised  to  that  power.  Thus  1  -f- 1  «=  2  in  the  first 
powerjl  +  2  +  1^4— 2"  in  the  square  ;  1  +  3+3  +I«s8« 
23  in  the  cube,  or  third  power  ;  and  so  on. 

the 
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the  same  height  as  the  intended  power:  and  the  la»t  term  of 
the  series  will  contain  only  the  2d  part  of  the  given  root) 
-when  raised  also  to  the  same  height  of  the  intended  power : 
but  all  the  other  or  intermediate  terms  will  contain  the  pro- 
ducts of  some  powers  of  both  the  memt^rs  of  the  root*  in 
auch  sort,  that  the  powers  or  indices  of  the  1st  or  leading 
member  will  always  decrease  by  1,  while  those  of  the  3d 
member  always  increase  by  i . 

2.  To  find  the  Co'fffidenit,  The  first  co-efficient  is  always 
1,  and  the  second  is  the  same  as  the  index  of  the  intended 
power ;  to  find  the  3d  co-efficient,  multiply  that  of  the  2d 
term  by  the  index  of  the  leading  letter  in  the  same  term,  and 
divide  the  product  by  3 ;  and  so  on,  that  is,  multiply  the  co- 
efficient of  the  term  last  found  by  the  index  of  the  leading 
quantity  in  that  termi  and  divide  the  product  by  the  number 
of  terms  to  that  place,  and  it  will  give  the  co-eificient  of  the 
term  next  following ;  which  rule  will  find  all  the  co-efficients, 
one  after  another. 

Note.  The  whole  number  of  terms  will  be  I  mere  than  the 
index  of  the  given  power :  and  when  both  terms  of  the  root 
are  -}-,  all  the  terms  of  the  power  will  be  -f ;  but  if  the  se- 
cond term  be  — ,  all  the  odd  terms  will  be  +,  and  all  the 
even  terms  — >,  which  causes  the  terms  to  be  +  ^^^  "~~  alter- 
nately. Also  the  sum  of  the  two  indices,  in  each  teitn,  is 
always  the  same  number,  viz.  the  index  of  the  required 
power :  and  counting  from  the  middle  of  the  series,  both 
vays,  or  towards  the  right  and  left,  the  indices  of  the  two 
terms  are  the  same  figures  at  equal  distances,  but  mutually 
changed  places.  Moreover,  the  co-efficients  are  the  same 
Bumbers  at  equal  distances  from  the  middle  of  the  series, 
towards  the  right  and  left ;  so  by  whatever  numbers  the 
increase  to  the  middle,  by  the  same  in  the  reverse  order  they 
decrease  to  the  end. 

EXAMPLES. 

1.  Let  a  ^  J7  be  involved  to  the  5th  power. 
The  terms  without  the  co-efficients,  by  the  1st  rule, 
will  be 

and  the  co-efficients,  by  the  2d  rule,  will  be 
5X    4   10  X  3    lOX  2  5  X  1 
Ij  5j  ■,  ——— ,  — — ,  —  ; 

2  3  4  5 

or  1,5,    10,         10,  5,         1 ; 

Therefore  the  5th  power  altogether  is 
a»  -I-  5fl*x  +  lOa^x*  -I-  I0a«x3  +  Sax^  +  x*. 
'Vol..  I.  D  d  But, 


Btlt  it  is  b«&t  fo  set  down  berth  the  eo^ffictenis  tti^  the 
powers  of  ihe  letters  at  otiee,  in  one  iine^  withcrat  Uie  iRter<« 
Aiediate  lines  in  the  above  esiample)  as  in  the  example  hert^ 
below. 

2*  Let  a  —  ir  be  involved  to  the  6th  power. 
The  terms  with  the  co-efficients  will  be 

3  Required  the  4th  power  of  a-^x. 

Ans.  o*  —  4a*jr  +  6a* x*  — *  4ax^  -|-  jf*. 

And  thus  any  other  powers  nu^  be  set  down  at  oneOy  in 
the  saoae  nifknier ;  if  hicb  is  the  best  way. 


EVOLUTION. 

t^TOLUTiOH  il  the  reverse  of  Involution,  bebg^the  medioA 
of  finding  the  square  root)  cube  root,  &Cy  of  any  given 
quantity,  whether  simple  or  compound. 

CjMX  !•     ^o  Jind  the  Roof  tf  SiinfiU  Quantities, 

Extract  the  root  of  the  co-efficient,  for  the  numeral 
part ;  and  divide  the  index  of  the  letter  or  letters,  by  the 
index  of  the  power,  and  it  will  give  the  root  of  tlie  literal 
part;  then  annex  this  to  the  former,  for  the  whole  root 
sought*. 


*  Any  even  root  of  an  affirmative  quantity,  may  be  either  ^  •r  -^ : 
tfattt  tht  square  root  of  4"  o'  i>  either  +  a,  or  -«*  a ;  because  -fax 
^  a  «s  -(•  a^,  and  —  a  X— a«  +  aa  aUo. 

But  an  odd  root  of  any  quantity  will  have  the  same  sign  as  the 
quantity  itself ;  thus  the  cube  root  of  -f>  asis-f-a.  and  the  cube 
root  of  —  a*  is  —  a ;    for   +  o  x  +  «  X  +  <*  =  +  ^^»  ^'^d  —  a  X 

Any  even  root  of  a  negative  quantity  is  impossible ;  for  neither 
+  a  X  +  «»  nor  —  fl  X  —  a  can  produce  —  a*. 

Any  root  of  a  product,  is  equal  to  the  like  root  of  each  of  the  fiic- 
tors  multiplied  togetfier.  And  for  the  root  of  a  fraction,  tiice  the  root 
of  the  numerator,  aad  the  root  of  the  dehomiaator. 

BXAMFI.E6. 
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1.  'Hie  square  root  of  4a*,  is  3a. 

3.  The  cube  root  of  Ba^,  is  2a^  or.  2a. 

5a«A«  Sa^A*        Mk 

3.  The  square  root  of ,  or  </  ■■!  is  —  \^  5. 

9c-  9c*  3c 

4.  The  cube  root  of > -,  is  —  — —  v'  3a- 

27c^  3c 

5.  To  find  the  aquare  root  of  2a  «^*.  Ana  a**  v^  2. 

6.  To  find  the  cube  root  of —  64a3^«.  Ans.  —  4ad*. 

aa8d>  2 

7.  To  find  the  square  root  of  — .  Ans.  2ad  \^  — . 

3c »  3c 

S.  To  find  the  4th  root  of  8  ia«6«.  Ans.  3a5  ^  b. 

5,  To  fiadthe  5th  root  of  —  32a*d«.  Ans.  —  2a*  v'  6. 

CASE    II. 

Tojind  the  St/uare  Boot  of  a  Com/iound  Quantity. 

This  is  performed  like  as  in  numbers,  thus  : 
1.  Range  the  quantities  according  to  the   dimensions  of 
one  of  the  letters,  and  set  the  root  of  the  first  term  in  the 

quotient  .        r      j    ir.         l 

3.  Subtract  the  square  of  the  root,  thua  fouoot  mm  the 
jBrat  let m,  and  bring  down  the  next  two  terms  to  th^  re- 
fluinder  fi)r  a  dividend ;    and  take  doubly  the  «Mt  for-  a 

divisor.  ,.  .  . 

3.  DiTuLe  the  dividend  by  the  divuor,  ao4  aonex  the  »e- 
salt  both  to  the  quoiieot  and  to  the  divisor. 

4.  Multiply  the  divisor  thus  iocreaaed,  by  the  term  last 
.set  in  the  quotient,  md  subtract  the  produa  from  the 

dividend.  .  .       ^• 

And  ao  00,  aiws^s  the  same,  as  m  common  anthmeuic. 

BXAMPLES. 

1.  Extract  the  squareroot  of  a*  — 4a«5+^'**— *^**  +**• 


«.      miiP 


2a*-^2a*)  — 4a3A  +  6aH^ 
4aH  +  4a*  6* 


20*b*  -^40*2  -f  ^ 


3.  Tml 
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2.  Find  the  root  of  a*  +  4aH  +  I0c»*«  +  ISaA'  +  *♦. 

/.4 


4asd  +    4a^A* 


2a»  +  4aA  +  3*«  )  6a«d*  -f-  12a*a  +  *♦ 


3.  To  find  the  square  root  of  a^  +  4a^  +  6a^  +  4a  +  I. 

Ans.  ««  +2a  +  *• 

4.  Extract  the  square  root  of  a^  »-  2as  +  2a'  .^a  -^^l. 

Ans.  X*  —  X  +  ^ 

5.  It  is  required  to  find  the  square  root  of  a*  —  ab» 

b         b^         b^ 

Ans.  a —  —  —  —  —  kc. 

2        8a        16a^ 


CASE   lU. 

To  find  the  Roota  of  any  Povfcra  in  General, 

This  is  also  done  like  the  same  roots  in  numberS)  thus': 
Find  the  root  of  the  first  term,  and  set  it  in  the  quotient 
..Subtract  its  power  from  that  term,  and  bring  down  the 
second  term  for  a  dividend.— Involve  the  root,  last  found,  to 
the  next  lower  power,  and  multiply  it  by  the  index  of  the 
given  power,  for  a  divisor  ^Divide  the  dividend  by  the  di- 
visor, and  set  the  quotient  as  the  next  term  of  the  root.— 
Involve  now  the  whole  root  to  the  power  to  be  extracted  ; 
then  subtract  the  power  thus  arising  from  the  given  power, 
and  divide  the  first  term  of  the  remainder  by  the  divisor  first 
found ;  and  so  on  till  the  whole  is  finished*. 

EXAMPLES. 


*  As  this  method,  in  high  powers,  may  be  thought  tOQ  laborious,  it 
wtU  not  be  improper  to  observe,  that  the  roots  of  compound  quantiUes 
may  sometimes  be  easily  discovered,  thus  : 

Extract  the  roots  of  some  of  the  most  simple  terms,  and  connect 
them  togethei  by  the  sigri  -f.  or  — ,  as  may  be  judged  most  suitable 
far  the  purpose  —Involve  the  compound  root,  thus  round,  to  the  pro- 
per power  ;  then,  if  thin  be  the  same  with  the  given  quantity,  it  is  the 
root  rtquired.— But  if  it  be  found  to  difibr  only  in  some  of  the  signs, 
change  hem  from  +  to  **>  or  from  —  to  H*i  till  its  power  agrees 
firith  th^  given  one  throughout. 

Thus 
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BXAMPLS8. 


1.  To  find  the  squareroot  of  a*  —  2fl**4-  3aa^«  •«.  2a6^  +34 


2a*  )  —  2a3^ 


«♦ 3fl5^  4.  a* A*  =  (a»  —  fld)» 

2a«  )  2a»A' 


2/  Find  the  cube  root  of  a*  —  6a'  +  2ia^  — 44a^  +  53^2 
—  54a  +  27. 

tf*  — 6a«  +21a*— .44a»4-63a»  — 54a+27(a»— 2a  +  3. 
a* 


3a^  )  —  6fl« 


«•— 6a*  +  12a*— 8a3=j(a«  — 2a): 


3a^  )  +  I2a* 


tf  •  — 6x«  +2la*— 44a3  +  63a«— 54a  +  27=  (a*— 2a-.3)». 

3.  To  find  the   square  root  of  a*  —  2a6  +  2ajr  +  A*  — 
3*jc  +  X*.  Ana.  a  —  b  +  x, 

4.  Find  the  cube  root  of  a^-^Sa*  +  9a*—  i3a3  +  I8a«  — 
12a  +  8.  Ans  a»  —  a  +  2. 

5.  Find  the  4th  root  of  81a*  —  216a»A  +  2\6a^b^  —  96ab^ 
+  16^*  Ans.  3a — 26. 

6-  Find  the  5th  root  of  «*  —  10a*  +  40a»  —  80a»  +   80a 
..^  32.  Ans.  a  —  2. 

T.  Required  the  square  root  of  1  —  x^. 

8.  Required  the  cube  root  of  1  — .^3. 


Thus,  in  the  5th  example,  the  root  3a  *^  2b,  is  the  difTerence  of 
the  roots  of  the  first  and  last  terms  ;  an4  in  the  third  example^,  the 
loot  a—  6  -f-  J^»  is  the  sum  of  the  roots  of  the  Ist,  4tb,  and  6th  terms. 
The  same  may  also  be  observed  of  the  6th  example^  where  the  root  is 
ftund  from  the  first  and  last  terms. 

SURDS. 
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SURDS. 


SunDs  are  such  quantities  as  have  not  exact  values  in  oum- 
bei*s  ;  and  are  usually  expressed  by  fraciionai  indiceS}  or  by 

means  of  the  radical  sign  v^.    Thus^  3',  or  ^  3,  denotes  the 

square  root  of  3  ;  and  2^  or  v^2^9  or  v^4,  the  cube  root  of 
the  squaie  of  3  ;  where  the  numerator  shows  the  power  to 
vhich  the  quantity  is  to  be  raised,  and  the  denominator  its  root. 

PROBLEM  I. 

To  Reduce  a  Rational  Quantity* to  the  JPorm qf  a  Surd. 

Raise  the  given  quantity  to  the  power  denoted  by  the 
index  ot  the  surd ;  then  over  or  before  this  new  quanlitf  set 
the  radical  sign,  and  it  will  be  of  the  form  refined. 

EXAMPLES. 

1.  To  reduce  4  to  the  form  of  the  square  root. 
First,  4^^4x4=16;  then  V  16  is  the  aassrer. 

2«  To  reduce  3a'  to  the  form  of  the  cube  root. 
First,  3a«  X  3a«  X  Sa*  =(3a*)»  =  27a«  ; 

then  V  27a*  or  (27a*)*  is  the  answer. 

3.  Reduce  6  to  the  form  of  the  cube  root. 

Ans.  (2l6)'or  ^216. 

4.  Reduce  \ad  to  the  form  of  the  square  root. 

Ans.  ^  5a*d». 

5.  Reduce  2  to  the  form  of  the  4th  root.  Ans.  (16)«. 

6.  Reduce  a^  to  the  form  of  the  Sth  root. 

7»  Reduce  a  +  x  to  the  form  of  the  square  root. 
S.  Reduce  a  —  j?  to  the  form  of  the  cube  root. 

PEOBLEM  IX. 

To  Reduce  Quantities  to  a  Common  Index, 

1.  Reduce  the  indices  of  the  given  quantities  to  a  common 
denominator,  and  involve  each  -of  them  to  the  power  denoted 
by  its  numei  ator ;  then  1  set  oyer  the  common  denominator 
will  form  the  common  Index.    Or, 

2.  If 
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2.  If  t1i«  common  index  be  gWen,  diride  the  indices  of  the 
quantities  by  the  given  index,  and  the  quotients  will  be  the 
Dew  indices  for  those  (juuntities.  Then  over  the  said  quan- 
tities, with  their  new  indices,  set  the  given  index,  and  they 
will  make  the  equivalent  quantities  sought. 


XXAMPLJBS. 
I.  1 

1.  Reduce  3*  and  s"**  to  a  common  index. 
Here  |  and  |  ±i  tV  ^^^  ts- 

Ttorefore  3^1^  and  5 »^s=:(3*)Tv  and  (3«)^'^=v3»  and^^^ 

10  10 

=V243and  ^25. 

9.  Reduce  n*  nM  ^'  to  the  same  common  indeyt  ^• 
Here,  |*i*  |  »|  x  |  =  ?  the  1st  index, 
dud  I  -S-  1  =»i  X  f  =  I  the  2d  index. 

Therefore  (a^y  and  (*^)  ,  or  V  «•  and  ^  *Y  are  the  quan- 
tities. 

3.  Reduce  4>aiid5'  to  the  common  index  |. 

Ans.  256^)^  and  25*. 
-i     4.  Reduce  a^  and  x^  to  the  common  index  ^. 

Ans.  (a^)f  and  (x*)*", 

5.  Reduce  m^  and  x^  to  the  same  radical  sign. 

Ans.  v'a*  and  \/x«, 

6.  Reduce  (a  +  x)i  and  (a  —  x)^  to  a  common  index. 

7.  Reduce  (o  4.  by  and  (a  --  d)^  to  a  common  index. 

F&OBLEM  IIX. 

To  Reduce  Surds  to  more  Simfile  Terma. 
Pti^1b<mt  the  greatest  power  contained  in,  or  to  divide  the 
given  surd ;  take  its  root,  and  set  it  before  the  quotient  or  the 
remaining  quantities,with  the  proper  radical  sign  between  them 

EXAMPLES. 

1.  To  reduce  %/  32  to  simpler  terms. 

Hcrev'32  =  v'  '^  X  2=  /  16  x  |/2==ix  1/  2  =s:4v/2. 
9.  To  reduce  v'  320  to  simpler  terms. 

V^320=t=  ^64X5===  v64X  V'5=:4X  v^5  =»  4^5. 
-  A>OiA^^^^  ^        3.  Reduce 


M^^ 
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3.  Reduce  ^7S  to  its  simplest  terms.  An$.  5  v  3 

4.  Reduce  ^^  ^  to  simpler  terms.  Ans.  f^  v"  33. 

5.  Reduce  v'  189  to  its  simplest  terms.  Ans..  ^i^. 
-  V-  6.  Reduce  v' ^V  to  its  simplest  terms.  Ans.  Jy^lO. 

7.  Reduce  v^75a*A  to  its  simplest  terms.         Ans.  5a^  3*. 

M)te,  There  are  other  cases  of  reducing  alg<*braic  surds 
to  simpler  forms,  that  are  practised  on  several  occasions  ;  one 
instance  of  which,  on  account  of  its  simplicity  and  usefulness, 
may  be  here  noticed,  viz.  in  fractional  forms  having  com- 
pound surds  in  the  denominator,  multiply  both  numerator  and 
denominator  by  the  same  terms  of  the  denominator*,  but  hav- 
ing one  sign  changed,  from  +  to  —  or  from  —  to  +,  which 
will  reduce  the  fraction  to  a  rational  denominator. 

V/Stt+via                          \/S+\/3 
Ex.  To  reduce ,  multiply  it  by ,  an4 

16  +  3\/15                                        3.^/15  — 4^/6 
it  becomes— — ' =8+\/l5.  Also, if- ■ ; 

S/lS-^X/S  65-^7%/ 75 

multiply  it  by ' ^  and  it  becomes  — — —  c= 

V>5— v5  15  —  5 

65  —  35  V  3    13  —  TV'S 
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PROBLBH   IV. 

To  add  Surd  Quantitiea  together. 

\,  Bring  all  fractions  to  a  common  denominator,  and  reduce 
the  quantities  to  their  simplest  terms,  as  in  the  last  problem. 
— 2.  Reduce  also  such  quantities  as  have  unlike  indices  to 
other  equivalent  ones  having  a  common  index.— .-3  Then,  if 
tlie^surd  part  be  the  same  in  them  all,  annex  it  to  the  sum  of 
the  rational  parts,  with  the  sign  of  multiplication,  and  it  will 
give  the  total  sum  required. 

But  if  the  surd  part  be  not  the  same  in  all  the  quantities, 
they  can  only  be  added  by  the  signs  +  and  — . 

EXAMPLES.  . 

1.  Required  to  add  \/  18  and  v^  33  together. 

FirstVlS  =r  ^9  X  2  s=  3^2; and  V  32  =  V*6XS  =4^/2  : 
Then,  3^2+4^2  =  (3+4)  v/2  =  7v2  ==  sum  required. 

2.  It  is  required  to  add  ^  375,  and  v'  1^2  together. 
First,  ^375=^125X3=5^  3; and  ^192  =  ^64x3=4^3 
Then,  5^3  +4^3  =  (5  +  4)  ^3  =  ^^o  OS  sum  required: 

3.  Required. 
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3.  Required  the  sum  of  y  37  and  y"  48.  Ans.  7\/S. 

4.  Required  the  sum  of  y/  50  and  v  ''2.        Ans.  11^2. 

5.  Required  the  sum  of  V  |  and  y"  tt- 

AnS;4VTVor-T*jVl5. 

6.  Required  the  sum  of  y^ 56  and  ^"189.  Ans.  5^r. 

7.  Required  the  sum  of  ^J  and  ^^.  Ans.  |  ^2. 
B.  Required  the  sum  of  5  y  a^b  and  5  V  i^^^^- 

PROBLEM   V. 

Tb  find  the  Difference  ^f  Surd  Quantitiea. 

Pbeparb  the  quantities  the  same  way  as  in  the  last  rule  ; 
then  subtract  the  rational  parts,  and  to  the  remainder  annex 
th«  common  sui*d)  for.  the  difference  of  the  surds  required. 

But  if  the  quantities  have  no  common  surd^  they  can  only 
be  subtracted  by  means  of  the  si^  -^  . 

XX^MPLKS. 

f 

i.  To  find  the  difference  between  V  ^^^  and  \/  80. 


First,  V320=V64X5=8  V5;and\/80=V  16X  5  =  4v'5. 
Then  8  y/  5  —  4^5  =  4^5  the  difference  sought 

3.  To  find  the  difference  between  y^  138  and  ^54. 

First,  v'  i28  =  3^  64'x2^4v^2;and  ^54=^^27  x 2=3^3. 

Then  4-^2  —  3  y^  2  =5  y^  2,  the  difference  required. 

3.  Requiii^  the  difference  of  V  ^^  *"^  V^  *®-     Ans.  y  ^. 

4.  Required  the  difference  of  4^256  and  4^32.  Ans.  2-^4. 

5.  Reqidred  the  differeRce  of  v  |  <^^  V  |«         Ans.  |^  6. 

6.  Required  the  difference  of  J'f  and  3<  V*      Ans,  /j^75, 

7.  Find  the  difference  of  v^4«*d*  and  v^54a^«. 

Ans.  (a— 26)  y/  (3d»— 2a6)  y'  6a. 

PROBLEM  VI. 

To  MuiUfily  Surd  QuantitieM  together, 

RBi>t7€E  the  surds  to  the  same  index,  if  necessary ;  next 
multiply  the  rational  quantities  together,  and  the  surds  toge- 
ther ;  then  annex  the  one  product  to  the  other  for  the  whole 
product  required ;  which  may  be  reduced  to  more  simple 
terms  if  necessary. 

Vol.  I.  £  e  examples. 
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EXAMPLES. 

1.  Required  to  find  the  product  of  4  \/  12  and  3  V  2. 

Here,  4X3  X  V  ^^  X  V 2=  12^12x2  =  12^24=  12^4X6 

=  12  X  3  X  \/  6  =  24  V  6,  the  product  required. 

2.  Required  to  multiply  i  J  |  by  ^5^|. 

Here  i  X  i^^l  X  M=T'*X5'A  =  if»x2^JI=TaXix5^18  = 
Jg.5^18,  the  product  required. 

3.  Required  the  product  of  3  v^  2  and  2  \/  8-         Ans.  24. 

4.  Required  the  product  of  13^*  «"*<*  I  v'  12.  Ana,  i^6. 
5:  To  find  the  product  of  fV  I  ^^  "njV  f       Ans,  j^i  5. 

6.  Required  the  product  of  2^14  and  35^4.      Ans.  123.r. 

7.  Required  the  product  of  2fl^  and  a^.  Ans.  2a». 

8.  Required  the  product  of  (a  +  6)^  and  (a  +  By, 

9.  Required  the  product  of  2a:+x^b  and  2a:  —v^  6. 

10.  Required  the  product  of  (a +  2^  A)*,  and  (a— 2  |/  *)» . 

11.  Re<juired  the  product  of  2xn  and  3x^» 

12.  Required  the  product  of  4xmand  ^"* 


PROBLEM  VII. 

To  Divide  one  Surd  Quantity  by  another. 

REnucB  the  surds  to  the  same  iadex,  if  necessary;  then 
take  the  quotient  of  the  rational  quantities^  and  annex  it  to 
the  quotient  of  the  su^ods,  and  it  will  give  the  whole  quotient 
required  ;  which  may  be  reduced  to  more  simple  terms  if 
requisite. 


EXAMPLES. 

1.  Required  to  divide  6  v^  96  by  3-/ 8. 

Here  6  -=-  3 .  ^(96  -f-  8)  =  2v'12  =  2  v'(4  X  3)  =  2  X  2v^3- 
=  4  \/  3,  the  quotient  required. 

2.  Required  to  divide  123^280  by  Z^S. 

Here  13  ^  3  =  4,  and  289  ^  5  =  56  =  8  X  7  =:?  2^  .  7  ; 

Therefore  4X2  X  5^7  =  8^7,  is  the  quotient  required. 

3.  Let 


i 


3.  Let4  V  ^0  ^  dinded  b^  2  ^  5.  Ans.  2  y/ 10. 

4.  Let  6  ^'  100  be  divided  by  3^5.  Ans.  2  ^  30. 

5.  Let  -{•  v^  ^  be  divided  by  |  y'  |,  Ans.  7^  V  *• 

6.  Let  J^  ^  be  divided  by  \  ^  |.  Ans.  -f^  ^  30. 

7.  Let  I  V>9  or  l^'»  be  divided  by  |«  5",  Ana.  fa^. 

8.  Let  «^  be  divided  by  o7. 
«.  To  divide  3a  «  by  4a"* 


PEOBLEM  VIII» 


71)  Irrvohe  or  RaiMe  Surd  QnantiHa  to  any  Power. 


Raise  both  the  rational  part  and  the  surd  part.  Or  mul- 
tiply the  index  of  the  quantity  by  the  index  of  the  power  to 
-which  it  is  to  be  raised,  and  to  the  result  annex  the  power 
«f  the  rational  parts,  which  will  give  the  power  required. 


EXAMPLE!}, 


1 .  Required  to  find  the  square  of  ^a^. 

First.  (|)»  =  i  X|= -fr,and(fl*)«=ai^^  =  a^  =  i». 
Therefore  (Ja')*  =■  ^V*» "  ^^^  square  required. 

2.  Required  to  find  the  square  of  ^o'. 
First,  f  X  f  =  i,  and  (Jy  =r  J^^a^a-, 
Therefore  (^a*)*  =  JaJ^ais  the  square  required. 

3.  Required  to  find  the  cube  of  |  •  6  or  |  x  6*. 

First,  (1)5  =  I  X  f  X  I  =  ,V  *n^  («*V  =  6»  =  6^6. 
Thercf.  (f  V  6)*  =  ,»^  x  6  V  6  =  y  y'  6,  the  cube  required. 

4.  Required  the  square  of  2^3.  Ans.  4*^4. 

5.  Required  the  cube  of  3*,  or  \/3.  Ans.  3^/3. 
B»  Required  the  3d  power  of  ^  ^  3.  Ans.  ^\/  3. 
7.  Required  to  find  the  4th  power  of  J  V  2-  Ans.  ^. 

8.  Required 
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8.  Required  to  find  the  mth  power  of  a» 

9.  Required  to  find  the  square  of  2  +  -/  3. 


P&OBLEM  iz. 


To  Evolve  or  Extract  the  Root9  of  Surd  Quantitie^K 

ExTEACT  both  the  rational  part  and  the  surd  part.  Or 
divide  the  index  of  the  given  quantity  by  the  index  of  the 
root  to  be  extracted ;  then  to  the  result  annex  the  root  of 
the  rational  part,  which  will  give  the  root  required. 


EXAMPLES. 

1.  Required  to  find  the  square  root  of  16  v^  6.  • 
First,  V  1«  =  *>  ««d  (6«) a  =  «*  "^  ^  sb  6^; 
theref.  (16  ^  6)*  =4.6*  =ae  4^6,  is  the  sq.  root  required, 

3.  Required  to  find  the  cube  root  of  ^\  ^  3. 

First,  ^  ,V  =  f  an^  (V  3)*  ==  3*  "^  ^  =  3^; 

theref.  (j^  y/  3)  3=  | .  3»  =  | «^3,  i§  the  cube  root  required. 

3.  Required  the  square  root  of  6*.  Ans.  6  V  6- 

4.  Required  the  cube  root  of  \a>b*  Ans*  i<i^6. 

5.  Required  the  4th  root  of  1 6a*.  Ans,  3-v^«. 

6.  Required  to  find  the  mth  root  of  x**. 

7.  Required  the  square  ixx>t  of  a*  «».  68  v^  ^  -f  9^. 


*  The  square  root  of  a  binomial  or  remdaa)  surd^ «  -|-  ^«  or  a— ^ 
may  befound  thus :  Take  v'  a^  ^  ^s  ,-  ^ ^. 

—  a+  c  fl— -c 

then  ^  a  +  ^aa  ^  —  +  ^  — ^; 

2  2 

-^—  a'^'^c         a  — c 

»nd  ^  a  —  6  as  yf  — —  —  ^  «_— . 

3  2 

Thus,  the  square  root  of4  +  3v'3cal4.^3. 
and  the  square  root  of6— *^  5=  v''^*— 1 
But  for  the  cube,  or  any  higher  root,  do  general  rule  is  knowu- 

INFINITE 
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INHNITE  SERIES. 

Ak  Infinite  Series  is  formed  either  from  division,  dividing 
by  a  compound  divisor,  or  by  extracting  the  root  of  a  com- 
pound surd  quantity  ;  and  is  such  as,  being  continued,  would 
run  on  infinitely,  in  the  manner  of  a  continued  decimal  frac- 
tion. 

But,  by  obtaining  a  few  of  the  first  terms,  the  law  of  the 
progression  will  be  manifest ;  so  that  the  series  may  thence  be 
continued,  without  actually  performing  the  whole  operation. 

PROBLEM  I. 

To  Reduce  Fractional  Quanlitiea  into  Injimte  Seriea  by  Divinon. 

DrviDB  the  numerator  by  the  denominator,  as  in  common 
divi^on ;  then  the  operation,  continued  as  far  as  may  be 
thought  necessary,  will  g^ve  the  infinite  series  required. 

BXAMPLSa. 


a  +  b 

2b*      2A» 

a  +  b)2ab..{2b + 

a         ft' 
2ab  +23* 

25* 
h  &c. 

—  24« 

2A« 

_23" 

a 

23* 

a 

36*       25* 

a          a« 

25* 
25* 

35< 

0^ 

a» 

as 

• 

S5« 
-~,fcc; 

2«  Let 
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3.  Let be  changed  into  an  infinite  seriea. 

I  —  a 

1  —  fl)  I (1  +a  +a«+a»+a*+&<^ 


a 

a 


c* 


a" —a* 

««— a* 

a* 
b 
o.  Expand  .  into  an  infinite  series. 

a  +  c 

b  c        c^       c^ 

Ans.  —  X  (1 +  —  — h&c.) 

a  a        a^       a^ 

a 

4.  Expand  »  into  an  infinite  series. 

a  —  3 

b  b*  b^ 
Ans.  1  -J + 1 +&C. 

a  a*  a* 
1  —  X 

5.  Expand into  an  infinite  series. 

1  +x 

Ans.  1  —  2x  +  2x>  —  2x»  +2jr*j  8cc. 
a» 

6.  Expand into  an  infinite  series. 

2ft        3A2        4ft» 

Ans.  1 1 ,  8cC 

a  a*  a3 

1 

7.  Expand  '■  =  J,  into  an  infinite  series. 

1  +  1 

PROBLEM  II. 

To  Reduce  a  Cotn/iound  Surd  into  an  Ir\fifdte  Series. 

Extract  the  root  as  in  common  arithmetic  ;  then  the 
operation^  continued  as  far  as  may  be  thought  necessary,  will 
P^ve  the  series  required.  But  this  method  is  chiefly  of  use 
m  extracting  the  square  root)  the  operation  being  too  tedious 
for  the  higher  powers.  ^ixamfle). 
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EXAHPLKS. 

1.  Extract  the  root  of  a*  —  x*  in  an  infinite  series. 

X*       x^         X*  5x' 

3a      8as        16a'       ISSa? 


a* 

. 

x« 

3a )  — ^* 

3a 

a'^r 

^x^+ . 

4a» 

x»        JF*        or* 

» 

2&  —  -» )—  — -p- 

a        8a  3       4as 

X 

a?* 

x^        ar3 

., 

+  ~+ 

4a« 

Sa'*      64a« 

JF«         a:* 

x«         x" 

fTa &c.)  - 

^ 

a        4a3 

8c*       64a6 

x«         x8 

+  — .&C. 

- 

8a*       16a« 

5x8 

—  —  &c. 

64a« 

3.  Expand  v/  1   +   1=^3,  into  an  infinite  series. 

Ans.  l  +  i-|+TV-i5^&c, 

3.  Expand  \/  i  -,.    i  into  an  infinite  series. 

Ans.  1  -  A  _  ^  _  ^^  _  ^j^  &c. 

4.  Expand  V  a*  +  x  into  an  infinite  series. 

5.  Expand  y  a«— 3dx— x*  to  an  infinite  series. 

PROBLEM   III. 

To  Extract  any  Root  of  a  Binomial :  or  to  Reduce  a  Binomial 

Surd  into  an  Infinite  Series* 
This  Mdll  be  done  by  substituting  the  particular  letters  of 
the  biDoiDialy  with  their  proper  signs,  in  the  following  general 
theorem  or  fornoula,  viz. 

^        J2.*»            m  —  n            m  —  3n 
(F+Pa)''==F  "H Ad-i BQ+ CQ+  &C. 
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and  it  will  fjivc  the  root  required  :    observing  that  p  denotes 

the  first  term,  q  the  second  term  divided  by  the  first,  "^  the 
index  of  the  power  or  root ;  and  a,  a,  e,  d,  &c,  d«oote  the 
several  foregoing  terms  with  their  proper  signs. 


KXAMPLES. 

1.  To  extract  the  sq.  root  of  a«  +  *« ,  in  an  infinite  aeries. 

A*  m         I 

|Here  p  =  ««,  q  =  — y  and  —  =  — :  therefore 

a*  n         2 

P  V  =  (a')v  =  («")  '  =5=  «  =  A,  the  Ut  term  of  the  series. 
m  b^       b^ 

- —  Aq  3=  1^  X  a  X  —  =  —  =  B,  the  3d  term 
«  a*       2a 

7/t-.n  i_2       b^       b^  b^ 

•  BQ  X  X  —  X  —  a: =*  c,  the  3d  term 

2/1  4  2a       a*  2.4a« 

TO-.2»  1^4  b^         b*  Sb* 

cq  = X X  —  = =  D  the  4th. 

3»  6  2.4a»      o*       2.4.6fl» 

6*  b^  3.A« 

Hence  a+ -f. &c.  or 

2a        2.4a^       2A.6a' 
b^  b*  b*  Sb* 

^  -i +  —  —  _^Mi^  &c,is  the  series  required. 

2a        8a3         I6««  128a7 

1 

2.  To  find  the  value  of  — ,  or  itsequal  (a— x)~»;in  an 

(a— x)* 
infinite  series*. 


*J\^ot€.    To   fiTcilitiite  the  application  of  the  rule  to  fractional  ex- 
anplej),  it  is  proper  to  observe,  tJiat  any  surd  may  be  uken  from  the 
denominator  of  a  fi*action  and  placed  in  tlie  immeratoryand  wee  versa^ 
by  only  changing  the  sign  of  iU  index.    Thus, 
1  1 

—  « 1  X  a:'a  or  only  jf''2  ;  and =  1  x  (a  +  *)"»  or 

**  (a  +  6)i  ^ 

(rt  +by^  ;  and =r«2  ^a  +  je)-2  ;  andi.  =  x*X^;  also 

— r;x«(««  +  ^»>x(a5^«')»;  &c. 

Here 
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'—X  m      —2 

Here  V  ==ii,q=  —  =  —  a-'orjafid  — =£-— =3  —2;  theref. 

a  n        i 

y  ^  — r  (fl)"«=a  a"»= —  =  A,  the  1st  term  of  the  series. 

a* 
fit                         I        •-  cr       3x 
j^q=^2  X X =  — =  2a"'3a?  =-  B,  the  2d  term. 

n  a*        a  a^ 

BQ=  -^X— X = =  3a-*x«=c,  the  3d, 

^— 2»  3x«     —X      4x» 

cq  =3:— |X X * =  4a"'»x»  =  D. 

3«                             «*         «  ^* 
'   Hence  a"'  +  2a"*x  +  3a'"*x«  +  4a'"»ar3  +  kc,  or 
1        2x       3j?»       4jp»      5x* 
+ J.  ..^  4 1.  — —  &c,  k  the  aeries  required. 

tf»      a*         a^         a*        fl*  ' 

3.  To  find  the  value  of  -— ,  .in  an  iafinite  series.    ^ 

;p*       Jp3        X* 

Ans.  a  +  jc+~H f-—  Su:. 

*.  To  expand  V  ^^^  '>'•  ^^^^ '°  "^  f  "«5. 

1         x«         3j?*         5x* 

5.  To  expand  _^ in  an  infinite  scries. 

3d      3A»      4AS        56* 

Ans.l  + h  —  + +^— Jcc. 

a        fts         o^        a* 

j6.  To  expand  ya^^x"  or  (a«— a;»)  ^  in  a  series. 

..    OP*         ;i:*  j:*  5Jt?« 

Ans.  a  —  —  —  — *-  —  "        —  — — — &c. 
2a       JBa9        16a«        128a7 

r.  Fiiidthetdoeof  t^(a9-6a)or(a3-Af)»  inaseriw. 

Ans.  a — ^^' 

3a»        9a«        8la» 

■    i 

6.  To  find  the  value  of  {.(a»  +x')  or  (a*  +  jp«)'  mascries. 

Ans.a  +  —  -^5^  +  j5^,&c. 

Vol..  I  Fi  9.  To 
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«*— *• 
d.  To  find  the  square  root  of in  an  infinite  serl^. 

b         x«         x» 
Ans.  1  -I-  —  + —  -—  8cc; 

a« 

10.  Find  the  cube  root  of ,  in  a  series. 

a»+A* 

b^        3d*       UA» 

Ajis.  I + j^9. 

3a»        9a«      «la» 


ARITHMETICAL  PROPORTION. 

ARITHMETICAL  PROPORTION  is  the  relation  between  two 
numbers  with  respect  to  their  difference. 

Four  quantifies  are  in  Arithmetical  Proportion,  when  the 
difference  between  the  first  and  second  is  equal  to  the  dif- 
ference between  the  third  and  fourth..  Thus,  4,  6,  7,  9,  and 
a^a  +  djb^b  X  d^  are  in  arithmetical  proportion. 

Arithmetical  Progpression  is  when  a  series  of  quantities 
have  all  the  same  common  difference,  or  when  they  either 
increase  or  decrease  by  the  same  common  difference  Thus* 
2,  4|  6, 8, 10, 13,  &c,  are  in  arithmetical  progression,  having 
the  common  difference  3  ;  and  a,  a  •(-<;,  a  +  2^/,  a  +  3^, 
a  +  Ad^a  +  sd^  &c,  are  series  in  arithmetical  progression! 
the  common  difference  being  d. 

The  most  useful  part  of  arithmetical  proportion  is  contained 
in  the  following  theorems : 

1.  When  four  quantities  are  in  Arithmetical  Proportioui 
the  sum  of  the  two  extremes  is  equal  to  the  sum  of  the  two 
means.  Thus,  in  the  arithmetical  4,  6,  7,  9,  the  sum  4  + 
9  =.  6  +  7  SB  13  :  and  in  the arithmeticals  aya+  d^  b^b+dj 
the  sum  a  +  b  '\-  d  =  a  +  b  +d, 

"3.  In  any  continued  arithmetical  progression,  the  sum  of 
the  two  extremes  is  equal  to  the  sum  of  any  two  terms  at  an 
^qual  distance  from  them^ 

Thu», 
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Thu8»  if  the  series  be  1,  S^S,  7,  9, 11,  &c. 
Then  i  +  W  ^  3  +  9  ^  5 +r  s=:  12. 

3.  The  last  term  of  aoy  increasing  arithmetical  seriesi  is 
equal  to  the  first  term  increased  by  the  product  of  the  com- 
mon difference  multiplied  by  the  number  of  terms  less  one  ; 
but  in  a  decreasing  series,  the  last  term  is  equal  to  the  fintf 
t^rm  lessened  by  the  said  product 

Thus,  the  20th  term  of  the  series  ly  3, 5,  7,  9,  &c>  is  ^=: 
I   +  3  (30—  1)  =  1  +  2  X  19  =  1  +  38  =  39. 

And  the  nth  term  of  a,  a— d,  a-- 3(/,  a^Zd,  a— 4(/y  8cc,  is 
-s  a  —  (n  — .  1)  X  rf  =•  a  —  (n  —  \)d. 

4.  The  sum  of  all  the  terms  in  any  series  in  arithmetical 
progression,  is  equal  to  half  the  sum  of  the  two  extremes 
multiplied  by  the  number  of  terms. 

Thus,  the  sum  of  1,  3,5,7,9,  Sec,  continued  to  the  lOtb 
(I  +  19)  X  10        30  X  10 
t€rm,  is  =  — — —  =s  ■  cs  10  x  10  sa  lOO. 

2  3 

And  the  sum  of  n  terms  of  a,  a  -|-  </,  a  +  2(f,  a  +  3^;  ^o 

n 
a  -f.  mdy  is  =  (a  +  c  -f  miQ .  —  s  (a  +  J  md)  n: 

2 


BXAimXS  FOR  PRACTiCX. 

1.  The  first  term  of  an  increasing  arithmetical  series  is  I, 
the  common  difference  3,  and  the  number  of  ternvi  21;  re- 
quired the  sum  of  the  series  ? 

First,  1  +2X30  ^  1  +  40  s- 41,  is  the  last  term. 

1  +  41 

Then x  30  e=  JJ I  X  30  ^  430,  the  suxn  required. 

3 

3.  Thefirstterm  of  a  decreasing  arithmetical  series  is  199, 
the  common  difference  3,  and  the  number  of  terms  67 ;  re- 
quired the  sum  of  the  series  ? 

First,  199—3  .  66  =  199—198  s  1>  is  the  last  term. 

199  +  1 

Then  — x  67  =  lOQ  x  67  =  6700,  the  sum  re- 

2 
quired. 

S.  To  find  the  sum  of  100  terms  of  the  natural  numbers 
Vj.2,  3,  4,  5,  6,  85c.  Ans.  5050. 

4>  Required 


^t  ALGZSRA. 

4.  *Required  the  sum  of  99  terms  oi  tiie  odd  nmnbers 

1,3,5,  r;  9,  &c.  Ans.9811. 

3*.  The  first  term  of  a  decreasing  arithmetical  series  is  iO, 
the  common  difierence  |,  and  the  number  of  terms  31 ; 
required  the  sum  of  the  series  ?  Ans.  140. 

6.  One  hundred  stones  being  placed  on  the  ground,  In  a 
straight  line,  at  the  distance  of  2  yards  from  each  other  ;  how 
far  will  a  person  travel,  who  shall  bring  them  one  by  one  to 
a  basket,  whicfai»  placed  2  yards  from  the  first  stone  ? 

Ans.  1 1  milea  and  940  yards. 


APPLICATION  OF  ARITHMETICAL  PROGRESSIOK- 

xo  MILITARY  AFFAIRS. 


qUBSTION  S. 


A  Triangular  Battalion,t   consisting  of  thirty  ranks, 
ift  which  the  first  rank  is  formed  of  one    man  only,  the- 

second 


*  The  Bum  of  any  number  (n)'^f  terms  of  the  arithmetical  series  of 
odd  number  1,  3, 5, 7, 9,  &c,  is  equal  to  the  square  (»«)  of  that  num- 
ber.   That  is, 

If  1,  3,    5,    7,   9,    &c,  be  the  numbers,  tlwn  will 
12, 3a.  32,  4a,  52,  &c,  be  the  sums  of  1,2,  3,  &c,  terms. 

ThuB,e  4*  1  «     1  or  1«,  thesum of  1  term, 
^  +   3  =      4  or  2«,  the  sum  of  2  terms, 
4  -I-  5  =s      9  or  3«,  thesum  of  3  terms, 
9  +  7  =»    16  or  43 ,  thesum  of  4  term«,  &c. 
For, by  the  3d  theovema  +  2  («  —  1)  =  1  +2«  —  2«2«— 1  is  th»> 
last  term,  when  the  number  of  terma  is  n ;  to  this  last  term  2ii  --  1, 
add  the  first  term  1,  gives  2»  the  sum  of  the  extremes,  or  n  half  the 
sum  of  ttie  extremes  ?  then,  by  the  4th  theorem,  nXn  — ««  is  the  sum 
of  all  the  terms.     Hence  it  appears  in  general,  that  half  the  sum 
l^u  ^^^^^>  "  always  the  same  as  the  number  of  the  terms  w  ; 
and  that  the  sum  of  all  the  terms,is  the  same  as  the  square  of  tlie  same 
number,  n<. 

Sec  more  on  Arithmetical  Proportion  in  the  Arithmetic,  p.  111. 

^ JS  ^'*nplw  battalion,  is  to  be  understood,  a  body  of  troops^ 
'tinged  in  the  form  of  a  triangle,  in  which  the  ranks  exceed  each 

other 
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I 

sbcond  of  3,  the  third  of  5  ;  and  so  cm  :  What  is  the  strength 
of  such  a  triangular  battalion  ?  Answer)  900  men. 


QUESTION    II,. 

r 

A  detachment  having  12  successive  days  to  march,  with 
orders  to  advance  the  first  day  only  2  leagues,  the  second  3j, 
and  so  on,  hicreasing  1^  league  each  day's  march:  What  is 
the  length  of  the  whole  march,  and  what  is  the  last  day'A 
march? 

Answer,  the  last  day's  march  is  18^  leagues,  and  133 
leagues  is  the  length  of  the  whole  march. 


qUESTION   III. 


A  brigade  of  sappers,*  having  carried  on  1 5  yards  of  sap 
the  first  night,  the  second  only  1 3  yards,  and  so  on,  decreasing 
3  yards  every  night,  till  at  last  they  carried  on  in  one  night 
only  3  yards  :  What  is  the  number  of  nights  they  were  em- 
ployed ;  and  what  is  the  whole  length  of  the  sap  ? 

Answer,  they  were  employed  7  nights,  and  the  length  of 
the  whole  sap  was  63  yards. 


itaiMrfi 


oiher  by  tn  equal  number  of  men  :  if  the  first  rank  consist  of  one 
man  only,  and  the  difference  between  the  ranks  be  also  1,  then  its  form 
is  that  of  an  equilateral  trtanj^le  ;  and  when  the  difference  between  the 
ranks  is  morethan  l,its  form  may  then  be  an  isosceles  or  scalene  trianf^le. 
The  practice  of  forming  troops  in  this  order,  which  is  now  laid  aside. 
WIS  formerly  held  in  greaitar  esteem  than  forming  them  in  a  solid 
square,  as  admitting  of  a  greater  front,  especially  when  the  troops  wcr« 
to  make  simply  a  stand  on  all  sides. 

*  A  brigade  of  sappers,  consists  generally  of  8  men,  divided  equally 
into  two  parties.  While  one  of  these  parties  is  advancing  the  sap»  tlie 
other  is  famishing  the  gabions,  {ascines,  and  other  necessary  imple- 
aienta  :  and  when  the  first  party  is  tired,  the  second  ukes  its  p1ace,and 
so  OQ^  UU  each  man  in  turn  has  heen  at  the  head  of  the  sap.  A  sap  is  a 
■naJl  ditch,  between  3  and  4  feet  m  breadth  and  depth  :  and  is  diatin- 
guiahed  from  the  trench  by  its  breath  only,  the  trench  having  between 
20  and  15  feet-brekdth  As  an  encouragement  to  sappers,  the  pay  for 
aJl  the  work  carried  on  by  the  whole  brigade,  is  given  to  the  survivors. 


QUESTION 
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qVESTlON    IT. 

'  A  number  of  gabions  *  being  given  to  be  placed  in  siic 
Tanks,  one  above  the  other,  in  such  a  manner  as  that  each 
rank  exceeding  one  another  equally,  the  first  may  consist  of 

4  gabions,  and  the  last  of  9  :  What  is  the  number  of  gabions 
in  the  six  ranks ;  and  what  is  the  difference  between  each 
rank  ? 

Answer,  the  difference  between  the  ranks  will  be  1,  and 
the  number  of  gabions  in  the  six  ranks  will  be  39. 

QUKSTIOH  v. 

Two  detachments,  distant  from  each  other  37  leagues,  and 
both  desigmng  to  occupy  an  advantageous  post  equi-distant 
from  each  other's  camp,  set  out  at  different  times ;  the  first 
detachment  increasing  every  day's  march  1  league  and  a 
half,  and  the  second  detachment  increasing  each  day's  march 
3  leagues  :  both  the  detachments  arrive  at  the  same  time  ; 
the  first  after  5  days'  march,  and  the  second  after  4  days* 
march :  What  is  tlie  number  of  leagues  marched  by  each 
detachment  each  day  I 

The  progression  -^,  2^*^,  S^y  5X,  6^  answers  the  con- 
ditions of  the  first  detachment :  and  the  progression  I|,  3|, 
5{,  7|y  answers  the  conditions  of  the  second  detachment.     » 

qUBSTIOK   VI. 

A  deserter,  in  his  flight,  travelling  at  the  rate  of  8  leagues 
a  day  ;  and  a  detachment  of  dragoons  being  sent  after  hinr^ 
with  orders  to  march  the  first  day  only  3  leagues,  the  second 

5  leagues,  the  third  8  leagues,  and  so  on  :  What  is  the  num- 
ber of  days  necessary  for  the  detachment  to  overtake  the 
deserter,  and  what  will  be  the  number  of  leagues  marched 
before  he  is  overtaken  ? 

Answer,  5  days  are  necessary  to  overtake  him  ;  and  con- 
sequently 40  leagues  will  be  tlie  extent  of  the  march. 


*  Gabions  are  baskets,  open  at  both  ends,  made  of  ozier  twigs,  and 
of  a  cylindrical  form  ;  those  made  use  of  at  the  trenches  are  2  feet 
wide,  and  about  3  feet  high  ;  which,  being  fiUed  witli  earth,  serve  as 
a  shelter  fix>m  the  enemy's  fire  ;  and  those '  made  use  of  to  construct 
batteries,  sre  generally  hi|;her  and|broader.  There  is  another  sort  of 
gabion,  made  use  of  to  raise  a  low  parapet ;  its  height  is  fi*om  1  to  2 
reet,  and  1  foot  wide  at  top,  but  somewhat  less  at  bottom,  to  give  room 
for  placing  the  muzzle  of  a  firelock  between  them ;  these  gabions 
serve  instead  of  sand  bags.  A  sand  bag  is  generally  made  to  contain 
about  a  cubical  foot  of  earth. 

qUESriOK 
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VTKSTIOH   Vll, 

A  coDTOf 'distant  35  leitKues,  having  or€ers  to  join  its 
atmp,  and  to  inarch  at  the  rale  of  5  leaguas  per  day  (  its 
escort  departing  at  the  same  time,  with  orders  to  march  the 
first  day  ooly  hatf  a  league,  and  the  last  day  9}  leagues  ;  and 
both  the  escort  and  conroyarriTtng  at  the  same  time  :  At 
wliat  distance  is  the  escort  Irom  lbs  conrof  at  the  end  of  each 
march  J 


OF  COMrUTIHC   BROT  OK   SHKLLS  IN   A  FIKISBSD   FILX. 

Shot  and  SheQs  are  generally  piled  in  three  different 
'>    rms,  called  triangular,  square,  or  oblong  piles,  aceordii^ 
as  their  base  is  either  a  triangle,  a  square, or  a  rectangle. 

jng.i.     c  G  Jtg.  3. 


-ABcn,  iig.  I,  is  a  ttiangular  pile, 
svoH^fig.  3, isa  square  pile. 

E  A  Fig. 


ABCDSF,  fig.  3,  is  an  oblong  pile. 

*  By  convoy  is  generally  meant  a  supply  of  ammanitlon  or  provi- 
■ioiU,  conTeyrdto  &  tovn  or  snny.  The  body  of  men  that  giUKi 
this  supply,  II  called  escort. 

A  triangular 
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A  triangular  pile  is  formed  by  the  continual  laying  of  trian- 
^lar  horizontal  courses  of  shot  one  above  another,  in  such  a 
manner,  as  that  the  sides  of  these  courses,  called  rows, 
<Iecrease  by  unity  from  the  bottom  row  to  the  top  rowy  vhkh 
ends  always  in  1  shot. 

A  square  pile  is  formed  by  the  continual  laying  of  square 
horizontal  courses  of  shot  one  above  another,  in  such  a  man- 
ner, as  that  the  sides  of  these  courses  decrease  by  unity  from 
the  bottom  to  the  top  row,  which  ends  also  in  1  shot. 

In  the  triangular  and  the  square  piles,  the  sides  or  faces 
being  cquilate  1*211  triangles,  the  shot  contained  in  those  faces  • 
form  an  arithmetical  progression,  having  for  first  term  unity^ 
and  for  last  term  and  number  of  terms,  the  shot  contained 
in  the  bottom  row ;  for  the  number  of  hoa*izonial  rows,  or 
the  number  counted  on  one  of  the  angles  from  the  bottom  to 
the  top,  is  always  equal  to  those  counted  on  one  side  in  the 
bottom :  the  sides  or  faces  in  either  the  triangular  or  square 
piles,  are  called  arithmetical  triangles  ;  and  the  numbers 
contained  in  these,  are  called  triangular  numbers :  abc,  fig.  1, 
jCFG,  fig.  3,  are  arithmetical  triangles. 

The  oblong  pile  may  be  conceived  as  fovmecl  from  the 
square  pilie  abcd  ;  to  one  side  or  face  of  which,  as  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  have  been 
added :  and  the  number  of  arithmetical  triangles  added  to  the 
square  pile,  by  means  of  which  the  oblong  pile  is  formed,  is 
always  one  less  than  the  shot  in  the  top  row  ;  or,  which  is  the 
same,  equal  to  the  difference  between  the  bottom  row  of  the 
greater  side  and  that  of  the  lesser. 


QUESTION  VIII. 


To  find  the  shot   in  the  triangular  pile  abcd,  fig.  l,tho 
bottom  row  ab  consisting  of  8  shot. 


SOLUTIOir. 

• 

The  proposed  pile  consisting  of  8  horizontal  courses,  each 
of  which  forms  an  equilateral  triangle  ;  that  b,  the  shot  con- 
tained in  these  being  in  an  arithmetical  progression,  of  which 
the  first  and  last  term,  as  also  the  number  of  terms,  are 
known  ;  it  follows,  that  the  sum  of  these  particular  courses, 
or  of  the  8  progressions,  will  be  the  shot  contained  in  the 
proposed  pile;  then 

The 


PILING  or  BALLS. 


335 


The  shot  6f  the  first  or  lower  > 
'^  triangular  coarse  will  be      3 

the  second       -       -        -       - 

the  third          .        .        :        • 

1 

the  fourth       -        -        -        . 
f 

the  fifth           ...        - 

the  sixth 

the  seventh     .        -        -        - 

the  eighth       -        -        .        - 

8  +  1X4    »  36 

7  +  I  X  3^  =  28 
6+1x3    =21 
5  +  1  X  2f  =s  15 

4+1X2    =10 

3  +  1  X  If  s=     6 

2  +  1  X  I     =    S 

1  +  1  X    i=    1 

Total        -        120  shot 
in  the  pile  proposed. 

qUBSTION  IX* 

To  find  the  shot  of  the  square  pile  evgh,  fig.  2,  the  bottom 
row  EF  consisting  of  8  shot. 

SOLUTION. 

The  bottom  row  containing  8  shot,  and  the  second  only  7  ; 
.  that  is,  the  rows  forming  the  progression,  8,  7, 6, 5,  4,  3, 2, 1, 
in  which  each  of  the  terms  being  the  square  root  of  the  shot 
contained  in  each  separate  square  course  employed  in  forming 
the  square  pile ;  it  follows,  that  the  sum  of  the  squares  of 
these  roots  will  be  the  shot  required  :  and  the  sum  of  the 
squares  of  8, 7,  6,  5, 4,  3,  2,  1,  being  204,  expresses  the  shot 
in  the  proposed  pile. 

QUESTION  X. 

To  find  the  shot  of  the  oblong  pile  abcdef,  fig.  3;  in 
which  BF  =:  16,  and  bc  =  7. 

SOLUTION.  ' 

The  oblong  pile  proposed,  consisting  of  the  square  pile 
ABcn,  whose  bottom  i*ow  is  7  shot ;  besides  9  arithmetical 
triangles  or  progressions,  in  which  the  first  and  last  term,  as 
also  the  number  of  terms,  are  known ;  it  follows,  that, 
if  to  the  contents  of  the  square  pile  - '  140 

we  add  the  sum  of  thc'9th  progression     -  252 

their  total  gives  the  contents  required      -  392  shot. 

BBMARK   I. 

The  shot  in  tlM;  triangular  and  the  square  piles,  as  also 

the  shot  in  each  horizontal  course^  may  at  oi^ce  be  ascer- 

Vol.  I,  G  g  tained 
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tained  by  the  following  table :  the  vertical  column  a,  coa- 
tains  the  ahot  in  the  bottom  rowy  from  1  to  2U  inclusive  ; 
the  column  b  contains  the  triangular  numbers,  or  number 
of  each  course ;  the  column  c  contains  the  sum  of  the 
triangular  numbers,  that  is,  the  shot  contained  in  a  triangular 
pile,ycommonly  called  pyramidal  numbers ;  the  column  d 
contains  the  square  of  the  numbers  of  the  column  a,  that  is, 
the  ^hot  contained  in  each  square  horizontal  course ;  and  the 
coli^mn  E  contains  the  sum  of  these  squares  or  shot  in  a 
squiu^e  pile. 


B 


D 


Pyramidal 
Dumberf. 

Triangular 
numl^rs. 

1 

1 

4 

3 

10 

6 

20 

10 

.   '     35* 

15 

56 

21 

84 

98 

130 

36 

165 

45 

220 

55 

286 

66 

364 

78 

^       455 

91 

560 

105 

680 

120 

816 

136 

969 

153 

1140 

171 

1330 

190 

•     1540 

210 

Natural 
numbers. 


I 
2 
3 
4h 

S 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


Square  of 

the  natural 

numbers. 


1 

4 

9 

16 

25 

36 

49 

64 

81 

100 

)2l 

144 

169 

196 

225 

256 

289 

324 

361 

400 


Sum  of 
these 
square 
numbers 


1 
5 

14 

30 

55 

91 

'  140 

204 

285 

385 

506 

650 

819 

1015 

1240 

1496 

1785 

2109 

2470 

2870 


Thus,  the  bottom  row  in  a  triangular  pile,  consisting  of 
9  shot,  the  contents  will  be  1 65  ;  and  when  of  9  in  the  squai*e 
pile,  285. — In  the  same  manner,  tlie  contents  either  of  a 
square  or  triangular  pile  being  given,  tlie  shot  in  the  bottom 
row  may  be  easily  ascertained. 

The  contents  of  any  oblong  pile  by  the  preceding  table 
may  be  also  with  little  trouble  ascertained,  the  less  side  not 
exceeding  20  shot,  nor  the  difference  between  the  less  and 
the  greater  side  20.      Thus,  to  find  the  shot  in  an  oblong  pile, 

tile 
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-ihe  less  side  being  15,  and  the  greater  35,  we  are  first  to 
find  the  contents  of  the  square  pile,  by  means  of  which  the 
'oblong  pile  may  be  conceived  to  be  formed  ;  that  is,  we  are 
^co  find  the  contents  of  a  square  pile,  whose  bottom  row  is 
is  shot ;  which  being  1240,  we  are,  secondly,  to  add  these 
1340  to  the  product  3400  of  the  triangtdar  number  120, 
answering  to  1 5,  the  number  expressing  the  bottem  row  of 
the  arithmetical  triangle,  multiplied  by  20,  the  number  of 
ihose  triangles ;  and  their  sum,  being  3640,  expresses  tbe 
number  of  shot  in  the  proposed  oblong  pile. 


KEMARK  II. 

The  following  algebraical  expressions,  deduced  from  the 
invegtigations  of  the  sums  of  the  powers  of  numbers  in 
arithmetical  progression,  which  are  seen  upon  many  gunners' 
callipers*,  serve  to  compute  with  ease  and  expedition  the  shot 
or  shells  in  any  pile. 

That  serving  to  compute  any  triangular  '>n^2xn+\  X  n 
pile,  is  represented  by  j  e" 

That  serving  to  compute  any  square ")  n  >f    l  x  2w  +    \   x  n 
pile,  is  represented  by  j  5 

In  each  of  these,  the  letter  n  represents  the  number  in  the 
bottom  row :  hence,  in  a  triangular  pile,  the  number  in  the 

l>ottom  row  being  30  ;  then  this  pile  will  be  30  -f  2  X  30  +  1 
X  y  =  4960  shot  or  shells.  In  a  square  pile,  the  number 
in  ue  bottom   row  being  also  30 ;   then  this  pile  will  be 

30  +  1  X  60  +  1  X  y  =  9455  shot  or  shells. 

That  serving  to  compute  any  oblong  pile,  is  represented  by 

3n+\  +  3m  xn  +  \  x  n 

,  in  which  the   letter  n  denotes 


*  Callipers  are  large  conpssset*  with  bowed  shanks,  serving  to  take 
the  diameters  of  convex  and  concave  bodies.  The  gunners'  callipers 
consist  of  two  thin  rules  or  plates,  which  are  moveable  quite  round 
a  joint,  by  the  plates  folding  one  over  the  other  :  the  length  of  each 
rule  or  plate  is  6  inches,  the  breadth  about  i  inch. '  It  is  usual  to  re> 
present,  on  the  plates,  a  varietv  of  scales,  tables,  proportions*  Sic, 
auch  as  are  esteemed  useful  to  be  known  by  person*  employed  about 
artillery ;  but,  except  the  measuring  of  the  caliber  of  shot  and  cannon, 
and  the  measuring  of  saliant  and  re-entering  angles,  none  of  the  arti- 
cles, with  which  the  callipers  are  usually  mUd,  are  essential  to  that 
^strument. 

the 


/ 


/ 
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tlie  number  of  cotirses,  and  the  letter  m  the  number  o£  shot, 
less  one,  in  the  top  row  :  hence,  in  an  oblong  pile  the  num- 
ber of  courses  being  30,  and  the  top  row  3 1  ;  this  pile  will 

be  60+1+90  X  ST+l  X  V  =  23*^5  shot  Qv  shells. 


GEOMETRICAL  PROPORTION. 


Geometrical  Proportion  contemplates  the  relation  of 
quantities  considered  as  to  what  part  or  what  multiple  one 
is  of  another,  or  how  often  one  contains,  or  is  contained 
in,  another.— Of  two  quantities  compared  together,  the  first 
is  called  the  Antecedent,  and  the  second  the  Consequent. 
Their  ratio  is  the  quotient  which  arises  from  dividing  the 
one  by  the  other. 

Four  Quantities  are  proportional,  when  the  two  couplets 
have  equal  ratios,  or  when  the  first  is  the  same  part  or  mul- 
tiple of  the  second,  as  the  third  is  of  the  fourth.  Thus, 
3,  6, 4,  8 ,  and  a,  nr,  d,  6r,  are  geometrical  proportionals, 

ar       br 
For  I  =r  ^  =s  3,  and  —  =  —  =ir.      And   they    are    stated 

a  b 

thus,  3  :  6  : :  4  :  8,  See. 

Direct  Proportion  is  when  the  sume  relation  subsists  be- 
tween the  first  term  and  the  second,  as  between  the  third  and 
the  fourth :  As  in  the  terms  above.  But  Reciprocal,  or 
Inverse  Proportion,  is  when  one  quantity  increases  in  the 
same  proportion,  as  another  diminishes :  As  In  these,  3, 6,  8, 
4 ;  and  these,  a,  ar^  br,  b. 

The  Quantities  are  in  geometrical  progression,  or  con- 
tinuous proportion,  when  every  two  terms  have  always  the 
same  ratio,  or  when  the  first  has  the  same  ratio  to  the 
second  as  the  second  to  the  thii*d,  and  the  third  to  the 
fourth,  &c.  Thus,  2,  4,  8,  16,  32,  64,  See,  and  a,  ar,  ar^j 
ar^f  ar^i  ar',  &c,  are  series  in  geometrical  progression. 

The  most  useful  part  of  geometrical  proportion  is  con- 
tained in  the  following  theorems ;  which  are  similar  to  those 
in  Arithmetical  Proportion,  using  multiplication  for  addi- 
tion, &C. 

1.  When 


GEOMETRICAL  PROPORTION.  229 

\,  When  four  qUtotities  are  in  geometrical  proportion, 
the  product  of  the  two  extremes  is  equal  to  the  product  of 
the  two  means.  As  in  these,  S,  6,  4j  8,  where  3  x  8  =a  6 
X  4  ss  24 ;  and  in  these,  0,  arj  6,  brj  where  a  x  br  z=:  ar  x 
b  sz  abr, 

3.  When  four  quantities  are  in  geometrical  proportion, 
the  product  of  the  means  divided  hy  either  of  the  extremes 
gives  the  other  extreme.     tThus,  if  3  :  6  :  :  4  :  8,  then 
6X4                   6x4 
• '  s=  8,  and sx  3  ;  also  if  a  z  ar  1 1  b  i  br,  then 


8 


o 

abr  abr 

■■        =  brj  or  ■■       =  a.    And  this  is  the  foundation  of  the 

a  br 

Rule  of  Three* 

^.  In  any  continued  geometrical  pn^ression,  the  product 
of  the  two  extremes,  and  that  of  any  other  two  terms,  equally 
distant  from  them,  are  equal  to  each  other,  or  equal  to  the 
square  of  the  middle  term  when  there  is  an  odd  number 
of  them.  So,  in  the  series  1,  2,  4,  8,  16,  32,64,  fcc,  it  is 
1  X  64  =:  2  X  32  =  4  X  16  =  8  X  8  c=  64. 

4.  In  any  continued  geometrical  series,  the  last  term  is 
equal  to  the  first  multiplied  by  such  a  power  of  the  ratio  as 
is  denoted  by  1  less  than  the  number  of  terms.  Thus,  in  the 
series,  3,  6,  12,  24,  48,96,  Sec,  it  is  3  X  2'  sa  96. 

5.  The  sum  of  any  series  in  geometrical  progression,  is 
found  by  multiplying  the  last  term  by  the  ratio,  and  dividing 

.  the  difference  of  this  product  and  the  first  term  by  the  dii- 
ference  between   1  and  the.  ratio.    Thus,  the  sum  of  3,  6, 

192  X  2—3 

12,  24,  48,  96,  192,  is r=  384  —  3  —  381.    And 

2  —  1 
the  sum  of  n  terms  of  the  series  a,  arj  ar^^  ar^j  or*,  &c,  to 
ar^'i  X  r  —  a      cr"-—  a      r"* —  I 

ar''''^j  is ■     ■■  =s =  . a. 

r— I  r— 1         r—  1 

6.  When  four  quantities,  a,  cr,  by  Ar,or2,  6,  4,  12,  are 
proportional ;  then  any  of  the  following  forms  of  those  quan- 
tities are  also  proportional,  viz. 

J .  Directly,       a  :  or  :  i  d  :  6r  f  or  2  :  6  :  :    4:12. 

2.  Inversely,    or:  a  z  ibr:  b  ;  or  6  :  2  :  :  12:    4. 

3.  Aliemaiely,  a  :  6  :  :  or ;  6r ;  or  2  :  4  :  :    6:12. 

4.  Com- 
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4.  Compoundedly^aia-f  ar : :  b  tb+br;  ov2  iBi:  4t\6. 

5.  Dividedljr,  ai  ar  —  a  i  :  ft  :  6r  «.  6  ;  or  2  : 4  : :  4  :  d. 
-6.  Mixed,ar+fl  :  ar— 4i  i:br  +  bibr  —  *;or8  :  4::  16:8. 

7.  Multiplication)  ac  :  arc  :  zbc:  brc  ;  or  2.3  :  6.3  : :  4  :  12. 

a     ar  , 

8.  Division)  — :  —  i  i  b  i  br;  orl:S::4:  12. 

c      c 

9.  The  numbers  a,  by  r,  <f,  are  in  harmcMiical  proportion^ 
ft'hcn  a  I  d  : :  atf:  b  :  c  (^  d  i    or   when   their    reciproods 

1111 

— ,  — )  — >,  — ,  are  in  arithmetical  proportion. 
abed 


SXAMPLES. 


1.  Given  the  first  term  of  a  geomclricaj  series  l^  the  ratio 
2,  and  the  number  of  terms  12  ;  to  find  the  sum  of  the  series  ? 
First,  1  X  2*»  ==  I  X  2048,  is  the  last  term. 

2048  X  2  —  1  4096  —  1 

Then =  -n =  4095,  the  sum  required. 

2  —  1  1 

2.  Given  the  first  term  of  a  g^eometric  series  1,  the  ratio 
\y  and  the  number  of  teiTns  8  ^  to  find  the  sum  of  the  series  ? 

First,  I  X  (^y  ==  ^  X  i^y  =:  ^ixi  is  ttte  last  term. 

Then,  (^-^1-  X  i)  ^  (l-t)  =  (i-jh)  ^^^VA^i 
=  If  |,  the  sum  required. 

3.  Required  the  sum  of  12  terms  of  the  series  1,  S,  9,  27, 
31,  &c.  Ans.  265720. 

4.  Required  the  sum  of  )2  terms  of  the  series  U^yj  tV» 
t\»  &c.  Ans.  im^. 

5.  Required  tlie  sum  of  100  terms  of  the  series  1,  2, 4,  8, 
16,  32,  &c.  Ans.  i  26765060022822940 149/5703205375, 

See  more  of  Geometrical  Proportion  in  the  Arithmetic. 


SIMPLE  EQUATIONS. 

Am  Equation  is  the  expression  of  two  equal  quantities, 
with  the  sign  of  equality  (=)  placed  between  them.  Thus, 
10  —  4  =  6  is  an  equation,  denoting  the  equality  of  the  quan- 
tities 10  —  4  and  6. 

Equations 


< 
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Equations  are  either  simple  or  compound.  A  Simple 
Equation,  is  that  which  contains  only  one  power  of  tlie  un- 
known quantity,  without  including  different  powers.  Thus, 
jr  -^  a  =  6  -f  c,  or  ajc*  =r  d,  is  a  simple  equation,  containing 
only  one  power  of  the  unknown  quantity  x.  But  x'  ^—  2ax 
=  ^^  is  a  compound  one. 

/  GENERAL  RULE. 

Reduction  of  Equations,  is  the  finding  the  value  of  the 
unknown  quantity.  And  this  consists  in  disengaging  that 
quantity  from  the  known  ones;  or  in  ordering  the  equa- 
tion 80>  that  the  unknown  letter  or  quantity  may  stand 
alone  on  one  side  of  the  equation,  or  of  the  mark  of  .equality, 
without  a  co-efficient :  and  all  the  rest,  or  the  known  quan- 
tities, on  the  other  side.— In  general,  Uie  unknown  quantity 
is  disengaged  from  the  known  ones,  by  performing  always 
tiie  reverse  operations.  So,  if  the  known  quantities  arc  con- 
nected with  it  by  +  or  addition,  they  must  be  subtracted  ;  if 
by  minus  (— ),  or  subtraction,  tHey  must  be  added ;  if  by 
nuiltiplication,  we  must  divide  by  them  ;  if  by  division,  we 
must  multiply ;  when  it  is  in  any  power,  we  must  extract 
the  root ;  and  when  in  any  radicsd,  we  must  raise  it  to  the 
power.  As  in  the  following  particular  rules ;  which  aro 
founded  on  the  general  principle  of  performing  equal  opera- 
tions on  equal  quantitiA ;  in  which  case  it  is  evident  that 
the  results  must  still  be  equal,  whether  by  equal  additions^ 
or  subtractions,  or  multiplications^  or  divisions,  or  roots^  or 
powers. 

PARTICULAR  RULE  I. 

When  known  quantities  are  connected  with  the  unknown 
by  +  or  — ;   transpose  them  to  the  other  side  of  the  equa- 
tion, and  change  their  signs.     Which  is  only  adding  or  sub* 
%  tracting  the  same  quantities  on  both  sides,  in  order  to  get 

all  the  unknown  terms  on  one  side  of  the  equation,  and  all 
the  known  ones  on  the  other  side*. 

Thus, 


*  Here  it  is  earnestly  recomTnended  th&t  the  pupil  be  ac- 
customed, at  every  line  or  step  in  the  reduction  of  the  equations, 
to  name  the  particular  o^ration  to  be  performed  on  the  equation 
in  the  last  line,  in  order  to  produce  the  next  form  or  state  of  tLe 
equation,  in  applying  each  oi  these  rules,  according  as  the  particular 
form  of  the  equation  may  require ;  applying  them  according  to  tlic 

ordfu 
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Thus,  if  X  +5=8;  then  transposing  5  ^ives  ^=:  8  -*  5  =  3. 
And,  if  a:  —  3  +  7  =  9;  then  transposing  the  3  and  7,  giyes 

x=:9+3  — 7=5. 
A\soyifx^^a+ 6^cd :  then  by  transposing  a   and  6j 

it  is  :r  SB  a  —  ^  +  r</. 
In  like  manner,  if  5x «—  6  «» 4x  +  10,  then  by  transposing 
6  and  4jr,  icis5x*-.4x»  10+  6,  or  x»  16. 

RVLB  II. 

When  the  unknown  term  is  multiplied  by  any  quantity ; 
divide  all  the  terms  of  the  equation  by  it. 

Thus,  if  aor  a  ad  .-  4a ;  thendiriding  by  a,  gives  jr'ae  b  -—4.. 
And,  if  3x  +  5  3=  20  ;  then   first  transposing  5  gives  3x' 
»  1 5  ;  and  then  by  dividing  by  S,  it  is  jr  »  5. 

In  like  manner,  if  ax  +  3ad  »  4c*  ;  then  by  dividing  by  a,  it 
4c «  4C« 

is  X  +  3d  «« ;  and  then  transposing  3*,  gives  x  =— —  —  3d. 

a  a 

RULE  III. 

When  the  unknown  term  is  divided  by  any  quantity ;  we 
must  then  multiply  all  the  terms  of  the  equation  by  that  di- 
visor ;  which  takes  it  away. 

X 

Thus,  if —  »=  3  +  2 :  then  mult. by  4,  givesx«  13  +  8ar3a 

4 

X 

And,  if  *—  =  3d  +  2c  —  d : 
a 
then  by  mult  a,  it  gives  x  »  3ad  +  2ac  —  ad, 
3x 

Also,  if 3=»5  +  3: 

5 
Then  by  transposmg  3,  it  is  |x  =  10. 
And  multiplying  by  5,  it  is  3x  =  50. 
Lastly  dividing  by  3  gives      x  ^  1 6|. 


order  in  which  they  are  here  placed  ;  and  beginning^  every  line 
with  the  words  Then  dy,  as  in  the  following  specimens  of  Ex- 
amples; which  two  words  will  always  bring  to  his  recollection, 
that  he  is  to  pronounce  what  particular  operation  he  is  to  perform 
on  the  last  line,  in  order  to  give  the  next ;  allotting  always  a 
single  line  for  each  operation,  and  ranging  the  equations  neatly 
just  under  each  other,  in  the  several  lines,  as  they  are  successively 
produced. 

Rule 
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BULE    lY. 


When  the  linknown  quantity  is  included  in  any  root  or 
surd  ;  transpose  the  rest  of  the  terms,  if  there  be  any,  by 
Hule  1  ;  then  raise  each  side  to  such  a  power  as  is  denoted  by 
the"  index  of  the  surd ;  viz.  square  each  side  when  it  is  the 
square  root ;  cube  each  side  when  it  is  the  cube  root ;  Sec. 
which  clears  that  radical. 

Thus,  if  y  jc  —  3  =  4;  then  transposing  3,gives  y^  j:  =  7 ; 
And  squaring  both  sides  gives  jp  =  49. 

And,  if  ^2^  +   10  =  8: 
Then  by  squaring,  it  becomes  2x  4-  10  =  64  .^ 
And  by  transposing  10,  it  is  2jr  =  54  ; 
Liastly,  dividing  by  2,  gives  x  =  27. 


'  Al80,if  •J^3x  +  4+  3  =  6: 


Then  by  transposing  3,  it  is  ^Sjt  4.  4  =  3  ; 
And  by  cubing,  it  is  3 x  +  4  =  2r  ; 
Also,  by  transposing  4,  it  is  3x  r^  23  ; 
^Lastly,  dividing  by  3,  gives  x  =  7|* 


RUL^  V. 

When  that  side  of  the  equation  which  contains  the  un- 
known quantity  is  a'complete  power,  or  can  easily  be  reduced 
to  one,  by  rule  1,  2,  or  3  :  then  extract  the  root  of  the  said 
power  on  both  sides  of  the  equation ;  that  is,  extract  the 
square  root  when  it  is  a  square  power,  or  the  cube  root  when 
it  is  u  cube,  &c. 

Thus,  if  x^  +  8x  +  16  =  36,  or  (x  +  4)»  =  36 : 
Then  by  extracting  the  roots,  it  is  x  +  4  =  6  ; 
And  by  transposing  4,  it  is  x  =  6-^4  =  2. 

'    And  if  3x«  —  19  =  21  +35. 
Then,  by  transposing  19^  it  is  3x*  =75} 
And  dividing  by  3,  gives  x«  =  25  ; 
'  And  extracting  the  root,  gives  x  =  5. 

Also,  if  |x«  —  6  =  24.  ^ 

Then  transposing  6,  gives  ^x^  =  30 ; 
And  multiplying  by  4,  gives  3x*  =  120  ; 
Then  dividing  by  3,  gives  x*  =  40  ; 
^stly,  extracting  the  root,  gives  x  =  y'  40  =  6*324555. 

VkA.  I.  H  h  RITLE 
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&UL^  VI. 

WhCv  t^qrp  is  any  analogy  or  prpportioii)  it  is  to  be 
changejd  into  an  equatiooi  by  muluplying  the  two  i&xtreme 
terms  together,  and  the  tffQ  meai^a  together^  and  makuig  thf 
on^  produict  ^qual  to  the  other. 

Thus, if  3jr:9  2:3:5. 
Then,  mult,  the  extremes  and  means,  gives  ICXr  31 37  ; 
And  dividing  by  10,  g^vcs  x  ^  2^.     ^ 

And  if  Jx  :  a  :  :  56  :  3c. 
Then  mult,  extrpmes  and  means  givps  ^cx  =  Sab ; 
And  multiplying  by  2,  gives  3rx  =  lOa^    ^ 

Lastly,  dividing  by  Sr,  gives  x  =   ■    .  . 

3c 

Also,  if  10  —  or :  ^JET  :  :  3  :  1. 
Then  mult  extremes  and  means,  gives  10  *-  x  =  2x4 
And  transposing  x,  gives  10  =  3x; 
Lastly^  dividing  by  3,  gives  3|  s=  x. 

RULB  VII. 

WheiK  the  same  quantity  is  found  on  both  sides  of  an 
equation,  with  the  same  sign,  either  plus  or  minus,  it  may  be 
left  out  of  both :  and  when  every  term  in  an  equation  is  either 
multiplied  or  divided  by  the  same  quaotity^  it  may  be  struck 
out  of  them  all. 

Thus,  if  3a:  +2a  =  2a  +  ^  : 
Then,  by  taking  away  2a,  it  is  Sx  =  5. 
And,  dividing  by  3,  it  is  x  :^  \d. 

Also  if  there  be  4ax  -|-  6ab  =  7ac, 
Then  striking  out  or  dividing  by  a,  gives  4x  +  ^^  =  ^^• 
Then^  by  transposing  6^,  it  ^comes  4x  =  7c  <—  66  ^ 
And  then  dividing  by  4  gives  x  =^  ^-—  |^* 

Again,  if  fr  —  |  =  y»  _  5. 
Then,  taking  away  the  ^,  it  becomes  |a:  =  y  ; 
And  taking  away  the  3's,  it  is  2x  =s  10 ; 
Lastly,  dividing  by  2  gives  x  =  5. 

HISCSLLAHBOUS  EXAMPLES. 

U  Given  7x —  18  =  4x  +  6  ;  to  find  the  value  of  x. 
First,  transposing  18  and  Sx  gives  Sx^U^; 
Then  dividing  by  3,  gives  x  =  8. 

2.  Gives 
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S.OiVtaSO  — 4jr-^l2-92— lOxj  tofindo:. 
First  transposing  20  and  13  and  I  Ox,  gives  to  «  84 ; 
Tiien  dividing  by  6,  gives  x  -=  14. 

3.  Let  4ax  —  S6^  Sdx  +  2r  be  given  ;  to  find  x. 
First,  by  trans.  5b  and  Sdxj  it  is  4<M7  —  Sdx  -=  56  +2c  ; 

^  56  +  2c 

Then  dividing  by  4a  — 3^^  give*  x  « . 

4a — 3d 

4.  Let  5x»  —  1 2x  «  9x  +  2x»  be  given ;  to  find  x. 
First,  by  dividing  by  «r,  it  is  5x  —  12  =  9  +  2x ; 
Then  transposing  12  and  2x,  gives  3x  -«  21 ; 
Lastly,  dividing  by  3,  gives  x  *=  7. 

5.  Ciiven  9ax*  —  15a6x*  =  6ax3  +  12ax«  ;  to  find  x. 
First,  dividing  by  3ctx»,  gives  3x  —  56  «  2a?  +  4 ; 
Then  tVanspoaSng  ^6  and  2x,  givesx  =  55  +  4. 

X  X         •  X 

6.  Let  —  —  —  +  —  =«  2  be  given,  to  find  x. 

First,  multiplying  by  3,  gives  x  —  Jx  +  |x  ^  6  ; 
Then  multiplying  by  4, gives  x  +  '^^  ^4. 
Also  multiplying  by  5,  gives  17x  =  I^. 
Lastly,  dividing  by  17,  gives  x  =  7^. 

X— 5      X  X— 10 

7.  Given +  —  =12 ;  to  find  x. 

32  3 

Fii-st,  mult,  by  3,givesx-5  +f«r  =  36--i^4-  JO. 
Then  transposing  5  and  x,  gives  2x  +  4x  —  5 1  ; 
And  mulUplying  by  2,  gives  7x  =  102. 
Lastly,  dividing  by  7,  gives  x  =  14^. 

3x 
a.  Let  V—  +^  =  ^^»  ^  S^vcri ;  to  find  x. 
4 
First,  transposing  7,  gives  Vlf  =*  f  '_        - 
Then  squaring  the  equation,  gives  fx  —  v  } 
Then  dividing  by  3^,  gives  |x  =  3  ;         ^: 
Lastly,  multiplying  by  4,  gives  x  3=  12. 

9.  Let  2x  +  2v/?H=^=  -r^^>  ^  8^^«^  ^  ^^  ^^  "^^ 

V  a*+:c*  ^. 

First, mult,  by  ^/'^+^^  gives  2x  V  a^+^»+2a^+2ar» 
=  5a^  _. 

Then  tranep.  2c»  and  2xS  gives  2x  ya*  +'^**"^'**'"y ^en 
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Tbin  by  squaring,  it  is  43r» xa^+a:*  «  Sa*  — 2x*    ; 

That  is,  4a'jc«  +  4x*  =*  9a*— 12a«jr*  -f.  4jr«  ; 

By  taking  4x'*  from  both  sides,  it  is  4fl" x*=9fl*—  I2a*x*i; 

Then  transposing  I2a*x«,  gives  16c*x*  =  4fl*; 

Dividing  by  a*,  ;^ives  I6jr»  =  4tt*  ; 

And  dividing  by  16,  gives  jr«  =  ^*ya*  ; 

Lastly  extracting  the  root,  gives  x  »  5a. 

EXAMPLES  FOR  PRACTICE. 

1.  Given  2x— 5  +  16  =  21  ;  to  find  x.  Ans.  x  =  5* 

2.  Given  9.r— 15  «  x  +  6  ;  to  find  x.  Aiis.  x  =  4j, 

3.  Given  8— 3x+125=30— 5x  +  4  ;  tofindx.    Ans.  x  =  7^ 
4   Given  x  +  ^x— Jx  =  13  ;  to  find  x.  Ans.  x  =  12. 

5.  Given  3x  +  |x  +  2  «=  5x— 4 ;  to  find  x.     Ans.  x  «=  4/ 

6.  Given  4ax  +  |a— 2  =  ax  — dx ;  to  find  x. 

6  —  a 

Ans.  ^  = 

9a+33 

7.  Given  \jc  —1  x  +  ^x  =  J  ;  to  find  x.        Ans.  x  =:^^ 

8.  Given  \/  4  +  x  =4—  v/x  ;  to  find  x.       Ans.  x  =  2i. 

x« 

9.  Given  4a  +  x=     ■        ;  to  deter,  x.      Ans.  x  =  — Sa. 

4a+x 

10.  Given  V  4a»+x»  =  *^  4A*-f  j^*  ;  to  find  x. 

'^4  — 4a* 
Ans.  X  =a  y/ 


2a  « 


4a 


11.  Given  v'x+-v^2a+x=  — .  ;  to  find  x. 

V2a+x 

Ans.  X  =  |c- 
o  a 

15.  Given—  H =  2d  ;  to  findx. 

l+2x       l_2x 

vj*  Ans.  X  =  ^  v^ . 


»'^&.  Giyen  a  +  ar=-|/a*+    Jcy  4A»+  j^*  ;  to  find  ^^ 


Ans*  X  =3  .—  —  a. 
a 

OF 


SIMPLE  EQUATIONS.  2Sr 

Oy  EZDUCING  DOUBLS9  TRIPLE,  &C.  EQUATIONS,  CONTAINIVO 
TWO9  THREE,  OR  MORE  UNKNOWN  (QUANTITIES. 

PROBLEM  I. 

To  Exterminate  Two  Unknown  Quafititiea  ;    Ovj  to  Reduce 
the  Two  Simfile  Equations  containing  then^  to  a  Single  one. 

RULE  U 

Find  the  yalue  of  one  of  the  iinkno>^n  letters,  in  terms  of 
the  other  quantities,  in  each  of  the  equations,  by  the  methods 
already  explained.  Then  put.  those  two  values  equal  to  each 
other  for  a  new  equation,  with  only  one  unknown  quantity  in 
it,  whose  value  is  to  be  found  as  before. 

J^ote,  It  is  evident  that  we  must  first  begin  to  find  the 
values  of  that  letter  which  are  easiest  to  be  found  in  the  two 
proposed  eqiiations. 

EXAMPLES. 

1.  Given  \ll_llZ  [4^;  tofindxandy. 

In  the  1st  equat.  ti*ansp.  Sy  and  div.by  3,  gives  x  s= -.  • 

2 
U+2y 
In  ^e  2d  transp.  2y  and  tUv.  by  5,  gives  x  =  —  ; 

5 
U+2y        17— Sy 
Putting  these  two  values  equal,  gives  »  z±:  ■  ; 

5  2 

Then  mult,  by  5  and  2,  gives  28  +  4y  ==  85  —  1 5y  ; 
Transposing  28  and  15y,  gives  I9y  =  57  ; 
And  dividing  by  19,  gives  y  s=  3. 
And  hence  x  =  4. 
Or,  to  do  the  same  by  finding  two  values  of  y,  thus  : 

17— 2x 

In  the   1st  equat.  tr.  2x  and  div.  by  3,  gives  y  = j 

S 
5x— U 

In  the  2d  tr.  2y  and  U|  and  div.  by  2,  gives  y  = ; 

2 
-'  5j7— 14       17— 2x    \ 

Putting  these  two  values  equal,  gives  ■■  =  • ; 

2 


o 


M^lt.  by  2  and  by  3,  gives  ISx  —  42  =s  34  ~  Ax  ; 

Transp. 
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Transp.  42  and  4Xy  gives  l'9jt  =  76  ; 
DivWing  by  19,  gives  ar  =  4. 
Hence  y  =  3,  as  before. 

2.  Given  Ji^ijJ^?^;  tofindxandy. 

Ans  o^  =-  a  +d,andy  =  ia  —  i5. 
S.  Given  3x+y  =-  22,  and  3y  +  j:  ^  18  ;  to  find  jr  and  y, 

Ans.  X  =  6,  and  y  &=  4. 

4.  Given  ^1^  +  fe  ^  31 C  »  ^^^'^^^  -^  *»^  V- 

Ans.  x  :s£  8,  and  y  :^  3. 
2x       3y    •   22  3ar       2y       67 

5.  Given —  +  —  =  — ,  and  —  +•*--  =«=— ;tofindxandy. 

3  5         5  5  3        15 

Ans.  X  ee  3,  and  y  »  4. 

6.  Given  x  +  2y  as=»,  andx*  —  4y*  a&ef*  ;  to  find  x  and  y. 

Ans.  X  a»    I    ■     ,  and  y  m.      ■,    . 
2«  4« 

7.  Given  x  -«  2y  » (/^  and  x  :  y  :  :  a  :  6 ;  to  find  x  and  y. 

Ans.  X  a-        ■    ,and  y  »  — — 
a  —  23  a  —  2b 


RULE  II. 

Find  the  value  of  one  of  the  unknown  letters,  in  only  one 
of  the  equations,  as  in  the  former  rule  ;  and  substitute  this 
value  instead  of  that  unknown  quantity  in  the  other  equation* 
and  there  will  arise  anew  equation,  wjth  only  one  unknown 
quantity,  whose  value  is  to  be  (bund  as  before. 

J^oCe.  It  is  evident  that  it  is  best  to  begin  first  wirh  that 
letter  whose  value  is  easiest  found  in  the  given  equations. 

EXAMPLES. 

'•  Given  j2;^+g=;];|;  to  findx  and y. 

This  will  admit  of  four  ways  of  solution ;  thus  :  First, 

17-3y 
in  the  1  st  eq.  trans.  3y  and  div.  by  2 j  gives  x  =x  — .^^ 


85—  I5y 
This  val.  subs,  for  x  in  the  2d,  gives,  —  2y  =^  14 ; 

2 

Mult,  by  2,  this  becomes  8  5  —  ISy  —  4y  «28  ; 

Transp. 
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Transp.  \Sy  and  4y  and  2By  gives  57 1^  \9y  > 
And  dividing  by  10,  gives  3  =y. 
17 -3y 

Then  x= «  4. 

2 

U+2y 
2dly,  in  the  2d  trans.  2y  and  div.  by  5,  gives  a:  =_— ; 

5 
28+4y 
Thb  subat.  for  x  in  tbe  1st,  gives         ■—  4.  3y  s=  17  ;•• 

5 
Mult,  by  5,  gives  38  +•  4y  +  15^  =  85  ; 
Transpos.  2S,  gives  19y  =.  57  ; 
And  dividing  by  19,  gives  y  as  S. 

14+2y 
Then  x  =s  ■  =3  4,  as  before* 

5 

17— 2x 
^dly,  in  the  I  st  trans.  2x  and  div.  by  3,  gives  y  s i 

34— 4x 

This  subst.  for  y  in  the  3d,  gives  5j:  •—  ■  =  14  ; 

3 
Multiplying  by  3  gives       15jr  —  34  +  4x  =  42  ; 
Transposing  34,  gives         1 9jr  «=  76 ; 
And  dividing  by  19^ives      x  =    4. 

l7-r2x 
Henc^  y  —  — — —  ;n:  3>  as  before. 

3 

Sx— 14 

4thly,in  the  2d  tr.  Sy  and  1 4  and  div.  by  2,  gives  y  = ; 

2 

15x^42 

This  substituted  in  the  1st,  gives  2x  H =  17  j 

2 

Multiplying  by  2,  gives  I9x  —  42  =  34  } 
Transposing  42,  gives  19x  =s  76  ; 
And  dividing  by  19,  gives  x  =  4. 

5x— 14 
Hence  y  =  '  =3,  as  before.. 

2 

2.  Given  2x  +  3y  ar29,and3x^2y  =11  ;  to  find  x  andy. 

Ans.  X  «7,  andy  «=i 

3.  Given  ^^  J^]^  ^  ^  ^3 ?  ;  to  findx  and  y. 

Ans-  JC  =  8,  and  y  =r  6, 

4.  Given  ^ 
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4.  Given  ^  ^^Z  y » L'^o  ]  '  ^^  ^""^  ^  and  y . 

Ans.  X  =s=  6,  and  y  s  4. 

5.  GWen  —  +  3y  =21,  and (-3^:  =29;  to  find  or  and  y. 

3  3 

Ans.  JT  =  9,  and  y  =  6'. 

ar  y  x — y  or 

6.  Given  10 ==  — .  +  4,  and + H 

2  3  2  4 

— . I ;  to  find  X  and  y.  Ans.  x  =8,  and  y  =6. 

5 

7.  Givenx  :  y  :  :  4  :  3,  andors  — y^  =37  ;  to  findxandy. 

Ans.  X  =  4,  and  y  s=S. 


RULE   III. 


Let  the  given  equations  be  so  multiplied,  or  divided,  &c, 
and  by  such  numbers  or  quantities,  as  will  make  the  terms 
"which  contain  one  of  the  unknown  quantities  the  same  in 
both  equations ;  if  they  are  not  the  same  when  first  pro- 
posed. 

Then  by  adding^  or  subtracting  the  equations,  according 
as  the  signs  may  require,  there  will  remain  a  new  equation, 
with  only  one  unknown  quantity,  as  before.  That  is,  add  the 
two  equations,  when  the  signs  are  unlike,  but  subtract  them 
when  the  signs  are  alike,  to  cancel  that  common  term. 

A'ofe,  To  make  two  unequal  terms  become  equal,  as  abave^ 
multiply  each  term  by  the  co-efficient  of  the  other. 


EXAMPLI^S. 


^^^^"    JK  +  fy  =  16?  '  ^^  findx  andt/. 

Here  we  may  either  make  the  two  first  terms,  containing 
X,  equal,  or  tlie  two  2d  terms,  containing  y,  equal.  To  make 
the  two  first  terms  equal,  we  must  multiply  the  1st  equation 
by  2,  and  the  2d  by  5  ;  but  to  make  the  two  2d  terms  equal, 
we  must  multiply  the  1st  equation  by  5,  and  the  2d  by  3  ;  as 
fellows. 

1.  By 
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1. 13y  making  the  two  first  terms  equal  : 

MuU.  the  1st  equ.  by  2,  gives         IOjt  —    6y  «>  1 8  ; 

And  mult,  the  2d  by  5,  gives         lOx  +  35y  »80  ; 

Subtr.  the  upper  from  the  under,  gives  31y  =-63  ; 

And  dividing  by  31,  gives  y  »  2. 

9  +  3y 

Hence,  from  the  1st  given  equ.  x  s    ■     r.     »   3. 

5 
12.  By  making  the  two  2d  terms  equal :    . 

Mult,   the   1st  equal,  by  5,  gives  25x —  15y  9.45  ; 

And  mult,  the  2d  by  3,  gives         6x  +  isy  3^48^ 

Adding  tliese  two,  gives  3 1  x  as  j93  i 

And  dividing  by  31,  gives  j;  »    3  ; 

5j?  — 9 

Hence,  from  the  1  st  equ.  y  » ,  _■     ■ —  a    2. 


liZSCBLLANEOUS  EXAMPLES. 

a:+8  y+« 

1.  Given +  6y  —21,  and  — -— +  5x  =s23  ;  to  find  x 

4  3 

and  y.  Ans.  x  s4,  and  y  =s  3. 

3j?  — y  3y  +  ^ 

2.  Given +  10  =  13,  and +  <»  «  i2  ;    to 

4  2 

find  X  and  y.  Ans.  x  a^S,  and  y  •«  3. 

3x-f  4y        .T  6j7  —  2y  y 

3.  Given f- — =10,  and +   —  =    14; 

5  4  3  6 

.to  find  X  and  y.  Ans.  x  «&,  and  y  ^^  4« 

4.  Given  3x  +  4y  =  38,  and  4x— 3y  =  9 ;  to  find  x  and  y. 

Ans,  X  =  6,  and  y  =  5. 

PROBLEM  II. 

To  Exterminate  Three  or  More  Unknown  Quantities  ;  Or^te 
Reduce  the  Simfile  JSguationsy  containing  them^  to  a  SingU 
one. 

RULE. 

This  may  be  done  by  any  of  the  three  methods  in  the  last 
problem  :  viz. 

1.  After  the  manner  of  the  first  rule  in  the  last  problem, 
find  the  value  of  one  of  the  unknown  letters  in  each  of  the 
given  equations :  next  put  two  of  these  values  equal  to  each 
other,  and  then  one  of  these  and  a  third  value  eqiial,  and  so 
on  for  all  the  values  of  it ;  which  gives  a  new  set  of  equations. 

Vol.  I.  I  i  witli 


2.4g  ALGKBBA. 

vith  which  the  same  process  is  to  be  repealled,  SA^so  oa  till 
there  is  obIj  one  equation,  la  be  rediuiU 4  by  the  rules  for  a 
smgle  equftlieiu 

3.  OryasiAtheSdruk  of  thesameprobleiiiyfin^thevalue 
of  one  of  the  unknown  quantities  in  one  of  the  equations 
only  ;  then  substitute  this  value  instead  of  it  in  the  other 
equations ;  which  gives  a  new  set  of  cquatimn  to  be  resolved 
as  before,  by  repeating  the  operation. 

3.  Or,  as  In  the  9(1  nde,  reduce  the  equations,  by  imtlti* 
plying  or  dividing  thenif  so  as  to  make  some  of  the  terms  to 
agree :  thettf  by  addmg  or  subtracting  them,  as  the  signs  may 
reouire,  ont  it  the  letters  may  be  ezterminatedi  fcc,  as 
1)piore. 


KXAHPLSS. 

1.  Given  <x+2y  +  ^z  tsK  16  V(  te find  x^  y, apd z. 
tx+3y+42«3lj      -' 

1.  By  the  1st  method: 
Transp.  the  terms  containing  y  and  z  in  each  equa.  gives 

x^    9—    y —    z, 
J?«=  16—  2y  —  3z, 
x  =  21  —  3y  —  4z; 
Then  putting  the  1st  and  2d  values  equal,  and  the  24  and  3d 
values  equal7give 

9—    y— .    z=:16  — 2y  — 3z, 
16  —  2y -,  3z  5a  ?l  w^  3y -^  4rfr ; 
In  the  1st  trans.  9,   z,and  2y,  gives  y  =  7  —  2z ; 
In  the  2d  trans.  16,  3z  and  3y,  gives  y  =^  5 -^  z ; 
Putting  these  two  equal,  ^ives  5  —  z  =  7  —  2z ; 

Tnms.  5  and  2z,  gives  z  s  2. 
Hence  y  ^  i  ^  z  t^  3,andx  '=?=  9  —  y  —  z  ss  4. 

2dly.  By  the  2d  method : 

From  the  1st  equa.  x  s;  9  — y  •—  ; ; 
This  value  of  x  substit.  in  the  2d  and  Sd,  gives 
9+    y  +  2zc=:  16, 
9  4-  2y  4.  3z  =  2 1  ; 
In  the  1st  trans.  9  and  2z,  gives  y  =  7  ~  2z ; 
This  subslit.  in  ihe  last,  gives  23  —  r  =  21 ; 
Trans,  z  and  21,  gives  3  =  z. 
IIcxicc  again  y  =5=  7  —  22  =  3/ and  j:s59.^y-..z«B4* 

Sdly.  J3y 
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<» 


d(Uy.  By  the  M  toediod ;  subtracting  the  1st  equ.   ftem 
the  2d>and  the  2d  from  the  3d,  gives 

y  +  2z«7, 

Subtr.  the  latter  from  the  former,  gives  z  =  2. 
Hence  y  =  5  — z  =  3,  and  Jr=:9-— yi~z«4. 

f  ^+  y+  2:«iei 

2.  Given  <    x  +  3y  +  2z  —  38  I ;  to  find  ar,V,€nd;r. 

t  ^  +  iy  +  i2-ioJ 

Ana.  ^  c*  4^  y  «s  69  z  »  S. 

r^  +  |y  + 4^  =  3^1 

3.  Given «{   ir+ iy  +  Jz  ■=  20  v^  tafiiid«5,y,aadz. 

I  ^  +  iy  +  *^=  i6j 

Ans.  xss  ly  y  =  20)Z fi=: 460. 

4.  Given  jc  —  y  =  2,  J7  —  z  =  3,  and  y  —  z  =■  1  ;    to 
find  Xj  y,andz.  Ans.  x  =  7;y=5;  z  =  4. 

r2x  +  3y  +  4z  =  34") 

5.  Given  ^  3x  +  4y  +  5z  =  46  I ;  to  find  a:,  y,  and  r. 

(^4x+5y  +  62  =  58j 

A   C0I.LBCTI0N   OF   qUESTIONS  PRODUCllfG   SIMFLS 

EqUATIONS. 

Quest.  1.  To  find  two  ntnttbers,  suth,  that  their  sum  shall 
i>e  10,  and  their  difference  6. 

Let  X  denote  the  greater  mritibef,  anfl  y  the  les^. 
Then,*by  the  l«t  condition  :t"+-    y  :s£  10, 
And  by  the  2d      -        -        x  —   y  =    6, 
Transp.  y  in  each,  gives         x-  =  10  — .  y, 

and  jf  ±=:    6  +    y  ; 
Put  these  two  values  equal,  gives  t5  +    y  ^    to  —  y ; 
Transpos.  6  and  —  y,  gives     -     2y  =  4  ; 
Dividing  by  2,  gives      -        -       y  =£:  2.     , 
And  hence    -        -        -        -       x  =  6  +y  =  8. 


«  II I     ■ •     ■    ■  ■  *■  '" 


*  In  aU  these  solutionB,  as  many  unknown  lettera  ave  always  used:  as 
there  are  unknown  numbers  to  be  found,  purposely  the  better  to  exercise 
the  modes  of  reducing-  the  equations :  avoiding  the  short  Ways  of  no- 
tation, which  though  giving  a  shorter  solution,  aw  for  that  reason  less 
useful  to  the  ijupil,  as  affording  less  exercise  in  practising  the  several 

rules  in  reducing  equations. 

« 

Quest.  2* 
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QuEVr.  2.  Divide  100/.  among  a,  b,  c,  so  thtit  a  maf 
have  20/.  more  tiian  b,  and  b  iOL  more  than   c. 

Let  X  ss  a's  share,  y  =  b's,  and  z  =  c's. 
Thcnx+y  +    r:=r  U)0, 
X  z=y  -f  20, 
^  =2+  10. 
In  the  1st  substit.  y  +  20  for  x,  gives  2y  +  z  +  20  =  100 ; 
In  this  substituting  z  +  10  for  y,  gives  3z  +  40  =  100 ; 
By  transposing  40j  gives  -  3z  =  60 ; 

And  dividing  by  3,  gives      -        -        z  =:  20. 
Hence  y  =  z  +  10  =  30,  and  x  s=  y  +  20  =  50. 

QuBsT.  3.  A  prize  of  500/.  is  to  be  divided  between  two 
persons,  so  as:  their  shares  may  be  in  proportion  as  7  to  8 ; 
required  the  share  of  each. 

Put  X  and  y  for  the  two  shares ;  then  by  the  question, 

7:8  : :  ^  :  y,  or  mult,  the  extremes 
and  the  means,  7y  =  8jr, 

and  X  +  y  s=  500  ; 
Transposbg  y,  gives  x  =  500  —  y  ; 
This  substituted  in  the  Ist,  gives  7y^  =4000  ^^Zy^ 
By  transposing  8y,  it  is  15y  =  4000  ; 
By  dividing  by  15,  it  gives  y  =  266| ; 
And  hence  j?  =  500  —  y  =  233^. 

Quest.  4.  What  number  is  that  whose  4th  part  exceeds 
its  5th  part  by  10  ? 

Let  X  denote  the  number  sought. 
Then  by  the  qtiestion  ^  —  |a:  ss  10  ; 
By  mult  by  4,  it  becomes  x  —  |jc  =  40  ; 
By  mult,  by  5,  it  gives  x  =  200,  the  number  sought. 

Quest.  5.  What  fraction  is  that,  to  the  numerator  of 
which  if  1  be  added,  the  value  will  be  i  ;  but  if  I  be  added 
to  the  denominator,  its  value  will  be  \  ? 

Let  -—  denote  the  fraction. 

y 

X   +    \  X 

Then  by  the  quest =»  ^  and «  \, 

y  y  +  i 

The   1st  mult,  by  2  and  y,  gives  2x  ^  2  ==  y ; 

The  2d  mult,  by  3  and  y  4-  !» is  3x  ==  y  ^  l ; 

The  upper  taken  from  the  under  leaves  j:..2  ab  1 ; 

By  ti*anspos.  2,  it  gives  -r  =-  3. 

And  hence  y  =  2x  +  2  =  8 ;  and  the  fraction  is  |. 

QU£ST.  &. 
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QuB^r.  6.  A  labourer  engaged  to  serve  for  30  days  on 
these  conditions :  that  for  every  day  he  worked,  he  was  to 
receive  20d.  but  for  every  day  he  played,  or  was  absent,  he 
was  to  forfeit  lOd,  Now  at  the  end  of  the  time  he  had  to 
receive  just  20  shillings,  or  340  pence.  It  is  required  to 
find  how  many  days  he  worked,  and  how  many  he  was  idle  ^ 

Let  ^  be  the  days  worked,  and  y  the  days  idle. 
Then  20x  is  the  pence  earned,  and  lOy  the  forfeits  ; 
Hence,  by  the  question    -    -a?  +  y  =  30,  . 

and  20x  —  lOy  =  240 ; 
The  1st  mult,  by  10,  gives  lOx  +  lOy  =  300 ; 
These  two  added  give    -     30^^  =  340  ; 
This  div.  by  30,  gives    -        a?  ==  18,  the  days  worked^ 
Hence        -  y  =  30  —  •r  ==  12,  tlte  days  idled. 

Quest.  7  Out  of  a  cask  of  wine,  which  had  leaked  away  |» 
30  gallons  were  drawn  ;  and  then,  being  gaged,  it  appeared 
to  be  half  full  ;  how  ftiuch  did  it  hold  ? 

J^et  it  be  supposed  to  have  held  :r  gallons, 

Then  it  would  have  leaked  1^  gallons, 

Conseq.  there  had  been  taken  away  ^x  ^  30  gallons. 

Hence  ^ar  =  Jx  +  30  by  the  question. 

Then  mult,  by  4,  gives  2^^*  =  x  +  120  ; 

And  transposing  X,  gives  x=:  120  the  contents^ 

Quest.  8.  To  divide  20  into  two  such  parts,  that  3  times 
•the  one  part  added  to  5  times  the  other  may  make  76. 

Let  X  and  y  denote  the  two  parts. .. 
Then  by  the  question  -      -         -        ^  +    y  =  20, 

and  3j:  +  5y  =  76, 
Mult,  the  1st  by  3,  gives  -  -  3x  +  3y  »  60  ; 
Subtr.  the  latter  from  the  former,  gives  2y  =  16  ; 
And  dividing  by  2,  gives  -        -         -  y  =»    8. 

Hence,  from  the  1st,  -       j:  »  20  —    y  =  12. 

Quest.  9.  A  market  woman  bought  in  a  certain  number 
of  eggs  at  3  a  penny,  and  as  many  more  at  3  a  penny,  and 
sold  them  all  out  again  at  the  rate  of  5  for  two-pence,  and  by 
so  doing,  contrary  to  expectation,  found  she  lost  3d.  ^  what 
number  of  eggs  had  she  ? 

Let  J^  ==  number  of  eggs  of  each  sort. 
Then  will  ^jt  =  cost  of  the  first  sort, 
And  1 J^  =?  cost  of  the  second  sort ; 

But 
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But  5  :  2:  :  3<r  (the  whole  number  of  eggs)  :  ^i 
Henct  |ip  =  price  of  both  4ort«,  at  5  for  2  peace ; 

Then  by  the  meMion  t^?  +  -J*  -^  |^  =  ^  * 
Mult.  %  3,  gtves      •     JT^^jj:— fr   =  6; 

And  mult,  by  3,  gives  5x—  yx  «=  lis  ^ 
Also  mult  1:^  2^  ^resjr  s  90,  the  oumber  of  eggs  of 
each  sort. 

Quest.  10.  Two  persdfirs,  a  and  fefCfngi^fltplay.  Before 
they  begin,  a  has  80  guineas,  and  &  has  60.  After  a  certain 
number  of  games  won  and  lost  between  themi  a  rises  with 
three  times  us  many  gukieas  as  6.  Quefy,  how  many  guineas 
did  A  win  of  b  ? 

Let  X  tlenote  tlie  numbet*  of  guineas  a  won. 
Then  a  rises  with  80  +  x, 
And  B  rises  with  eo  -^  ar ; 
Theref.by  the  quest  80  4.  x  *=  180  —  3x  ; 
Transp.  80  and  3x,  gives  4x  ==  iOO  ; 
And  dividing  by  4,    gives  x  =    35»  the  guineas  won. 


QUESTIONS  FOR  rEACTICE. 

1.  To  determine  two  numbers  such,  that  their  difference 
may  be  4,  and  the  difference  of  their  squares  64. 

Ans.  6  and  10. 

2.  To  find  two  numbers  with  these  conditions,  viz.  that 
half  the  first  with  a  3d  part  of  the  second  may  make  9,  an4 
that  a  4th  part  of  the  first  with  a  5th  part  of  the  second  may 
make  5.  Ans.  8  and  15. 

3.  To  divide  the  number  20  into  two  such  parts,  that  a 
Sd  of  the  one  part  added  to  a  fifth  of  the  other,  may  make  6. 

Ans.  1 5  and  5. 

4.  To  find  tliree  numbers  such,  that  the  sum  of  the  1st 
and  2d  shall  be  7,  the  sum  of  the  1st  and  3d  8,  and  the  sum  of 
the  2d  iftid  3d  9.  Ans.  3,  4,  5. 

5.  A  father,  dying,  bequeathed  his  fortune,  which  was 
2800/.  to  his  son  and  daughter,  in  this  manner  ;  that  for  every 
half  crown  the  son  might  have,  the  daughter  was  to  have  a 
shillin^r    What  then  were  their  two  shares  \ 

Ans.  The  son  2000/.  aud  the  daughter  800/. 

6.  Three  persons,  a^  b,  c,  make  a  joint  contribution, 
-which  in  the  whole  amounts  to  400/. ;  of  which  sum  B  con- 
tributes 
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teib^te«  twic^  9|i  hhh^  %$  a  apd  ^(V.  ropre  ;  nhd  e  ^s  much 
as  ▲  and  b  together.     Wfaf^  sun^  did  e^ch  contribute  ? 

Abs.  a  66/.  B  140/.  and  c  200/^ 

T.  A  person  paid  a  bill  of  100/.  witb  half  guineas  and 
crowns,  using  in  all  203  pieces  ;  how  many  pieces  were  there 
of  eaoh  sort  ?  Ana.  180  half  guineas,  and  22  crowns. 

^  $.  Says  A  to  B,  if  you  give  roe  H)  guineas  of  your  money, 

I  shall  then  have  twice  as  much  as  you  will  have  left :  but 
says  B  to  A>  give  me  10  of  your  guineas,  and  then  I  shall 
have  3  times  as  many  ^  you.    How  many  had  each  ? 

Ans.  A  22,  B  26. 

9.  A  person  goes  to  a  tavern  with  a  certain  quantity  of 
money  in  his  pocket,  where  he  spends  2  shillings  ;  he  then 
borrows  as  much  money  as  he  had  left,  and  going  to  another 
tavern,  he  there  apenda  2  shillings  also ;  then  borrowing 
agikin  as  much  mouey  aa  was  left,  he  went  to  a  third  tavern, 
wdere  likewise  he  spent  2  shiltings  ;  and  thus  repeating  the 
same  at  a  fourth  taveni,  he  tho&  had  nothing  remaining. 
What  sum  had  h^  at  first  ?  Ans.  3«.  9d. 

10.  A  man  with  his  wife  and  child  dine  together  at  an  inn. 
The  landlord  charged  I  shilling  for  the  child ;  and  ^or  the 
woman  he  charged  as  much  as  for  the  child  and  \  as  much  as 
for  the  man ;  and  for  the  man  he  charged  as  much  as  for  the 
woman  and  child  together.    How  much  was  that  for  each  ? 

Ans.  The  woman  20d,  and  the  man  32(/. 

IL  A  ca,sk,  which  held  60  gallons,  was  filled  with  a 
mixture  pf  br^dy,  wine,  and  cyder,  in  this  manner,  viz. 
the  cyder  was  6  gallons  more  than  the  brandy,  and  the 
wine  was  aa  much  as  the  cyder  and  |  of  the  brandy.  How 
much  waa  there  of  each  ? 

Ans.  Brandy  15,  cyder  21,  wine  24/ 

12.  A  general,  disposing  his  army  into  a  square  form,  finds 
that  he  has  284  men  more  than  a  perfect  square  ;  but  increas- 
ing the  side  by  I  man,  he  then  wants  25  men  to  be  a  complete 
square.    Then  how  m$my  men  had  he  ui^der  his  command  ? 

Ans.  24000. 

13.  What  number  is  tiiat,  to  which  if  3,  5,  and  8,  be 
severally,  added,  the  three  sums  shall  be  in  geometrical  pro- 
gression ?  •  Ans.  1. 

14.  Tbe  «tock  of  three  traders  amounted  to  860/.  the 
sharps  pf  the  first  an4  second  e;iceeded  that  of  the  third 

by 
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bf  340  ;  and  the  sum  of  the  2d  and  3d  exceeded  *the  first  by 
260.    What  was  the  share  of  each  ? 

Ans.  The  1st  200,  the  2d  300,  the  3d  260. 

15.  What  two  numbers  are  those,  which,  being  in  the  ratio 
of  3  to  4,  their  product  is  equal  to  1 2  times  their  sum  ? 

Ans.  21  and  28. 

16.  A  certain  company  at  a  tavejn,  when  they  came  to 
settle  their  reckoning,  found  that  had  there  been  4  more  in 
company,  they  might  l^ave  paid  a  shilling  ;»-picce  less  than 
they  did;  but  that  if  there  had  been  3  fewer  in  company, 
they  must  have  paid  a  shilling  a-piece  more  than  they  did. 
What  then  was  the  number  of  persons  in  company,  what  each 
paid,  and  what  was  the  whole  reckoning  ? 

Ans.  24  persons,  each  paid  7«.  and  the  whole 
reckoning  8  guineas. 

17.  A  jockey  has  two  horses :  and  also  two  saddles,  the  one 
valued  at  1 8/.  the  other  at  3/.  Now  when  he  sets  the  better 
saddle  on  the  1st  horse,  and  the  worse  on  the  2d,  it  makes  the 
first  horse  worth  double  the  2d :  but  when  he  places  the 
better  saddle  on  the  2d  horse,  and  the  worse  on  the  first,  it 
makes  the  2d  horse  worth  three  times  the  1st.  What  then 
were  the  values  of  the  two  h6i*ses  ? 

Ans.  The  1st  6/.  and  the  2d  9/. 

18.  What  two  numbers  are  as  2  to  3,  to  each  of  which 
if  6  be  added,  the  sums  will  be  as  4  to  5  ? 

Ans.  6  and  9. 

19.  What  are  those  two  numbers,  of  which  th«  greater  is 
to  the  less  as  their  sum  is  to  20,  and  as  their  difference  is  to 
10?  Ans.  15  and  45. 

30.  What  two  numbers  are  those,  whx>se  difference,  sum, 
and  product,  are  to  each  other,  as  the  three  numbers  2, 3,  5  ^ 

Ans.  2  and  10. 

21.  To  find  three  numbers  in  arithmetical  progression,  of 
which  the  first  is  to  the  third  as  5  to  9,  and  the  sum  of  all  three 
is  63?  Ans.  15,  21,27. 

22.  It  is  required  to  divide  the  number  24  into  two  such 
parts,  that  the  quotient  of  the  greater  part  divided  by  the  less, 
may  be  to  the  quotient  of  the  less  part  divided  by  the  greater, 
as  4  to  1.  Ans.  I6and8. 

23.  A  gentleman  being  asked  the  age  of  his  two  sons, 
answerecl,  that  if  to  the  sum  of  their  ages  18  be  added, 
the  result  will  be  double  the  age  of  the  elder  j  but  if  6  be 

taken 
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ttkeiBk  from  th«  cOficrence  of  their  ages*  th«  remainder  will 
be  eqmX  !•  the  age  of  the  younger,  \vhal  then  were  their 
agea  ?  Ana.  30  and  12. 

54.  To  find  four  numbers  auoh,  that  the  aum  of  the  Ist* 
2d,  and  3d,  shall  be  13  ;  the  sum  of  the  Ut,2d,  and  4th)  15  ;. 
the  sum  of  the  1st,  3d,  and  4th,  18  ;  and  lastly  the  sum  of 
the  3d,  3d,  and  4th,  20.  Ans.  3,  4,  7,  9. 

55.  To  divide  48  into  4  such  {iirts,  that  the  first  increased 
liy  3,  the  second  diminished  by  3,  the  third  multiplied  by  3, 

afld-^he  4th  dividi^d  by  3,  may  be  all  equal  to  each  other. 

Ans.  6,  13,  3,  37. 


A 


QUADRATIC  feQUATIONS. 

QOAbSATfC  Ecfoatiotis  are  either  siiMple  of  eotlvpound. 

A  simple  quadratic  equation,  itf  that  which  invelvey  the 
-square  of  the  unknown  quantity  only.  As  ax*  :»  ^.  And 
the  solution  of  such  qutiratics  has  been  already  given  in 
simple  equations. 

A  compound  quadratic  equation,  is  that  which  contains  the 
square  of  th6  unknown  quantity  in  on6  teria,  and  the  first 
power  in  another' term.  ^Asor*  +  ^j?  =*»  c. 

AM  compound  quadratic  aqYiations^  after  being  properly 
reduced,  fall  under  the  three  following  forms^  to  which  they 
must  always  be  reduced  by  preparing  them  for  solution. 

>.     or*  +  a*  =a.  * 

3.      x'  '—  ax  *  6 

3.      jc*  —  ax  —    —  A. 

The  general  method  of  solving  quadratic  ^quadons^  is  by 
T/hat  is  called  completing  the  square,  which  is  as  follows.: 

1.  RbovcA  (he  proposed  equation  to  a  proper  simple  form, 
as  usualy  such  as  the  forms  above  ;  namely,  by  transposing 
all  the  terms  which  contain  the  unknown  quantity  to  one 
aide  of  the  equation,  and  the  known  terms  to  the  other ; 
placing  the  square  term  first,  anpd  the  single  power  second  ; 
dividing  the  eqnatioo  by  the  co-efficieni  of  the  square  or 
first  terfifif  if  it  has  one,  and  changing  the  signs  of  all  the 
terms,  when  that  term  happens  to  be  negative,  as  that  term 
must  always  be  made  positive  before  the  solution*  Then 
the  proper  solution  is  by  completing  the  square  as  follows, 
.viz. 

-Vol..  I.  Hk  3.  Complete 
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0 

2.  Complete  the  unknown  side  to  a  square,  in  this  man- 
ner, viz.  Take  half  the  co-eflicient  of  the  second  term,  and 
.  square  it ;  which  'square  add  to  both  sides  of  the  equationi 
then  that  side  which  contains  the  unknown  quantity  will  be 
a  complete  square. 


3.    Then  extract  the  square  root  on  both  sides  of  the 
equation*,  and  the  value  of  the  unknown  quantity  will  be 

determined. 


mm 


*  As  the  square  root  of  any  qaanttty  may  be  either  -f  or  — , 
therefore  all  qosdratic  equations  admit  of  two  solutions.  Thus,  the 
square  root  of  +  ««  is  either  +nor  —  n;  for  +  «X  +«  and  — . 
nX  —  »  are  each  equal  to  +  it^.  But  the  square  root  of  —  n*,  or  ^ 
•««*,  is  imaj^naiy  or  impossible^  as  neither  -|-  n  nor  — n,  when 
squared,  gives  •^  n*. 

So,  in  the  first  form,  x*  +  ax  b=s  A,  where  3?  -f"  ifl  i*  found  es  ^ 
b  +  Ja«,  the  root  may  be  either  +  ^k  4.  ^«,  or  —  ^b  +  ^a», 
since  either  of  them  being  multiplied  by  itself  produces  ft -f>  |dS. 
And  this  ambiguity  is  expressed  by  writing  the  uncertain  or  double 
sign  ±  before v'^  +  i«*  ;  thus  x^  ±.  ^/b  +  Ja*  —  \a. 

In  this  form,  where  jr  =«  ifc  ^b  +  ^^  ^  ^a^  the  first  value  of 
jr»  via.  X  ^  +  v^^  -f-  i^*  "--  i^  i*  idways  affirmative  ;  for  since 
|as  +  ft  is  greater  than  ^s,  the  greater  square  must  neces- 
sarily have  the  greater  root ;  therefore  v^ft  -f"  i^'  will  always 
be  greater  than  ^}a'»  or  its  equal  (a ;  and  consequently  -|- 
^b  +  ^a^  —  ^a  will  always  be  affirmative. 

The  second  value,  viz.  j?a= —  ^^ft+JaS—  ^  will  always  be 
negative,  because  it  is  composed  of  two  negative  terms.  Therefore 
when  X*  +  dx  s=  ft,  we  shall  have  x  zn  ■!■  y^ft  +  i«>  —  Ja  for  the 
affirmative  value  of  x,  and  x  =b  -|*  V^  +  i^'  —  ifl  ^r  the  oega* 
tive  value  of  x. 


In  the  second  form,  where  x«g  "Zi  ^b  +  ia^  +  ia  the  first 
value,  viz.  x»  +  v'^+io'  +iais  always  affirmative^  since  it 
is  composed  of  two  affirmative  terms.  But  the  second  value,  viz. 
xss—  t/b  -^  ^a^  4~  ifl9  vill  always  be  negative  ;  for  since 
ft  +  ifl*  is  greater  than  Ja«,  therefore  »/b  +  J<|8  will  be  greater 
than  ^ia  ,  or  its  equal  ^a  ;  and  consequently  -*  ^ft  -f-  ^aS  +  i<z  is 
always  a  negative  quantity^ 

Tfaerefotp^.' 
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determiDed,  making  the  root  of  the  known  side  either  -f-  or 
— 9  Mfhich  will  give  two  roots  of  the  equation^  or  two  values 
of  the  unknown  quantity. 

^otcj  1.  The  root  of  the  first  side  of  t^e  equationi  is 
always  equal  to  the  root  of  the  first  term,  with  half  the 
co-efficient  of  the  second  term  joined  to  it,  with  its  sign, 
whether  +  or  — . 

2.  All  equations,  in  which  there  are  two  terms  including 
the  unknown  quantity,  and  which  have  the  index  of  the  one 
just  double  that  of  the  other,  are  resolved  like  quadratics, 
by  completing  the  square,  as  above. 

1. 
Thus,  x^  +aT^  =  6y  or  jc*^  +  fljc«=  6,  or  x  +  ax*  =  B, 

are  the  same  as  quadratics,  and  the  value  of  the  unknown 

quantity  may  be  determined  accordingly. 


Therefore,  when  x^  —  or  =&  ^^  ve  shall  have  xsB-f.^^^^2 

*f-  ia  for  the  affirmatiye  value  cff  j7 ;    and  x  «  —  V  ^  +  h**  +  ii^ 

fi>r  the  negative  value  of  x ;    so  that  in  both  the  first  and  second 

forms,  the  unknown  quantity  has  always  two  values^  one  of  which 

is  positivey  and  the  other  negative. 

But  in  the  third  form,  where  jcr  sss  ±  ^  ^a  —  ^  +  ^>  both  the 
values  of  jc  wiU  be  positive  when  ^^  is  greater  than  b*  For  the 
first  value,  viz.  arss<4>  vi^'  — ^+  h^  wiU  then  be  affirmative, 
being  composed  of  two  affirmative  terms. 


The  second  value,  iiz.  jc  *s  —  v'  i««  —  *  +  Ja  is  ^affirma-' 
tive  also  ;  for  since  ja*  is  greater  than  ^a*  —  b,  therefore  ^  ja*  or 
^a  is  greater  than  y^  Jaa  —  A;  and  consequently  —  ^  ^a  — ^  +  ia 
will  always  be  an  affirmative  quantity.  So  that,  when  xt  —  ax 
*=»  —  ^»  we  shall  have  x  sfts  +  v  |fl*  — A  +  4a,  »nd  also  x  «  ^ 
^  J^mrf^  4a,  for  the  values  of  x,  both  positive. 

But  in  this  third  form,  if  A  be  greater  than  ia*,  the  sohition  of 

the  proposed  question  will  be  impossible.    For  since  the  square  of 

any   quantity    (whether  that  quantity  be  affirmative  or  negative) 

is  always  affirmative,  the  square  root  of  a  negative  quantity  is  im. 

possible,  and  cannot  be  assigned.      But  when  b  is  greater  than 

^s  ,  then  Jas  —  ^  is  a  negative  quantity ;   and  therefore  its  foot 

^ '^^iZ^i^  is  impossible,  or  imaginary ;  consequently,  in  that  case^ 

^  =a  Jrt  ±  ^  |fl^—  b,  or  the  two  roots  or  values  of  jt,  are  both  im- 

jijDSsible,  or  imaginary  quantities. 

EXAMFliU. 
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EXAMPLES. 

1.  Given  j?^  -f  4j:  ss  60;  to  find  jc. 

First,  by  completing  the  square,  x*  -f-  4jr  4. 4  s=  64  >; 

Tlxpni  by  cxtrnpting  th^  rpot»  x  +  3  =5  ±  8 ; 

ThfiHy  truispp^.  3,  giviBft  ^  ==  6  or  ^r-  10,  the  two  roots. 

2;  Given  x«  —  6x  +  10  =  65  ;  to  find  x. 

First  trans.  10,  gives  a?*  —  6jc  =  55  ; 
Then  bf  complot.  the  sq.  it  is  xt  ^^^  6jr  4. 9  s  tS4  ; 
And  by  exir.  the  root,  gives  jr  <-<-  3  s  d:  8  ; 
Then  tnois.  3,  gives  jt  «»  1 1  or  —  5. 

3.  Given  2x»  +  8x  —  30  =  60 ;  to  findx. 

First  by  transpos.  ^,  it  is  %x*  ^  847 »  9p ; 
Then  jUv.  by  3,  gives  jr»  ^  4jr  •-:  45 ; 
And  by  compi.  the  scj^^itis  x*  +  4*  +  4  «^ 49 Jj, 
Then  extr.  the  root,  U  i*  ^  +3^ "^  :i:  7  ; 
And  transp.  3,  gives  x  =s  5  or  —  9. 

4.  Given  3x»  —  3x  +  9  =  8 J ;  to  fipd  x. 

First  div.  by  3,  gives  :rs  ^  JT  4- 3  =x  3{; 
Then  tiwspos.  3,  gives  j;«  -rr  j:  =  ~| ; 
And  cotnpl.  the  sq.  gives  jc«  —  x  +4  ^-^^ ; 
Then  extr.  the  root  gives  jc  —  |  =  i  } ; 
Andtransp.  ^,  giyes  x  ss  |  or  •}. 

5.  Given  i^*  —  ^  +  30|^  =  53} ;  to  iind  x. 

First  by  transpos.  30j,  it  is  JJx»  —  f  jp  =  33^ ; 
Then  mult,  by  3  gives  j;'  -.-  fx  sk  44j ; 
And  by  compl.  the  sq.  it  is  jc*  —  "x  +  -J  =  44| ; 
Then  extr.  the  root,  gives  x  — •}-  ss  :t:  6| ; 
And  tra&sp.  |,  gives  x  =  7  or  —  6^ 

6.  Given  ax^  —  Ax  ss  e ;  to  find  x* 

6  c 

Fiff«t  bf  div).  by  otitis  x^  -^  — 'yr  sa  •— ; 

a  fl 

b  6         c        6^ 

Then  compl.  the  sqi  gives x'  —  .r-x  +- —  *  •*-+-!-!-; 

«  4a*        a       4o^ 

A  4ar  .f  6* 

And  e:9^trftc.  the  rpot,  gives  x =;  ±  y ; 

2a  4a» 

A  4oc-fds       /i 

Then  transp.  — ,  gives  x  =  ±  \/  — — —  4.  — . 

3a  4a*  3a         . 

7.  Given  x*  —  3ax*  «  A ;  to  find  x. 

First  by  compl.  the  sq.  gives  x*  —  2ax'  4.  a«  »  «*  +  * ; 

And 
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And  extract  the  root,  gwe«  *•  —  a  —  ±  V«*  +  *  J 
Then  tranipoft.  «,  gWea  x»  =»  ±  V«*  +  *  +  « ; 


And  extract,  the  root,  gWc*  «r  -^.*  «%/•  ±  V«*  +  *• 
And  thus,  by  alvayt  utfng  aimUar  words  Al  ^A^h  Une,  the 
pupil  will  remlve  the  following  examples. 

BXAMPLBB  rOI^  PRA.OTl€Ji. 

1.  GiTen  :p«  —  6j?  —  7  -s  3S  ;  to  find  :p.        Ana.  x  «  10. 

2.  Given  jir*  —  5x  —  10  =  14  ;  to  find  x.      .Ans.  j?  a.  8- 

3.  Given  5x«  +  4x  —  90  =  114  ;  to  find  or.     Ans.  op  -,  6» 

4.  Given  Jx»  —  |a:  +  a  =  9  ;  to  findx.  Ans.^  »  A. 

5.  Given  3x*  —  Sop*  ■=  40  j  to  find  *.  Ansl  j: «  2- 

6.  Given  ^  —  iV  ar  =  l| ;  to  flnd>r.  Ans.  a?  «  ^. 

7.  Given  ^x*  +  |x  =  ^  ;  to  find  jc.        Ans.  x  »  -787766.- 
a.  Given  x^  +  4jr»  ■.  12  ;  to  find  s. 

Ans.x^  ^2  =  1-259921. 
^.  Given  x«+4x  =  a*  +  2itafcid^. 

QUESTIONS  PBOnyciMG  qVADHATlC   sqUATIONS. 

1.  To  find  two  numbers  whose  difference  is  2,  and  pre*- 

duct  80. 
Letx^d  y  denote  the  two  required  numbers  •. 

Then  the  first  condition  gives  jc  —  y  «  2, 

And  the  second  gives  xy  =  80. 

Then  transp/  y  in  the  1  st  gives  x  -=  y  +  3  ; 
,  This  value  of  x  substitut.  in  the  2d,  is  y «  4-  3y  =»  SO  ;, 

Then  comp.  the  square  gives  y*  +  2y  +  1  »«  8 1 ; 

And  extrac.  the  root  gives  y  +  I  «  9 ;    ^ 

And  iranspos.  I  gives  y  =  8  ; 

And  therefore  x  ss=  y  +  2  sx  10. 


mmm"^^ 


*  These  questions,  like  those  in  simple  equations,  sie  aUo  flolvcd 
by  uaing  as  many  unknown  ktlera.  a»  arc  the  "«««" J^5^"J™'J^ 
the  better  exercise  in  reducing  equations  ;  not  ai»in^  at  the  ahortefct 
modes  of  solution,  which  would  not  afford  so  much  useful  practice. 
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3.  To  divide  the  number  14  into  two  such  parts,  that  their 

product  may  be  48. 

Let  X  and  y  denote  the  two  numbers. 

Then  the  Ist  condition  gives  x  -f  y  =  14, 

And  the  2d  gives  xy  s=  48. 

Then  transp.  y  in  the  1st  gives  j?  =  14  — .  y  ; 

This  value  subst.  for  x  in  the  2d,  is  14  y  -^  y'  ==  48  - 

Changing  all  the  signs,  to  make  the  square  positive^  ' 

gives  y«  —  14y  ==  —  48  ; 
Then  compl.  the  square  gives  y*.—  14y+49=s  i- 
And  extrac.  the  root  gives  y  —  7  i=  ±  1 ; 
Then  transpos.  7,  gives  y  =  8  or  6,  the  two  parts. 

3.  Given  the  sum  of  two  numbers  s=  9,  and  the  sum  of 
their  squares  =x  45  ;  to  find  those  numbers. 

Let  X  and  y  denote  the  two  numbers* 

Then  by  the  1st  condition  x  ^y  =z9. 

And  by  the  3d  x*  +  y«  =  45. 

Then  transpos.  y  in  the  1st  gives  x  »  9  —  y  ; 

This  value  subst*  in  the  2d  gives  81  —  18y  +  2y*  »  45  ^ 

Then  transpos.  81,  gives  2y«  —  18y  =  —  36  ; 

And  dividing  by  2  gives  y*  —  9y  =  —  13; 

Then  compl.  the  sq.  gives  y«  —  9y  4-  •^^  ==  1 ; 

And  extrac.  the  root  gives  S^  -—  |  =  ±  | ; 

Then  transpos.  f  gives  y  =  6  or  3,  the  two  numbers. 

4.  What  two  numbers  are  those,  whose  sum,  product,  and 
difference  of  their  squares,  are  all  equal  to  each  other  I 


Let  X  and  y  denote  the  two  numbers. 

l*hen  the  1st  and  2d  expression  give  x+y=  xy^ 

And  the  1st  and  3d  give  x  +  y  =  x*  —  y». 

Then  the  last  equa.  div.  by  x  4.  y,  gives  1  »  x  —  y  ; 

And  transpos.  y,  gives  y  +  1  »  x  ; 

This  vaL  substit.  in  the  1st  gives  2y-f-l  aey'-f-y; 

And  transpos.  2y,  gives  1  rts  y^  ..^y^ 

Then  complet.  the  sq.  gives  i=«y*  —  y  +  J; 

And  extracting  the  root  gives  \  ^  s  ^  y \'^ 

And  transposing  \  gives  2  V  ^  +  i  ==  y ; 
And  therefore  x=y  +  *l=5^y/5+|. 
A*i  if  these  expressions  be  turned  into  numbers,  by  ex- 
tracting the  root  of  5,  8cc,  they  give  x  =  2  6 180  +,  and 
y  =  1-6180 +  . 

5.  There  are  four  numbers  in  arithmetical  progression,  of 

which 
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t^hich  the  product  of  the  two  extremes  is  22,  and  that  of  the 
means  40 ;  what  are  the  numbers  ? 

m 

Let  X  =  thie  less  extreme, 
'  and  y  =  the  common  difference ; 
Then  JT,  x+y^x  +  ^y^x  +  3y,  will  be  the  four  numbers* 
Hence  by  the  1st  condition  j?*  +  Zxy  =  22, 
And  by  the  2d  x*  +  3a?y  +  2y  ^  -=  40. 
•    Then  subtracting  the  first  from  the  2d  gives  2y'  a  18  ; 
And  dividing  by  2  gives  y«  =  9 ; 
And  extracting  the  root  gives  y  =  3. 
Then  substit.  3  for  y  in  the  1st,  gives  j:*  +  9x  =  22 ; 
And  completing  the  square  gives  ^*  +  9j7  +  y  =  »!• ; 
Then  extracting  the  root  gives  x  +  \z=s  i^^a  ; 
And  transposing  J  gives  or  =  2  the  least  number. 
Hence  the  four  numbers  are  2, 5, 8,  11. 

6.  To  find  3  numbers  in  geometrical  progression,  whose 
sum  shall  be  7,  and  the  sum  of  their  squares  21. 

Let  X,  y,  and  z,  denote  the  three  numbers  sought. 
Then  by  the  1st  condition  xz  =  y*, 
And  by  the  2d  X  +  y  +  z  =.  7, 
And  by  the  3d  x^  +  y»  +  z*  ^  21. 
Transposing  y  in  the  2ti  gives x  ^  z=^  7  —  y  ; 
Sq.  this  equa.  gives  x^  +  a-rz  -f  z*  =  49  *^  i4y  -f*  y*  ; 
Substi.  2y«  for 2j7Z, gives  x«  +  2y«  +  z*  =•  49—  Uy  +  y*  ; 
Subtr.  y*  from  each  side,  leaves  x^  +  y^  -f  z^  =  49—  14y ;' 
Putting  the  two  values  of  j:*  +y*  +  ^*?oi_Ao     ixt/. 
equal  to  each  other,  gives  j  2 1  —  49  —  ♦y ; 
Then  transposing  21  and  14y,  gives  14y  s  28 ; 
And  dividing  by  14,  gives  y  =«  2. 
Then  substit.  2  for  y  in  the  Ist  equa.  gives  xz  s  4, 
And  in  the  4th,  it  gives  x  +  z  ^S\ 
Transposing  z  in  the  last,  gives  x  ^s  -^z'y 
This  substit.  in  the  next  above,  gives  5z  —  z*  «  4 ; 
Changing  all  th,e  signs,  gives  zs  -.  sz  =  ^.  4  ; 
Then  completing  the  square,  gives  z«  —  5z  +  V  ™  i  t 
And  extracting  the  root  gives  z  ^-^  {  sb±  I ; 
Then  transposing  |,  gives  z  and  or  ;:±=  4  and   1,  the  two 

other  numbers  ; 
Bo  that  the  three  numbers  are  1,  2, 4. 

qUSSTIOMS  Foa  fracticx. 

1.  What  number  is  that  which  added  to  its  square  makes 
42  ?  Ans.  6. 

2.  To 
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3.  To  find  two  numbers  tuch,  that  Ibe  less  niiy  l)c  to  the 
Heater  as  the  greater  is  to  13)  and  that  the  sum  of  their 
squares  may  be  45.  Ans.  3  and  6« 

3.  What  two  numbers  are  those,  whose  diflference  is  3, 
find  the  difference  of  their  cubes  96  ?  Ans.  3  and  5. 

4.  What  two  numbers  are  those  whose  sum  is  6|  and  the 
sum  of  their  cubes  73  i  Ans.  %  isid  4. 

5.  What  two  numbers  are  those,  whose  product  is  3a, 
and  the  difference  of  their  cubes  ^1  ?  Ans.  4  and  5. 

6.  To  divide  the  number  1 1  into  two  such  parts,  that  the 
product  of  their  squanes  maf  be  784.  Ans.  4  and  7. 

7.  Todinde  the  nunHier  5  into  two  such  paru,  that  the 
sum  of  their  alternate  quotients  mnj  be  4|y  that  is  of  the 
two  quotients  of  each  part  divided  by  the  other. 

Ans.  1  9M  4. 

8.  To  divide  12  into  two  such  parts,  that  their  product 
may  be  equal  to  8  times  their  difference.  Ans.  4  and  8. 

9.  To  divide  the  number  10  into  two  such  parts,  that  the 
square  of  4  times  the  less  pert,  may  be  1 13  more  ttiaa  the 
square  of  3  times  the  greater.  Ans.  4  and  6. 

10.  To  fitid  two  numbers  such,  that  the  sura  of  their 
squares  may  be  89,  and  their  sum  muhiplied  by  the  greater 
tnay  produce  104.  Ans.  5  and  8. 

11.  What  number  is  that,  which  bemg  divided  by  the 
product  of  its  two  digits,  the  quotient  is  5| ;  but  when  9  is 
subtracted  from  it,tliere  remains  a  number  havmg  the  same 
^digits  inverted  ?  Ans.  33. 

13.  To  divide  SO  into  three  parts  such,'  that  the  continual 
product  of  all  three  may  be  370,  and  that  the  difference  of  the 
first  and  second  may  be  3  less  than  the  difference  of  the 
second  and  third.  Ans.  5$  6, 9. 

1 3.  To  find  three  numbers  in  asithmetical  progression, 
-such  that  the  sum  of  their  squares  may  be  56,  and  the  sum 
arising  by  adding  together  3  times  the  first  and  3  times  the 
second  and  3  limes  the  third,  may  amount  to  38. 

Ans.  3,  4,  6. 

14.  To  divide  the  number  )  3  into  three  such  parts,  that 
their  squares  may  have  equal  differences,  and  that  the  sum 
of  those  squares  may  be  75.  Aus.  I,  5,  7. 

\5.  To  find  three  numbers  having  equal  differences,  so 
that  their  sum  may  be  13,  and  the  sum  of  their  fourth  powers 
-962*  Ans.  3,  4,  5. 

16.  To  find  three  numbers  having  equal  differences,  and 
such  that  the  square  of  the  least  added  to  the  product  of  the 
two  gt^ater  may  make  38,  bnt  the  square  of  the  greatest 
added  to  the  product  of  the  two  less  may  make  44. 

Ans.  2,  4,  €. 

17.  Three 
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17.  Three  merchants,  a,  &,  c,  on  comparing  their  gains 
find,  that  among  them  all  they  have  gained  t444/. ;  and  that 

«b's  gain  add^d  to  the  square  root  of  a's  made  920/. ;  but  if 
added  to  the  square  root  of  c's  it  made  912.  What  were 
their  several  gains  ?  •  Ahs.  a  400,  b  900,  c  144. 

18.  TofindT  three  numbers  in  arithnietical  progression,  so 
that  the  sum  of  Iheir  squares  shall  be  93  ;  also  if  the  fitbt  be 
multiplied  by  3,  the  Second  by  4,  and  the  third  by  5,  the 
sum  of  the  products  may  be  66.  Ans.  2, 5,  8. 

19.  To  find  four  numbers  such,  that  the  first  may  be  to  the 
second  as  the  third  to  the  fourth ;  and  that  the  first  may  be 
to  the  fourth  as  4  to  5 ;  also  the  second  to  the  third  as  ^  to  9 ; 
ftn4  the  sum  of  the  second  and  fourth  may  be  20. 

Ans.  S,  5,  9,  16. 

30.  To  find  two  numbers  such,  that  their  product  added  to 

their  sum  may  make  47,  and  their  sum  taken  from  the  sum 

of  their  squares  may  leave  63.  Ans.  5.  and  7* 

RESOLUTION  OF  CUBIC  AND  HIGHER 

EQUATIONS. 

A  Cubic  Equation,  t)r  Equation  of  the  3d  degree  or 
"power,  is  one  that  contains  the  third  power  of  the  unknown- 
quantity.     As  x^  —  ax^  +bx  =zc.  ^ 

A  Biquadratic^  Of  Double  Quadratic,  is  an  equation  that 
contains  the  4th  Power  of  the  unknown  quantity  : 

As  X*  —  ax^  +dx*  —  CJCT=  d. 

An  Equation  of  the  5th  Power  or  Degree,  is  one  that  con- 
tains the  5th  power  of  the  unknown  quantity  : 

As  x'  —ox*  4-  bx^  —  ex*  +  dx  ^^  e. 

And  so  on,  for  all  other  higher  powers.  Where  it  is  to 
be  noted,  however,  that  all  the  powers,  or  terms,  in  the 
equation,  are  supposed  to  be  freed  from  surds  or  fractional 
exponents. 

There  are  many  particular  and  prolix  rules  usually  given 

ibr  the  solution  of  some  of  tlie   above-mentioned   powers 

or  equations.     But  they  may  be  all  readily  solved  by  the 

ibilowing  easy  rule  of  Double  Position,  sometimes   called 

Trial*and-crroi*. 

RULE. 

1 .  FiNO,  by  trial,  two  numbers,  as  near  the  true  root  an 
you  can,  and  substitute  them  separately  in  the  ghxn  equation, 
instead  of  the  unknown  quantity  ;  and  find  how  much  the 
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terms  collected  together,  according  to  their  signs  +  or  — .  ^ 
diflTer  from  the  absolute  known  term  of  the  equation,  marking 
whether  these  errors  are  in  excess  or  defect.  , 

2.  Multiply  the  difference  of  the  two  numbers,  found  or 
taken  by  trial,  \iy  either  of  the  errors,  and  divide  the  pro- 
duct by  the  difference  of  the  errore,  when  they  are  alike, 
but  by  their  sum  when  they  are  unlike.  Or  say,  As  the 
difference  or  sum  of  the  errors,  is  to  the  difference  of  the 
two  numbers,  so  is  either  error  to  the  correction  of  its  sup- 
posed number.  ^ 

3.  Add  the  quotient,  last  found,  to  the  number  belonging  to 
that  error,  when  its  supposed  number  is  too  little,  but  subtract 
it  when  too  great,  and  the  result  will  give  the  true  root 
nearly. 

4.  Take  this  root  and  the  nearest  of  the  two  former,  or 
any  other  that  may  be  found  nearer ;  and,  by  proceeding  in 
lilbB  manner  as  above,  a  root .  will  be  had  still  nearer  than 
before.     And  so  on  to  any  degree  of  exactness  required. 

•^ote  1 .  It  is  best  to  employ  always  two  assumed  numbers 
that  shall  differ  from  each  other  only  by  unity  in  the  last 
figure  on  the  right  hand ;  because  then  the  difference,  or 
multiplier,  is  only  1.  It  is  also  best  to Vse  always  the  least 
error  in  the  above  operation. 

J^ote  2.    It  will  be  convenient  ^Iso  to  begin  with  a  single 
,  figure  at  first,  trying  several  single  figures  till  there  be  found 
the  two  nearest  the  truth,  the  one  two  little,  and  the  other 
too  great ;  and  in  working  with  them,  find  only  one  more 
figure.     Then  substitute  this  corrected  result  in  the  equation, 
for  the  unknown  letter,   and  if  the  result  prove  too  little, 
substitute  also  the  number  next  greater  for  the  second  sup- 
position ;  but  contrarywise,  if  the  former  prove  too  great, 
then  take  the  next  less  number  for  the  second  supposition : 
and  in  working  with  the  second  p£dr  of  errors,  continue  the 
quotient  only  so  far  as  to  have  the  corrected  number  to  four 
places  of  figures.     Then  repeat  the  same  process  again  with 
this  last  corrected  number,  and  the  next  greater  or  less,  as 
the  case  may  require,  carrying  the  third  corrected  number 
to  eight  figures  ;  because  each  new  operation  commonly 
doubles  the  number  of  true  figures.     And  thus  proceed  to 
any  extent  that  may  be  wanted. 


EXAMPLES. 

Ex.  1.  To  find  the  root  of  the  cubic  equation  x3  +  jc»  4. 
a:  ^  100,  or  the  value  of  x  in  it. 

Hfrre 
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ttere  it  is  aoon  found  that 
jt  lies  between  4  and  5.  As- 
sume therefore  these  two  num- 
bers, and  the  operation  will  be 
as  follows : 

1st  Sup.  2d  Sup. 

4       .       J7        -  5 

16       -        x«.      -  23 

64       -         ar3       -  125 


84       -     sums     -         155 
1 00      but  should  be       1 00 


—  16 


-   errors 


-f-55 


the  sum  of  which  is  71. 
Then  as  71  j  1  :  :   16  :  -2. 
Hence  t  =s  4*2  nearly. 


Again,  suppose  4*2  and  4*3, 
and  repeat  the  work  as  fol- 
lows : 


1st  Sup. 
42       - 
17-64     . 
74  088  " 

95-928 
100 


:r3 


sums 


2d  Sup. 
4-3 

-  18-49 

-  79-507 

102-297 
100 


—  4-072      errors     ,+  2-297 

the  sum  of  which  is  6-369. 
As  6-369  :  1  :  :  2-297  :  0-036 
This  taken  from    -    4-300 


leaves  X  nearly  j=  4  264 


Again,  suppose  4-264,  9nd  4-265,  and  work  as  follows : 
4*264  .  X  -  4-265 


18-181696 
77-526752 

99-972448 
100 


sums 


18-190225 
77-581310 

100-036535 
100 


—0-027552         -       errors       -        +0-036535 

the  sum  of  which  is  *064087. 
Then  as  '064087  :  -001  :  :  -027552  :  0-0004299 
To  this  adding         -         4-264 


gives  X  very  nearly  =  4-2644299 


The  work  of  the  example  above  might  have  been  much 
shortened,  by  the  use  of  the  Table  of  Powers  in  the  Arith- 
metic, which  would  have  given  two  or  three  figures  b^  in- 
spection. But  the  example  has  been  worked  out  so  particu- 
larly as  it  is,  the  better  to  show  the  method. 

Ex.  2.  To  find  the  root  of  the  equation  :r3  — .  15  ^«  +  63  x 
=^  50,  or  the  value  of  :r  in  it. 

Here  it  soon  appeaf  s  that  r  is  very  ^ttlc  above  I . 

Suppose 
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SupiK>se  therefore  10  and  M, 
and  work  as  follows  : 


10  - 


1-1 


63  0  - 
—  15 
1       - 

63«r 
-I5x« 

X3 

-       693 
—  1815 
1-331 

49       -' 
50 

sums 

-     5S*484 
50 

—  1       - 

3-481 

As  3-481 

errors    -    •f>3*481 
sum  of  the  errors. 
:  I  ::•!  :  -03 correct. 
I  00 

Hence  x  =^  1-03  nearly. 


Again,  suppose  the  two  mim-^ 

liers  1*03  and   1*02,  &c,  a»^ 
follows  : 
1-03     -         X    -  )-02 

64-89     -    63x      iJSfi 
—  15-9135  — 15j?«  -15*^060 
1-092727     jr»       1-061208 


50-069227  sums  49  715208 
50  50 


^  -069227  errors  —  -284792. 
•284792 


A«    -354019  :  -01  : :  -069227; 

-(X)  19555 
This  taken  from      1*03 


leaves  x  nearly  =  1-02804 


JVbu  3.  Every  equation  has  as  many  roots  as  it  contains 
dimensions,  or  as  there  are  units  in  the  index  of  its  highest 
power.  That  is,  a  simple  equation  lias  only  one  value  of 
the  root ;  but  a  quadratic  equation  has  two  values  or  roots, 
a  cubic  equation  has  three  roots,  a  biquadratic  equation  has 
four  roots,  and  so  on. 

And  when  one  of  the  roots  of  an  equation  has  been  found 
by  approximation,  as  above,  the  rest  may  be  (bund  as  follows. 
Take,  for  a  dividend,  the  given  equation,  with  the  known 
term  transposed,  with  its  sign  changed,  to  the  unknown  side 
of  the  equation;  and,  for  a  divisor,  take  x  minus  the  root 
just  found.  Divide  the  said  dividend  by  the  divisor,  and 
the  quotient  will  be  the  equation  depressed  a  degree  lower 
than  the  given  one. 

Find  a  root  of  this  new  equation  by  approximation,  asr 
before,  or  otherwise,  and  it  will  be  a  second  root  of  the 
original  equation.  Then,  by  means  of  tin's  root,  depress 
the  second  equation  one  degree  lower,  and  from  thence 
find  a  third  root,  and  so  on,  till  the  equation  be  reduced  to 
a  quadratic ;  then  the  two  roots  of  this  being  found,  by  the 
method  of  completing  the  square,  they  will  make  up  the  re- 
mainder of  the  roots.  Thus  in  the  foregoing  equation,  hav- 
ing found  one  root  to  be  1-02804,  connect  it  by  minus  with 
.r  for  a  divisor,  and  the  equation  for  a  dividend,  &c,  as 
follows : 

a:—  1-02804)  x*~  IS.r^  +  63jc --  50  (x*  —  l3-97I96:r  + 

48--63627  =  -O 
Thciv 
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Then  the  two  roots  of  this , quadratic  equation,  or  —  -^  — 
jr-e  —  IS  97196  X  =  —  48*63637,  by  completing  the  square, 
are  6-57653  and  7*39543,  which  are  also  the  other  two 
roots  of  the  giveni  cubic  equation.  So  that  all  the  three 
roots  of  that  equation,  vi».  oc*  —  \5x*  +  63  jf  =  50, 


are  I  •02804' 
and  6-57653 
and  7*39543 


sum  15-00000 


and  the  sum  of  all  the  roots  is  found  to  bo 
15,  being  equal  to  the  co-efficient  of  the 
>2d  term  of  the  equation,  which  the  sum  of 
the  roots  always  ought  to  be,  when  they  aro 
right. 

Mte  4.  It  is  also  a  particuUur  advanUge  of  the  foregoing 
rule,  that  it  is  not  necessary  to  prepare  the  equation,  as  for 
other  rules,  by  reducing  it  to  the  usual  final  form  and  state 
of  equations.  Because  ifae  rule  may  be  applied  at  once  to  an 
unreduced  equation,  though  it  be  ever  so  much  embarrassed 
by  surd  and  compound  quantities.  As  in  the  following  ex- 
ample : 

Ex.  3.  Let  it  be  required  to  find  the  root  x  of  the  equation 
^\4Ax^^(x^+20y  +  v^l96a:»— (ap*  +  24)«=n4,orthe 
Talue  of  J7  in  it. 

By  a  few  trials,  it  is  soon  found  that  the  value^  of  j?  is  but 
little  above  7.  Suppose  therefore  first  that  a?  is  =  7,  and 
then  J7  =  8. 

First,  when  x  «:  7.  Second,  when  a?  *  a. 

mi  ■■    ■  '     '       "■' 

47*906     .     Vi**^*-(^*+^^)*     -       4^-476^ 
65  384     -      i/l^6x^-^(x^+Uy     -       69*283^ 

H  3=290     -     the  sums  of  these         -        115*759 
1 14' 000    -    the  true  number  -       1 U-OOO 


—0-710    -    the  two  errors  -      +1*759 

+ 1'759     -  ■ 

As  2*4^9  :  I  :  :  0*710  :  0*2  nearlf 

70 

Therefore  x  =  7*2  nearly 

Suppose  again  x  =  7-2,  and  then,  because  it  turns  out  too 

ereat,  suppose  x  also  =  7-1,  Jcc,  as  follo^vs  : 

*  .       Supp- 


^3 

Supp.  JT  =  7 

•2 
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Supp.  X 

-  47-973 

-  65-904 

=  7-1 

47-990 
66-403 

^  144x2  —  (x«  +  20)* 
•  I9^6x»— .(x»  +  34)» 

the  sums  of  these 
the  true  number 

the  two  errors 

114-393 
114-000 

1 13-877 
114-000 

1 

+0-392 
0-133 

—0-123 

As      -515  :  -I  : :  -133  :  -034  the  correction, 

7-100  add 


Therefore  x  =  7134  nearly  the  root  required. 

Mte  5.  The  same  rule  also,  among  other  more  dlfficulf 
ibrms  of  equations,  succeeds  very  well  in  what  are  called 
exponential  ones,  or  those  which  have  an  unknown  quantity  iff 
Ihe  exponent  of  the  power  ;  as  in  the  following^  example  i 

£x.  4.    To  find  the  value  of  x  in  the  exponential  equation 

x^  s=  IGO. 

For  more  easily  resolving  such  kinds  of  equations^  it  is* 
convenient  to  take  the  logarithms  of  them,  and  then  com- 
pute the  terms  by  means  of  a  table  of  logarithms.  Thus>- 
the  logarithms  of  the  two  sides  of  the  present  equation  are 
X  X  log.  of  X  =r  3  the  log.  of  100.  Then,  by  a  few  trials,  it  i» 
soon  perceived  that  the  ^ue  of  x  is  somewhere  between  the 
two  numbers  3  and  4,  and  indeed  nearly  in  the  middle  between 
them,  but  rather  nearer  the  latter  than  the  former.  Taking 
therefore  first  x  =  3-5,  and  then  =  3-6,  and  working  with 
the  logarithms,  the  operation  will  be  as  follows : 

First  Supp.  X  =  3  5.  Second  Supp.  x  «=  3-6. 

Log.  of  3-5  =  0*544068  Log.  of  3-6  «  0-556303 

then  3-5  X  log.  5:5  =  I  -904238     then  3-6  X  log.  3-6  =  2-002689^^ 

the  true  number  3-000000         the  true  number  2-000000 


error,  too  little,  —-095763 

002689 


error,  too  great,  +-002689 


•09845 1  sum  of  the  errors.     Then, 


A«    •098451  :  -l  ;  :  -002689  :  0-00273  the  correction 

taken  from  3-60000 


leaves    -    3-59727  =  x  nearly. 


On 
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On  trial,  this  is  found  to  be  a  veiy  small  matter  too  little. 
Take  therefore  again,  x  =  3-59727,  and  next  =  3-59728,  and 
r€peat  the  operation  as  follows  ; 


First,  Supp.  X  =  3-59727. 
Log.  of  3-59727  is  0-555973 
3-59727  X  log. 

of  3-59727  =  1  9999854 
the  true  number  2-0000000 


error,  too  little,  —0-0000146 

—0-0000047 


Second,  Supp.  x  =s  3-59736. 
Log.  of  3  59728  is  0-555974 
3-59728  X  log. 

of  3-59728  =  1  9999953 
the  true  number  2-0000000 


error,  too  little,  —00000047 


0-0000099  diff.  of  the  errors.     Then,, 
As  -0000099  :  -00001  :  :  -0000047  :  •00000474747*  the  cor. 

added  to        -       3-59728000000 


giyesnearly  the  value  of  jr  =s  3-59738474747 

Ex.  5.  To  find  the  value  of  x  in  the  equation  x'  +  I  Ox* 

4.  5x  =  260.  Ans.  x  =  4-1179857. 

I 

Ex.  6.  To  find  the  value  of  x  in  the  equation  x^  — 3x  is  50. 

Ans.  3-8648854. 


*  The  Aatbor  has  here  followed  the  general  rule  in  finding  as  uianv 
additional  figures  as  were  known  before :  viz.  The  6  figures  3'597^a». 
but  as  the  logarithms  here  used  are  to  6  places  only,  we  cannot  de- 
pend on  more  than  6  figures  in  the  answer ;  we  have  no  reason, 
therefore,  to  suppose  any  of  the  figures  in  '00000474747»  to  be 
correct 

The  log.  of  3-59728  to  15  places  is  0-55597  42431  34677 
the  Ic^  of  3-59727  to  15  places  is  0*55597  30358  47267 
which  logarithms  multiplied  by  their  respective  numbers  give  the  fol- 
lowing products : 

1-99999  50253  43512*)    |,  .,  ,„,.  .    ,.    .  ^  -5^,^ 
1-99998  51226  622985   both  true  to  the  last  figure. 

Therefore,  the  errors  are       -        -        -         49746  56488 

and       -        -        -        148773  37702 
and  the  difierence  of  errors       -        -        -  99026  81214. 

Kow  since  only  6  additional  fi'gures  are  to  be  obtained,  we  may  omit 
the  last  three  figures  in  these  errors  ;  and  state  thus  :  as  diff.  of  errors 
9902681 :  diff.  of  sup  1  : :  error  4974656  :  the  correction  502354,wbich 
iiniud  to  3*59728  gives  us  the  true  value  of  x  =  3*59728502354. 


Ex.  7- 
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Ex.  T.  To  find  khe  value  of  jr  in  the  equation  jp*  +  2«* 
—23a:  s  70.  Ans.  JP  =  5-13457. 

Ex.  8.  To  find  the  value  of  x  in  the  equat!bn  jt*  —  17jr« 
-f.  54x  =  350.  Ans.  X  =z  14*95407. 

Ex.9.  To  find  the  value  of  X  in  the  equation  jr« -«3x* 
— 75JC  =s  lOOOO.  Ans,  x  =  10*2609. 

Ex.  10.  To  find  the  value  of  x  in  the  equation 2x« —  \6x^ 
+  40x»  —  30x  =  —  1.  Ans.  x  =  1-284724. 

Ex.  1 1-  To  find  the  value  of  x  in  the  equation  x«  +  2x* 
+  3x3  ^  4x«  +  5x  =  54321.  Ans.  x  =  8-4U455, 

Ex.  13.  To  find  the  value  of  x  in  the  equation  x^  = 
123456789.  Ans.  x  =  8-6400268. 

Ex.  13.  Given  2x*  ^  7J?»  +  1  Ix*  —  3.r  =  II,  to  find  x. 
JLii.  14.  To  find  the  value  of  x  in  the  equation 

(3x'  —  3  V   ^  +  1)^  —  (x»  —  4X  v'  X  +  3  v^  x)»  =  56. 

Ans.x  =  18-360877. 


To  retotve  Cubic  Equations  by  Cardan^s  Rule. 


Though  the  foregoing  general  method,  by  the  application 
of  Double  Position,  be  the  readiest  wayi  in  real  practice,  of 
finding  the  roots  in  numbers  of  cubic  equations,  as  well  as  of 
all  the  higher  equations  universally,  we  may  here  add  the 
inrticular  method  commonly  called  Cardan's  Rule,  for  re- 
solving  cubic  equations,  in  case  any  person  should  choose 
•occaaionally  to  employ  that  method. 

The  form  that  a  cubic  equation  must  necessarily  have,  to 
4>e  resolved  by  this  rule,  is  this,  viz.  z^  ^az^  dy  that  is, 
wantiujp^  the  second  term,  or  the  term  of  the  2d  power  z*. 
Theretorc,  after  any  cubic  equation  has  been  reduced  down 
to  its  final  usual  form,  x^  -f.  fix*  +  qx  ss  r^  freed  from  the 
co-efficient  of  its  first  term,  it  will  then  be  necessary  to  take 
away  the  2d  term  fix^  ;  which  is  to  be  done  in  this  manner  : 
Take  ^/2,  or  ^  of  the  co-efficient  of  the  second  term,  and 
annex  it,  with  the  contrary  sign,  to  another  unknown  letter 
;?,thus  z—^i ;  then  substitute  this  for  x,  the  unknown  letter 
in  tlie  original  equation  x^  -f-  fix*  +  ^x  =  r,  and  there  will 
itsuU  this  reduced  equation  z^  +  aar  =  d,  of  the  form  proper 
for  applying  the  following,  or  Cardan's  rule.  Or  take 
€  =8  Ja,  and  d  =  ^A,  by  which  the  reduced  equation  takes 
this  form,  z^  +  3c  2  =  2tf. 

Then 


\ 
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7hen  avbstitute  the  valoeg  of  c  mdcf  inthia ' 

and  the  value  of  the  root  z,  of  the  reduced  eqtiatioii  z  *  + 
az  «=  ^  wHl  be  obtained.  Lastly,  take  x  =  r  — .  4/i,  which 
will  give  the  value  of  a:,  the  required'  root  of  the  original 
equation  x*  +^x*  +9^='  r$  first  proposed.  . 

One  root  of  this  equation  being  thus  obtained,  then  de- 
pressing the  original  equation  one  degree  lower,  after  the 
manner  described  p.  260  and  261,  the  other  two  roots  of 
that  equation  wtU  be  obtained  by  snerniB  of  the  resulting 
quadratic  equation. 

JVhtc.  When  the  co-efficient  a,  or  c,  is  negative,  and  c*  is 
greater  than  <^,  this  is  called  the  irreducible  case,  because 
then  the  solution  cannot  be  generally  obtained  by  this  rule, 

Ex.  To  find  the  roots  of  the  equation  jp^^Sx^  +  \Ojp  s  8. 

First,  to  take  away  the  2d  term,  its  co-efficient  being  — -6, 
its  3d  part  is  —  2  ;  put  therefore  x  «  z  +2 ;  tbep 

jr3  a  zs  -f  6i«  +  I2z  +8 

6x^  =       —  6z*  —  24z^t4t 

-f.  10a-  =  +  lOz  +  20 

thercf.  the  sum  z»     «       —   2z  +  4  «  8 
or  z»     j|e      — .   2z  *s  4  . 
iHerc  then  a  =  —  2,  A  =  4,  c  =  -*■  |>  ^  =  2. 


Theref.  3^^iV(£+Jf *)  =  5^ 2  +  •C^-vr)  «=  ^^  +  V! \V= 

^  2  +  V  V  3  =»  1  -57735 ..— _^ 

and  3^rf.-V(d«+c»)=:j<2-^(4--aV)  =  ^2-vVr  = 

^2— .  y  ^3  =  0-42265 
then  the  sum  of  these  two  is  the  value  of  ^  ar  2* 
Hence  a:  =  z  -f  2  =4,  one  root  of  x  in  the  eq.  x»  —  6^   + 

\Qx 8. 

To  find  the  two  other  roots,  perform  the  division,  &c,  as 

in  p.  261,  thus :  «         «       *. 

.r  — 4)xs_6x«.l-l0^  — >('*^*-3ar  +  2«0 

x3 4J7* 


—  2:p»  + 

—  2x*  + 

lOx- 
Ux 

^x^ 
2x  — 

8 
8 

— _  ■ 

Vol.  I.  M  m  Hence 
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Hence  :r'—2j:  =  —  2,orx«— 2j?  +  1  =—  1,andx— *1 
c=±v^  — 1;  3P^\+y/  — lora=l — sZ-^lj  the  two 
other  sought. 

Ex.  2.  To  find  the  roots  of  x>  —  9x«  4.  28ar »  30. 

Ans.  x=x  3,  or  =  3  +v' —  l,or=  3  —  y'  —  I. 
Ex.  3.  To  find  the  roots  of  j:»  —  7x*  +  I4x  »  20. 

Ans.  jc  =  5,or  =  1  +  -v/—  3,  or  j=  I  —  ^  —3. 


OF  SIMPLE  INTEREST. 

As  the  interest  of  any  sum,  for  any  time,  is  directly  pro- 
portional to  the  principal  cum,  and  to  the  time ;  therefore 
the  interest  of  1  pound,  for  1  year,  being  multiplied  by  any 
given  principal  sum,  and  by  the  time  of  its  forbearance,  in 
^ars  and  parts,  will  give  its  interest  for  that  time.  That  is, 
if  there  be  put 

r  =  the  rate  of  interest  of  1  pound  per  annum, 

p  =  any  principal  sum  lent, 

/  =  the  time  it  is  lent  for,  and 

a  sc  the  amount  or  sum  of  principal  and  interest ;  then 
is  fir t  =  the  interest  of  the  sum/^,  for  the  time  r,  andconseq. 
p  -f  firt  or  fi  X{\  +rt)  xOj  the  amount  for  that  time. 

From  thi^  expression,  other  theorems  can  easily  be  de<* 
duced,  for  finding  any  of  the  quantities  above  mentioned^ 
which  theorems,  collected  together,  will  be  as  below  : 

l8t,  a  «s  ^  +  firty  the  amount. 

2d,  fi  =7  • ,  the  principal, 

1  +rt 

A—fi 
3d,  r  = ,  the  rate, 

a—fi 
Attij  t  =3  -^—  the  time. 

fir 
For  Example,    Let  it  be  required  to  find,  in  what  time 
.any  principal  sum  will  double  itself,  at  any  rate  of  simple 
interest. 

In  this  case,  we  must  use  the  first  theorem,  a  «=  yk  +firtf 
in  which  the  amount  a  must  be  made  ^=  2/r,  or  double  the 
principal,  that  is,  fi  -f  firt^  2/i,  or  firt  ^fiy  or  rt  ssf  \  ; 

1 
j^d  hence  f  =  — . 

r  Here,, 


Compound  interest.  sar 

Here,  r  being  the  interest  of  1/.  for  1  year,  it  follows  ^  that 
the  doubling  at  simple  interest,  is  equal  to  the  quotient  of 
my  sum  divided  by  its  interest  for  1  year.  So,  if  the  rate  of 
interest  be  5  per  cent,  then  100  -r-  5  =r  30,  is  the  time  of 
doubling  at  that  rate. 

Or  the*'4th  theorem  gives  at  once 
a— /k       2/1— /I       2  —  1         1 

^  = = es  —  =  — ,  the  same  as  before. 

pr  pr  r  r 


COMPOUND  INTEREST. 

Besides   the    quantities    concerned  in  Simple  Interest 
namely, 

fi  =  the  principal  sum, 
r  =  the  rate  or  interest  of  1/.  for  1  year, 
a  =  the  whole  amount  of  the  principal  and  interest, 
f  =  the  time, 
there  is  another  quanti^  employed  in  Compound  Interest, 
viz.  the  ratio  of  the  rate  of  interest,  which  is  the  amount 
of  1/.  for  1  time  of  payment,  and  wliich  here  let  be  denoted 
by  R,  viz. 

R  es  1  +  r,  the  amount  of  ]/.  for  1  time. 
Then  the  particular  amounts  for  the  several  times  may  be 
thus  computed,  viz.   As  1/.  is  to  its  amount  for  any  time,  so  is 
any  proposed  principal  sum,  to  its  amount  for  the  same  time  ; 
that  is,  as 

1/.  :  R  :  :  /i       :  fiRy  the  1st  year's  amount, 
lA  :  R  :  :  fiR    :  >kR*,  the  2d  year's  amount, 
1/.  :  R  :  :  fill*  :  fiR^y  the  3d  year's  amount, 
and  so  on. 
Therefore,  in  general,  ^R^  =  a  is  the  amount  for  the  t  year, 
or  t  time  of  payment.    Whence  the  following  general  theo- 
rems are  deduced  : 

1st,  a  =  /iR^j  the  amount, 

a 
2d,  /^  ==  —  the  principal, 
R* 
a 
3d,  R  =  J/—,  the  ratio, 

log.  of  a—  log.  of  fi 
4th,  t  3x  ■»■■■,  the  t?me. 

h>g.  of  R 
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From  which,  any  one  of  the  quantitiet  may  be  found,  when- 
the  re«  »rc  given. 

As  to  the  whole  interest,  it  is  found  by  barely  ftubtncting 
the  priocipa]  fi  from  the  amount  o. 

Kxamjjlf.  Suppose  it  be  required  to  And,  in  how  many 
yeai-i  any  principal  sum  will)  doable  itself,  at  any  proposed, 
rate  of  compound  interesL 

In  this  case  the  4th  tbearem  mutt  be  em^yed,  making 
a  ^ifi;  and  then  it  is, 

log.  d  —  log. /j       log.  2/1— log:-/!       log.  2 

I  = .  =  _^^_— ^  sm     I  .-    ..  .. 

log.  R  log.  R  log.  R 

So,  if  the  rate  of  interest  be  5  per  cent,  per  annuin  ;  thea 
R  =  I  -f-  -OS  =  105  ;  and  hence 
log.  2  -301030 

I  =  ■ =. SB  U3067  nearly; 

log.  1-05        '021189 
that  is,  any  sum  doubles  itself  in  1  i^  years  nearly,  at  the  rats 
of  5  per  cent,  per  annum  compound  interest. 

Hence,  and  from  the  like  question  in  Simple  Interest^ 
above  given,  are  deduced  the  times  in  which  any  sum  doubles 
itself,  at  several  rates  of  interest,  both  simple  and  com- 
pound ;  ¥12. 


COMPOUND  INTEREST. 
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The  following  Table  will  very  much  facilitate  calculations 
of  compound  interest  on  any  sutni  for  any  number  of  years, 
at  various  rates  of  interest* 

The  Amounts  of  1/.  in  any  Number  of  Years. 


Yrs. 

3 

4 

^i 

5 

6 

J 

1-0300 

I  0350 

1-0400 

J -0450 

1-0500 

1O600 

3 

1  0609 

1*0712 

1-0816 

1-09S0 

11035 

1*1236 

3, 

V0927 

1*1087 

11249 

1*1412 

11576 

1-1910 

4 

1-1255 

1-1475 

M699 

1-1925 

1*3155 

1-3635 

5 

1;1593 

11877 

1-2167 

1*2462 

1-3763 

1  *3383 

6 

11941 

1*2293 

1*2653' 

1-3033 

1-3401 

1*4185 

7 

1*2299 

1-2723 

1*3159 

1-3609 

1*4071 

1*5036 

B 

1*2668 

1*3168 

1*3686 

1-4221 

1-4775 

1*5939 

9 

1J048 

1*3629 

1*4233 

1-4861 

1*5513 

1*6895 

10 

1*3439 

1*4106 

1*4803 

1-5530 

1-6289 

1-7909 

n 

1-3842 

1-4600 

1*5895 

1*6229 

1-7103 

1-8983 

12 

1*4258 

1-5111 

1*6010 

1-6959 

1-7959 

3*0122 

13 

1  -4685 

1*5640 

1-6651 

1-7722 

1-8856 

2*1339 

u 

I-5J26 

1*6187 

1*7317 

1-8519 

1*9799 

3-3609 

15 

1*5580 

1*6753 

1-8009 

1-9353 

2-0789 

3-3966 

16 

1-6047 

1-7340 

1*8730 

2-0334 

2-1839 

3*5404 

17 

I  6528 

1*7947 

1*9479 

3-1134 

3*2920 

3-6928 

18 

1-7024 

1*8575 

2*0258 

3-3085 

2*4066 

2*8543 

19 

1-7535 

11*9325 

3-1068 
2-1911  J 

2-3079 

2*5270 

3*0256 

30 

1*8061 

1 -989^8 

3-4117 

2*6533 

3*2071 

The  use  of  this  Table^  which  contains  all  the  powers,  &% 
to  the  30th  power,  or  the  amounts  of  1/,  is  chiefly  to  cal- 
culate the  interest,  or  the  amount  of  any  principal  sum,  for 
any  time,  not  more  than  20  years. 

For  example,  let  it  be  required  to  find,  to  how  much  523/. 
will  amount  in  15  years,  at  the  rate  of  5  per  cent,  per  annum 
compound  interest. 

In  the  table,  on  the  line  15,  and  in  the  column  5  per  cent, 
is  the  amount  of  1/,  viz.        -        -         2  0789 
this  multiplied  by  the  principal        -  533 

gives  the  amount        .        ♦        -  1087-3647 

or  ,        .        .  1087/.  5«.'3irf. 

and  therefore  the  interest  is        -  564/.  5«.  2id. 

Jfote  1.  When  the  rate  of  interest  is  to  be  determined  to 

any  other  time  than  a  year ;  as  suppose  to  -J  a  year,  or  ^  a 

yearj  ftcc;    the  rules  arc  stiU  the  sam&^  but  then  t  will 

express 
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express  that  time,  and  A  must  be  tsdcen  the  amount  for  that 
time  also. 

Mte  2.  When  the  compound  interest,  or  amount,  of  anjE 
sum,  is  required  for  the  parts  of  a  year ;  it  may  be  deter- 
mined in  the  following  manner : 

U/,  For  any  time  which  is  some  aliquot  part  of  a  year  :*• 
Find  the  amount  of  1/.  for  L  year,  as  before ;  then  that 
root  of  it  which  is  denoted  by  the  aliquot  part,  will  be  the 
amount  of  1/.  This  amount  being  multiplied  by  the  prin- 
cipal sum,  will  produce  the  amount  of  the  given  sum  as 
rcqtiired. " 

3(f,  When  the  time  is  not  an  aliquot  part  of  a  year : — 
Reduce  the  time  into  days,  and  take  the  365th  root  of  the 
amount  of  1/.  for  1  year,  which  will  give  the  amount  of  the 
same  for  1  day.  Then  raise  this  amount  to  that  power 
whose  index  is  equal  to  the  number  of  days,  and  it  will  be 
the  amount  for  that  time.  Which  amount  being  multiplied 
by  the  principal  sum,  will  produce  the  amount  of  that  sum 
as  before.— And  in  these  calculations,  the  operation  by  loga- 
rithms will  be  very  useful. 


OF  ANNUITIES. 


Annuity  is  a  term  used  for  any  periodical  income, 
arising  from  money  lent,  or  from  houses,  lands,  salaries, 
pensions,  &c.  payable  from  time  to  time,  but  mostly  by 
annual  payments. 

Annuities  are  divided  into  those  that  are  in  Possession, 
and  those  in  Reversion  :  the  former  meaning  such  as  have 
commenced  ;  and  the  latter  such  as  will  not  begin  till  some 
particular'  event  has  happened,  or  till  after  some  certain 
time  has  elapsed.  • 

When  an  annuity  is  forbom  for  some  years,  or  the  pay- 
ments not  made  for  that  time,  the  annuity  is  said  to  be  in 
Arrears. 

An  annuity  may  also  be  for  a  certaui  number  of  years; 
or  it  may  be  without  any  limit,  and  then  it  is  called  a  Per- 
X)etuity. 

The  Amount  of  an  annuity,  forborn  for  any  number  of 
years,  is  the  sum  arising  from  the  addition  of  al!  the  annui- 
ties for  that  number  of  years,  together  with  the  interest  due 
upon  each  after  it  becomes  due. 

^     The 
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The  Present  Worth  or  Value  of  an  arnulty,  is  the  price  or 
mm  which  ought  to  he  given  for  it,  supposing  it  to  be  bought 
off,  or  paid  all  at  once. 

Let  a  =  the  annuity,  pension,  or  yearly  rent ; 
n  =  the  number  of  years  forbom,  or  lent  for  ; 
R  =  the  amount  of  1/.  for  I  year  ; 
m  =  the  amount  of  the  annuity  ; 
V  =  its  value,  or  its  present  worth. 
Now,  1  being  the  present  value  of  the  sum  r,  by  propor- 
tion the  present  value  of  any  other  sum  a,  is  thus  found : 

a 
as  R  :  1  :  :  a  z  —  the  present  value  of  a  due  1  year  hence. 

R 

a 
In  like  manner  —  is  the  present  value  of  a  due  2  years, 

R« 

a      a  a    a    a 

hence  ;  for  r  :  1  :  :  —  2  -—•      So  also  — ,  — » — }    8cc,  will 

R        R«  R*    R*  R* 

be  the  present  values  of  a,  due  at  the  end  of  3,  4,  5,  &c, 
years  respectively.     Consequently  the  sum  of  all  these,  or 
a       a      c       n  .  Ill         1 

_+_+—+—  +  &c   ==  (—+_  +  _  +  _  &c.)  X  a, 

R       R»      R»      R*  R        R»        R»        R* 

continued  to  n  terms,  will  be  the  present  value  of  all  the  n 
years'  annuides.     And  the  value  of  the  perpetuity,  is  the  sum 
.^f  the  series  to  infinity. 

But  this  series,  it  is  evident,  is  a  geometrical  progression, 
I 
having  —  both  for  its  first  term  and  common  ratio,  and  the 

R 

number  of  its  terms  n ;  therefore  the  sum  v  of  all  the  terms, 
•ar  the  present  value  of  all  the  annual  payments,  will  be 
I       1        1 

R  R         R**  R°—    I  a 

^  ss=  '■  X  fl,  or  =  — — .  X  — . 

1  R    —     I  R" 

R  .  .  .   ' 

When  the  annuity  is  a  perpetuity ;  n  being  infinite,  r"  is 

also  infinite,  and  therefore  the  quandty  —  becomes  =  0, 

R» 
a         il 
therdbre x  —  also  =  0 ;  consequently  the  expression 

R— 1        RO 

the 
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becomes  barely  v 


R— 1 


;  that  is,  any  annuity  divided  fagf 


the  interest  of  W.  for  1  year,  gives  the  value  oftbe  perpetuity. 
So,  if  the  rate  of  interest  be  5  per  cent, 

,Thcn  1 00a  ^  5  =  30a  is  the  value  of  the  perpetuity  at 
5  per  cent :  Also  100a  ^  4  =s  35a  is  the  value  of  the  per- 
petuity at  4  per  cent :  Aiu)  lOOa  ••3  b.  33|a  ia  the  value  of 
the  perpetuity  at  3  per  cefit :  jand  so  on. 

Again,  because  the  amoiinjt  of  U.  in  it  years,  is  h^S  its 
increase  in  that  time  urill  be  &>>  —  1  ;  but  its  interest  for  one 
single  year,  or  the  annuity  answering  to  that  increase,  is 
R  t—  1  ;  therefore  as  r  — -  1  is  to  r** —  1,  so  is  a  to  m  ;  that 

R»—  I 
is,  m  =  »-  X  «•    Hence,  .^e  several  cases  relating:  to 

R    -  1  ^^ 

Annuities  in  Arrear,  will  be  resolved  by  the  following  equa- 
tions : 

Ro  —  I 

«  =  — V—  X  « =*  va" ; 


^ 


V 


R   wil 

RB  -!r  1       a        m 


R     -   1  R     —  I 

a  as  —  X  »i  =        ■         X  T'K*  ;. 


Rn—  1 


log.  m  —  log.v 


R«»—   1 


log. 


OTR  —  m  +« 


n  = 


log.  R 

log.  m  —  log.  V 
Log.  R  =  ; 

n 
I         1  a 

r=( )X- 

R»        R**         R 


log.  a 


-  1 

In  this  last  theorem,  r  denotes  the  present  value  of  an 
annuity  in  reversion,  after  p.  years,  or  not  commencing  till 
after  the  first  fi  years,  being  found  by  taking  the  difference 

R"»  —  I         a    .      Rp  —  1        a 
between  the  two  values    ■  X  —  and         ■      x  — ^   for 

R    —  1        IL"  R    —  1       rp 

n  years  and/t  years. 

But  the  amount  and  present  value  of  any  annuity  for  any 
number  of  years,  up  to  3 1,  will  be  most  readily  found  by  the 
two  following  tables.  .    .  table 


.1 

I 

I 


\ 


\ 


THEOREM^.  aa9 

THSORBM  XIT. 

*  Whek  a  line  cuU  two  Parallel  Linos,  the  Outward 
An^le  Is  Equal  to  the  Inward  Opposite  one^  on  the  Same 
aide  ;  and  the  two  inward  Angles,  on  the  Same  Side,  equal 
to  two  Right  Angles. 

Let  the  line  ef  cut  the  two  parallei 
lines  AB,  CD;  then  will  the  outward  angle 
BOB  be  equal  to  the  •inward  opposite 
angle  ghd,  on  the  same  side  of  the  line 
BF  ;  and  the  two  inward  angles  boh, 
GHD,  taken  together,  will  be  equal  to 
two  right  angles. 

For,  since  the  two  lines  ab,  en,  ore 
frarallel,  the  angle  agb  is  equal  to  the  alternate  angle  ghb, 
(th.  13).     But  the  angle  ASH  is  equal  to  the  opposite  angle 
«gb  (th^  7\     Therefore  the  angle  bgb  is  also  equal  to  the 
BBgle  GHD  (aac  1)      q.  e.  d. 

Again,  because  the  two  adjacent  angles  egb,  bgh,  ai'e 
together  equal  to  two  right  angles  (ih.  6) ;  of  which  the 
angle  egb  has  been  shown  to  be  equal  to  the  angle  ghd  ; 
therefore  the   two  angles    bgh,   ghd,  taken    together,  are 

abe  equal  to  two  nght  angles. 

^Corol  I.  And,  conrersely,  if  one  line  meeting  two  other 
lines,  make  the  angles  on  the  same  side  of  it  equal,  those 
two  lines  are  parallels. 

Coroi.  2.  If  a  line,  cutting  two  other  linflv  make  the  sum 
of  the  two  inward  angles,  on  the  same  sU«^  less  than  two 
right  angles,  those  two  lines  will  not  be  parallel,  but  will 
meet  each  other  when  produced. 

TUSOBBU  XV. 

TaosK  Lines  which   are  Parallel  to    the   Same  Line,  arc 

Parallel  to  each  other. 

Let  the  Lines  ab,  cd,  be  each  of  q 

them  parallel  to  the  line  ef  ;  then  shall   ^ s B 

the  lines  ab,  ci>,   be  parallei  to  each     ^  I  3) 

other.  Hi 

For,  let  the  line  gi  be  perpendicular    B ^ IT 

to  EF.    Then  will  this  Ime  be  also  per- 
pendicular  to  both  the  lines  ab,  cd  (corol.  th.  13),  and  con- 
acquently  the  two  lines  a-b,  cp,  are  parallels  (corol.  th.   13). 
*  q.  E.  p. 

VOt.   I.  PP  THEOBBM 
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TBSORBM  XrU 

Whek  one  Side  of  a  Triangle  is  produced 
Angle  it  equal  to  both  the  Inward  Oppoilte 
together! 

Let  the    side  ab,  of  the  triangle 
ABCybe  preduced  to  d  ;  then  wOl  the 
outward  angle  cbd  be  equal  to  Che  sum 
of  the  two  inward  opposite  angles  a 
and  c. 

For,  conceive  bb  to  be  drawn  pa* 
rallel  to  the  side  ac  of  the  tdngle. 
Then  bc,  meeting  the  two  parallels  ac,  be,  noakes  the 
idtemate  angles  c  and  cbb  equal  (th.  »12).  And  ad, 
cutting  the  same  two  parallels  ac,  bb,  makes  the  inward 
and  outward  angles  on  the  same  side,  a  and  ebd,  equal  to 
each  other  (th  14).  Therefore,  by  equal  additions,  the 
sum  of  the  two  angles  a  and  €,  is  equal  to  the  sum  of  the 
two  cBE  and  ebx>>  that  is,  to  the  whole  angle  cbo  (by  * 
ax.  3),    <|.  E.  n. 


THEOREM  XVII. 

Ik  any  Triangle,  the  sum  of  all  the  Three  Angles  is  equal 

to  Two  Right  Angles. 

Let  ABC  be  mw  plane  triangle ;  then 
the  sum  of  th^fl^ee  angles  a  +  b  +  c 
is  equal  to  two  Wght  angles. 

For,  let  the  side  ABbe  produced  to  d. 
Then  the  outward  angle  can  is  equal 
to  the  sum  of  the  two  inward  opposite 
angles  a  4.  c  (th.  16).  To  eaefa  of  these  eqiials  add  the 
inward  angle  b,  then  will  the  siyn  of  the  three  inward 
angles  a  +  b  +  c  be  equal  to  the  sum  of  the  two  adjacent 
angles  abc  +  cbd  (ax.  2).  But  the  sum  of  these  two  last 
adjacent  angles  is  equal  to  two  right  angles  ((h.  6).  There^ 
fore  also  tjie  sum  of  the  three  angles  of  the  triangle  a  +  b  -f  e 
is  equkl  to  two  right  angles  (ax.  1).    q.  s.  d. 

Carol.  1.  If  two  angles  in  one  triangle,  be  equal  to  two 
angles  in  another  triangle,  the  third  angles  will  also  be  equal 
(ax.  3),  and  the  two  triangles  equiangukir. 

CoroL  2:  If  one  angle  in  one  triangle,  be  equal  to  one 
angle  in«nother|  the  sums  of  the  remaining  angles  will  also 
be  equal  (ax.  3). 

CoTol. 
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,*Coroi.  3.  Iftme  angle  of  a  triangle  be  ri^hf^  tt^  sum  ol 
the  other  two  will  t^ao  be  qiyial  to  a  right  angle,  and  each 
of  them  singljr  will  be  acute^  or  less  than  a  right  angle. 

Caroi.  4.  The  two  leaat  angles  of  every  bungle  aie  acute, 
or  eaclflesathan  a  right  angle. 

TBKOKBM  XVill. 

Iv  any  Quadrangle^  &e  sum  of  all  the  Four  Inward  Aiiglea> 

is  equal  to  Four  Right  Angles. 

Let  ABCD  be  a  quadrangle ;  then  the 
«iiin  of  the  four  inward  angles,  ▲  +  b  -^ 
c  + 1>  is  equal  to  four  right  angles. 

Let  the  diajgonal  ac  be  drawn,  dividing 
the  tjuadrangle  into  two  triangle,  abc,  abc* 
Then,  because  the  sum  of  the  three  angles 
of  each  of  these  triangles  is  equal  to  two 
light  angles  "(th.  17);  it  follows,  that  the  sum  of  all  the 
angles  of  both  triangles,  which  make  up  the  four  angles  of 
the  quadrangle,  must  be  equal  to  four  right  angles  (ax.  2). 

t*   X.  0, 

Coroi,  I.  Hence,  if  three  of  the  angles  be  righit  ones,  the 
fourth  will  also  be  a  right  angle. 

Corol,  2.  And,  if  the  sum  of  two  of  the  four  angles  be 
equal  to  two  right  angles,  the  sum  of  the  remaining  two  will 
also  be  equal  to  two  nght  angles. 


THEOREM  XIX. 


Ih  any  figure  whatever,  the  Sum  of  dl  the  Inward  Angles, 
taken  together,  is  equal  to  Twice  as  many  Right  Angles^ 
wanting  four,  as  the  Figure  has  Sides* 

Let  abche  be  any  figure ;  then  tibe 
sum  of  all  its  inward  angles,  a  -|*  b  -|. 
c  +  B  +  E9  is  eq[ual  to  twice  as  many 
right  angles,  wantmg  four,  as  the  figure 
has  sides. 

For,  from  any  pmntPf  within  k,  draw 
lines  PA,  PB,  PC,  fee,  to  all  the  angles, 
dividing  the  fN>lygon  into  as  many  tri- 
angles as  it  has  sides.  Now  the  sum  of  the  three  angles  of 
each  of  these  triangles,  is  equal  to  two  r^ht  angles  ^th.  17) ; 
dierefore  thesumef  the  angles  of  all  the  triangles  is  equal 
to  twice  as  many  right  angles  as  the  figure  has  sides.  But 
the  sum  of  41  the  angles  about  the  poinMP)  which  are  so 

many 


•I--. 
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many  of  the  angles  of  the  triangles,  but  no  part  of  the  hi- 
ward  angles  of  the  polygoni  is  equal  to  four  right  angles 
(corol.  3,  th  6),  and  must  be  deducted  out  of  the  former 
sum.  Hence  it  follows  that  the  sum  of  all  the  inward  angles 
of  the  polygon  alone,  a  +  B  +  c  +  l>  +  B,is  equal  to  twice 
as  many  right  angles  as  the  figure  has  sides,  wanung  the 
said  four  right  angles,    q.  b    9^ 

THBOftBM  XX. 

When  every  Side  of  any  Figure  is  produced  out,  the 
Sum  of  all  the  Outwaitl  Angles  thereby  roade,  is  eqiud  to 
Four  .Right  Angles, 

Let  A,  9y  Ct  &c,  be  the  outward 
angles  of  any  polygon,  made  by  pro* 
ducing  all  the  sides  ;  then  will  the  sum 
A  +  B  +  c  -I-  D  -f.  m,  of  all  those  outward 
angles,  be  equal  to  four  right  angles. 


.  For  every  one  of  these  outward  angles, 
iogctherwith  its  adjacent  inwaixl  angle, 
maWc  up  two  right  angles,  as  a  +  <>  equal 
to  two  rig^t  angles,  being  the  two  angles 
made  by  One  line  meeting  another  (th.  6).  And  there 
|>eingasniany  outward,  or  Imvard  angles,  as  the  figure  has 
sides:  therefore  the  sum  of  ail  the  inward  and  outward 
angles,  is  equal  to  twice  ^s  many  right  angles  as  the  figure 
has  sides.  But  the  sum  of  all  the  inward  angles,  with  four 
'  right  angles,  is  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides  (th.  19).  Therefore  the  sum  of  tdl  the  in* 
wtfd  and  all  the  outward  angles.  Is  equal  to  the  sum  of  all 
thi*  inward  angles  and  four  right  angles  (by  ax.  I).  From 
each  of  these  take  away  all  the  .  inward  angles,  and  there 
remain  all  the  outward  angles  equal  to  four  right  angles 
(by  ax.  3). 

TXBOaBMKXI.* 

A  Perps9»i«i;lab  is  the  Shortest  Line  thai  can  be  drawn 
from  a  Given  Point « to  an  Indefinite  Line.  And,  of  any 
other  Lines  drawn  from  the  same  Point,  those  that  are  Nearest 
the  Perpendicular,  are  Less  than  those  More  Remote. 

If  AB,  AC,  AD,  Sec,  be  lines  drawn  from 
the  given  point  a,  to  the  indeiiBite  line  db, 
of  which  AB  is  perpendicular.  The^  shall 
the  perpendicular  ab  be  less tfaanAc, and  ac 
less  than  ab,  &c.  >    -     ^ 

For,  the  angl99  being  a  right  onc^  the         "D  C  B   J& 

ang^e 
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an^le  t  is  aente  (by  cor.  3,  th.  17),  and  therefbre  less  than 
the  angle  b.  But  the  les^  angle  of  a  triangle  is  subtended 
by.  the  less  side  (th.  9).    Therefore  the  side  ab  is  less  than 

the  side  ac. 

• 

Again,  the  angle  acb  being  acute,  as  before,  the  adja- 
cent angle  acd  will  be  obtuse  (by  th.  6) ;  consequently  the 
angle  d  b  acute  (corol.  3,  th.^  17),  and  therefore  is  less  than 
the  angle  c.  And  since  the  less  side  is  opposite  to  the  less 
angle,  therefore  the  sidi  ac  is  lets  than  the  side  ad. 

q.  E.  n- 

CoroL  A  perpendicular  is  the  least  distance  of  a  given 
pdnt  from  a  line. 

THSOESli  xxiz. 

Thk  Oppoute  Sides  and  Angles  of  any  Parallelogram  are 
equal  to  eadi  other;  and  the  Diagonal  divides  it  into  two 
£qual  Triangles. 

Let  ABCft  be  a  porallelognanf  of  which 
the  ^agonal  is  bd  ;  then  will  its  opposite 
sides  and  angles  be  equal  to  each  other, 
and  the  diagonal  bd  will  divide  it  into  two 
equal  parts,  or  triangles. 

For,  unce  the  sides  ab  and  dc  are  pa- 
rallel, as  also  the  sides  ad  and  bc  (defin. 
32),  and  the  line  bd  meets  them ;  therefore  the  alternate 
angles  are  equal  (th.  12),  namely,  the  angle  abd  to  the  angle 
ODB,  and  the  angle  adb  to  the  angle  cbd.  Hence  the  two 
triangles,  having  two  angles  in  the  one  equal  to  two  angles 
in  the  other,  have  also  their  third  angles  equal  (oor.  I ,  th.  17), 
namely,  the  angle  a  equal  to  the  angle  c,  which  are  two  of 
th^  opposite  angles  of  the  parallelogram. 

Alsot  if  to  the  equal  angles  abd,  cdb,  be  added  the 
equal  angles  cbd,  adb^  the  wholes  will  be  equal  (ax.  3), 
namely,  the  whole  angle  abc  to  the  whole  adc,  which 
are  the  other  two  opposite  angles  of  the  parallelogram. 

q.  £•  D. 

Again,  since  the  two  triangles  are  mutually  equiangular, 
and  have  a  side  in  each  equal,  viz.  the  common  side  bd  ; 
therefore  the  two  triangles  are  identical  (th.  2),  or  equal  in 
all  respects,  namely,  the  side  ab  equal  to  the  opposite  side 
DC,  and  AD  equal  to  the  opposite  side  bo,  and  the  whole' 
triangle  abd  equal  to  the  wltole  triangle  Bco.  q.  e.  ». 

Corol, 


D i 


t9i  GEOMETRY. 

Corol,  1.  Rence,  if  one  an^  of  a  parallelogtfua  be  a  ri^ 
angle^all  the  other  three  will  aiao  be  right  angles^  and  the 
farallelogram  a  rectangle. 

Coroi.  3.  Hence  also^  the  sum  of  any  two  adjacent  angles 
af  a  parallelogram  is  equal  to  two  right  angles. 

THKOREH  XZIII. 

Etsrt  Quadrilateral,  whose  Opposite  Sides  are  equal,  is  a' 
Parallelogram,  or  has  its  Opposite  Sides  Parallel. 
Let  ABC  D  be  a  quadrangle,  having  the 
eipposite  sides  equal,  namely,  the  side  am 
equal  to  DC,  and  ad  equal  to  bc  ;  then 
shall  these  equal  sides  be  also  paraUely 
and  the  figure  a  parallelogram. 

FoVf  let  the  dia^^onal  bd    be   drawn* 
Then,  the   triangles,  abd,    gbd,   being 
mutually  equilateral  (h^  '■f^))  they  are 
also  mutually  equiangular  (th.  5),  or  have  their  correspond- 
ing angles  equal ;  consequently  the  opposite  sides  are  parallel 
(th.  13);  viz.  the  side  ab  parallel  to   dc,  and  ad  parallel  to 
BC.  and  the  figure  is  a  pandlelogram.    q.  e.  d. 

I 

THEOREM  XXIV. 

•Those  Lutes  which  join  the  Corresponding  Extremes  of 
two  Equal  and  Parallel  Lines»  are  themselves  Equal  tfid 
Parallel. 

Let  ab,  DC,  be  two  equal  and  parallel  lines  ;  then  will 
the  lines  ad.  bc,  which  join  their  extremes,  be  also  equal 
anfl  parallel.     [See  the  fig.  above.3 

For,  draw  the  diagonal  bd.  Then,  because  ad  and  dc  are 
parallel  (by  hyp.),  the  angle  add  is  equal  to  the  alternate 
angle^  bdc  (th.  12)  Hence  4hen,  the  two  triangles  having 
two  sides  and  the  contained  angles  equal,  vie.  the  side  ab 
equal  to  the  side  »c,  and  the  side  bd  common«and  the  con* 
lained  angle  abd  equal  to  the  contained  aagle^  bdC)  they 
have  the  remaining  sides  and  angles  also  respectively  equal 
(th.  1) ;  consequently  ad  is  equal  to  BCy  and  also  parallel 
toit(th.  13).    q.  E.  D. 

THEOREM  XXV. 

Paralleloorams^  as  also  Trian^es,  standing  on  the 
Same  Base,  and  between  the  Same  FaralleiS}  are  equal  to 
each  other. 

Let 
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Let  ABC0,  ABEF,  be  two  parailelo- 
gmnis,  and  abc,  abf,  two  triangles, 
stamUng  on  the  same  base  ab>  and  be- 
tween the  fiame  parallels  ab,  de  ;  then 
will  the  parallelogram  Aircn,  be  equal  tor 
the  parallelogram  abbFi  and  the  triangle 
ABC  equal  to  the  triangle  abt. 

For,  since  the  line  be  cuts  the  two 
parallels  af,  be,  and  the  two  ad,  bc,  it  makes  the  angle  b 
equal  to  the  angle  afd,  and  the  angle  d  equal  to  the  angle 
BCE  (th.  14);  the  two  triangles  abf,  bcb,  are  therefore 
equiangular  (cor.  1,  th.  17) ;  and  having  the  tWti  correspond- 
ing sides,  An»  Bc,  equal  (th.  33),  being  opposite  sides  of  a 
parallelognun,  these  two  triangles  are  identical,  or  equal  in 
fdl  respecu  (th.  2).  If  each  of  these  equal  triangles  then  btf 
taken  from  the  whole  spaee  abed,  there  will  remain  the 
parallelogram  abef  in  the  one  case,  equal  to  the  parallel- 
ogram ABcn  in  the  other  (by  ax.  3). 

Also  the  triangles  abc,  abf,  on  the  same  base  ab,  and 
between  the  same  parallels,  are  ^ual,  being  the  halves  oi 
the  said  equal  parallelograms  (th.  23).    q.  s.  n. 

.  Coroi,  1.  Parallelograms,  or  triangles,  having  the  same 
iNise  and  altitude,  are  equal.  For  the  altitude  is  the  same  a^^ 
the  perpendicular  or  distance  between  the  two  parallels,  which 
is  every  where  equal,  by  the  definitioi^  of  parallels. 

Corol.  3,  Parallelograms,  or  triangles*  having  equal  bases 
and  altitudes,  are  equal.  For,  if  the  one  figure  be  applied 
with  its  base  on  Che  other,  the  bases  will  coincide  or  be  the 
same,  because  they  are  equal :  and  so  the  two  figures,  having 
the  same  base  and  altitude,  are  equal. 


THEOBEU  XXVr. 

If  a  Parallelogram  and  a  Trianele  stand  on  the  Same 
Base,  and  between  the  Same  Parallels,  the  Parallelogram 
will  be  Double  the  Triangle,  or  the  Triangle  Half  the  Pa- 
nllelogram. 

Let  ABCD  be  a  paTaIIelogram>  and  abs 
a  triangle,  on  the  same  base  ab,  and  between 
the  same  parallels  ab,  de  ;  then  will  the  pa- 
rallelogram ABCD  be  double  the  triangle 
ABE,  or  the  tiiangle  half  the  parallelogram. 

For,  draw  the  diagonal  ac  of  the  paral- 
lelogram, dividing  it  into  two  equal  pdrts 
(th.  33)^   Then  because  the  triangles  abc, 

AB£« 
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ABE,  on  the  same  basei  and  between  the  same  puraHelsi  are 
equal  (th.  35) ;  and  because  the  one  triangle  abc  is  half  the 
parallelogram  abcd  i^th.  23),  the  other  equal  triangle  abz  is 
also  equal  to  half  the  same  parallelogram,  abcb.    q.  x.  i>. 

CoroL  1 .  A  triangle  is  equal  to  half  a  paraUelognon  of  tke 
same  base  and  altitudet  because  the  altitude  is  the  perpendi- 
cular distance  between  the  parallelsi  which  is  every  wkeie 
equal,  by  the  definition  of  parallels. 

Ccroi.  S.  If  the  base  of  a  paraHelogram  be  half  that  of  « 
triangle,  of  the  same  altitude,  or  the  base  of  the  tringle  be 
double  that  of  the  parallelogram)  the  two  figures  will  he 
equal  to  each  other. 


THKOBlBlI    XXVtI. 

Rectangles  that  are  contahied  bj  Equal  Lines,  are  Equal 

to  each  other. 

Let  bo,  fh,  be  two  rectangles,  having 
the  sides  ab,  bc,  equal  to  the  sides  KPy 
Fo,  each  to  each  ;  then  will  the  rectangle 
BD  be  equal  to  the  rectangle  fr. 

For,  draw  the  two  diagonals  ▲€«  so, 
dividing  the  two  parallelograms  each  into 
two  equal  parts.  Then  the  two  triangles 
ABC,  Evo,  are  equal  to  each  other  (th.  1),  because  they 
have  the  two  sides  ab,  bc,  and  the  contained  angle  b, 
equal  to  the  two  sides  ef,  fo,  and  the  contained  angle  r 
(by  hyp).  But  these  equal  triangles  are  the  halves  of  the 
respective  rectangles.  And  because  the  halves,  or  the  tri- 
angles, are  equal,  the  wholes,  or  the  rectangles  x>b,  hf»  are 
also  equal  (by  ax.  6).     q.  e.  n. 

Carol.    The  squares  on  equal  lines  are    also  equal;    for 
every  square  is  a  species  of  rectangle. 


THEOREM  ZXVIII. 

The  Complements  of  the  Parallelograms,  which  are 
about  the  Diagonal  of  any  Parallelogram,  are  equal  to  each 
other. 

Let  AC  be  a  paimllelogram,  an  a  dia- 
gonal, eif  parallel  to  ab  or  dc,  and 
GiH  parallel  to  axx  or  bc,  making  ai, 
ic  complements  to  the  parallelot;rams 
EG,  HF,  which  are  about  the  diagonal 
db  :  then  will  the  complement  ai  be 
equal  to  the  complement  ic. 

•     For, 
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For,  since  the  diagonal  db  bisects  the  three  parallelograms 
AC*  £o,  HF  (th.  2.);  tbcrefore,  the  whole  triangle  dab 
being  equal  to  the  whole  triangle  dcb,  and  the  parts  DEI9 
IHB,  respectively  equal  to  the  parts  dgi,  itb,  the  remainiiig 
parts  ai,  ic,  must  also  be  equal  (by  ax.  3).     q.  s.  d. 


'TBEOREM   XXIX. 


A  Trapezoid,  f^-VapMBPfc.  having  two  Sides  Parallel,  . 
is  equal  to   Halt  a   Parallelogram,  whose  Base  is  the  Sum  of 
those  two  Sides,  and  its  Altitude  the  Perpendicular  Distance 
between  them. 
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Let  ABCD  be  the  trapezoid,  having  its 
two  sides  ab,  dc,  paraller;  and  in  ab 
produced  take  be  equal  to  dc,  so  that 
A  p.  may  be  the  sum  of  the  two  parallel 
sides  ;  produce  dc  also,  and  -let  ef,  gc,  a  q  ^  -gj^ 
BH,  be  all  three  parallel  to  ad.     Then^  is  ^^ 

AF  a  parallelogram  of  the  same  altitude  with  the  trapezof^^ 

*  ABCD,  having  its  base  ae  equal  to  the  sum  of  the  parallel  sidifc 
^  of  the  trapezoid  ; '  and  it  is  to  he  proved  that  the  trapetoid 

*  ABCD  is  equal  to  half  the  parallelogram  af. 

Now,  since  triangles,  or  parallelogitims,  of  equal  baseft 
and  altitude,  are  equal  (corol.  3,  th.  25),  the  parallelo^^ram 
DG  is  equal  to  the  piurailelogram  mb,  and  the  triangle  cob 
equal  to  the  triangle  chb  ;  consequently  the  line  bc  bisects, 
or  equally  divides,  the  parallelogram  af,  and  abcd  is  the 
half  of  it.    q.  fi.  D. 
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THEOREM   XXX. 

The  Sum  of  alt  the  Rectangles  contained  under  one 
Whole  Line,  and  the  several  Parts  of  another  Line,  any  way 
divided,  is  Equal  to  the  Rectangle  contained  under  the  Two 
Whole  Lines. 

Let  AD  be  the  one  line,  and  ab  the 
other,  divided  into  the  parts  ae,  ef, 
TB  ;  then  will  the  rectangle  contained  by 
AD  and  AB,  be  equal  to  the  sum  of  the 
rectangles  of  ab  apd  ae,  and  ad  and  bf, 
and  AD  and  fb  :  thus  expressed,  ad  '.  ab 

7=  AD  .  AE  -|-  AD  .  1EF  +  AD  .  FB. 

For,  make  the  rectangle  ac  of  the  two  wh<lle  lines  ad, 
AB  ;  and  draw  eg,  fh,  perpendicular  to  ab,  or  parallel  ?to 
AD.  to  which  they  are  equal  (th.  22).  Then  the  whole 
icectangle  AC  is  made  up  of  all  the  other  rectangles  ag, 
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XHt  FC.     But  these  rectangles  are  contain- 
ed by  AD  ai)d  ak.,  kg  and  ef,  fh  and  fb  ; 
which   are    equal  to  the  rectangles  of  ad 
and  AE,   AD  and  ef>  ad  and  fb,  because    .        v    v  "R 
AD  is  equal  to  each  of  the  two,  eg,  fh.   "^       J-    JT  iS 
Tht*refore  the  rectangle  ad  .  ab  is  equal  to  the  sum  of  all 
the  otlier  rectangles  ad  .  ae«  ad  .  ef,  ad  .  fb      q   e.  d. 

Coroi.  If  a  right  line  be  divid«iL  into  any  two  parts;  the 
square  on  the  whole  line,  is  equal  to  both  the  rectangles  of 
the  whole  line  and  each  of  the  parts. 

fHEOHEM   XXXI. 

The  Square  of  the  Sum  of  two  Lines  is  greater  than  the 
Sum  of  their  Squares,  by  Twice  the  Rectangle  of  the  said 
Lines.  Or,  the  Square  of  a  whole  Line,  is  equal  to  the 
Squares  of  ii9  two  Parts,  together  with  Twice  the  Rectangle 
of  those  Parts. 

Let  the  line  a  b  be  the  sum  of  any  two 
lines  AC,  cb  ;  then  will  the  square  of  ab 
)>e  equal  to  the  squares  of  ac,  cb,  together 
with  twice  the  rectangle  of  ac  .  cb.  Th%t 
is>  ab*  =  AC  *  -f  cb"  +  2ac.  cb. 

For,  let  ABDE  be  the  square  en  the  sum 
or  whole  line   ab,  and  acfg  the  square 
pn  the  part  ac.     Produce  cf  and  of  to  the  other  ude  at  ■ 
audi. 

From  the  lines  ch,  gi,  which  are  equal,  being  eack 
equal  to  the  sides  of  the  square  ab  or  bd  (th.  22},  take  the 
parts  CF,  gf,  which  are  also  equal,  being  the  sides  of  the 
square  af,  and  there  remains  fh  equal  to  fi,  which  are 
also  equal  to  dh,  di,  being  the  opposite  sides  of  a  paraUelo- 
gram.  Hence  the  figure  hi  is  equilateral :  and  it  has  all 
its  angles  right  ones  (corol.  I,tli.  32);  it  is  therefpre  « 
square  on  the  line  fi,  or  the  squ.ai;e  of  its  equal  c^.  Also 
the  figures  rf,  fb,  ^re  equal  to  t\iro  rectangles  under  a^q 
and  cb,  because  gf  is  equal  to  ac^  a^d  fh  or  fi  equal 
tocB.  But  the  whole  square  ad  is  made  uy  of  the  tour 
figures,  viz,  the  two  squares  af,  fd,  and  the  two  equal  rect* 
angles  ef,  fb.  That  is«  thje  square  of  ai^  is  equal  tp  the 
,  squares  of  ac,  cb«  together  with  twic^  the  rectangle  of  ac» 
cb.     q.  e.  d. 

CoroL  Hence,  if  a  line  be  divided  into  two  equal  parts  ; 
the  '^tquare  of  the  whole  line,  will  be  equal  to  four  times  th^ 
square  of  halt  the  line. 
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THEOREM   XZXit. 

Thb  Square  of  the  Difference  of  two  Lines,  is  less  thaD 
the  Sum  of  their  Squares,  by  Twice  the  Rectangle  of  tke 
said  Lines.  t 

Let  AC,  BC,  be  any  two  lines,  and  ab 
their  di^ereace  :  then  will  the  square  of  ab 
be  less  than  the  squares  of  ac,  bc,  by 
twice  the  rectangle  of  ac  and  bc.    Or^ 

AB*  =  AC-  -h  bc"  —  2aC  4  BC. 
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For,  let  ABDE  be  the  square  on  th«  dif^ 
ference  ab,  and  acfo   the  square  on  the 
Bne  AC.     Produce  bo  to  h;  also  produce 
BB  und  Hc^  and  draw   ki,  making  bi    the  square  of  the 
other  line  bc. 

Now  it  is  visible  that  the  square  ad  is  less  than  the  two 
squares  ap,  bi,  by  the  two  rectangles  Bf ,  ni.  But  of  is 
equal  to  the  one  line  ac,  and  oe  or  fh  is  equal  to  the  other 
line  BC  ;  cotisequently  the  rectangle  ef,  contained  under  Ea 
and  GF,  is  equal  to  the  rectangle  of  ac  and  bc. 

Again^  fh  being  equal  to  ci  or  bc  or  dh,  by  adding  the 
common  part  hc,  the  whole  hi  will  be  equal  to  the  whole 
FCi  or  equal  to  AC  s  and  consequently  the  figure  dI  is  equal 
to  the  rectangle  contained  by  ac  and  bc. 

Hence- the  two  figures  ef,  bi,  are  two  rectangles  of  tlie 
two  lines  ac,  bc  ;  and  consequently  the  square  of  ab  is 
less  than  the  squares  of  ac,  bc,  by  twice    the    rectangle 

AC  .  BC-      Q.    E.   P.^ 

THEOREM    XXXIII. 

The  Rectangle  under  the  Sum  and  Difference  of  two 
Lines,  is  equal  to  the  Difiference  of  the  Squar;:s  of  those 
Lines. 

Let  ab,  AG,  be  any  two  unequal  lines  ; 
then  will  the  difference  of  the  squares  of 
ab,  AC,  be  equal  to  a  rectangle  under 
their  sum  and  difference*    TJ^t  is. 


AB*  —  AC*  =  AB  -f-  AC  .  AB  —  ^«['. 

For,  let  ABDE  be  the  square  oi^.  ab,  and 
AC  TO  the  square  of  ac.  Produce  dB 
till  bh  be  equal  to  ac  ;  draw  hi  parallel 
to  AB  or  EO9  and  produce  fc  both  ways 
to  I  and  K. 

Then  the  difference  ef  the  two  squares  Ap^  af^  is  evi- 
dently 
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dently  the  two  rectangles  xf^  kb.    But  the  rectangles  xv^ 
aif  are  equal,  being  contained  ^der  equal  lines  ;  for  sk   9tu± 
BH  are  each  equal  to  acv  and  oe  is  equal  to  cb,  being  eacia 
equal  to  the  difference  between  ab  and  ac,  or  their  equals 
AS  and  AG.    Therefore  the  two  ef,  kb,  are  equal  to  the  two 
KB,  Bii  or  to  the  whole  kb  ;  and  consequently  kh  is  equal  to 
the  difference  of  the  squares  ad,  af.     But  kh  is  a  rectangle 
contained  by  oB^orthe  sum  of  ab  and  ac,  and  by  ko,  or  the 
difference  of  ab  and  Ae.    Therefore  the  difference  of  the 
squares  of  ab,  ac,  is  equal  to  the  rectangle  under  their  sttus 
^d  difference,    q.  k.  n. 

^M^-x- -<.4.**7^  anyTlight-angled  TrlangTc,  tne  square  of  the  Hypoth#- 
^^  nuse,  is   equal  to  the  Sum  of  the  Squares  of  the  other  twa 

Sides. 

Let  ABC  be  a  right-angled  tHangle, 
-having  the  right  angle  c  ;  then  will  the 
square  of  the  hypothenuse  ab>  be  equal 
to  the  sum  of  the  squares  of  the  other  Jf' 
two  sides  ac,  cb.      Or  ab*  =  ac^  + 

BC«. 

For,  on  AB  describe  the  ^uare  ab, 
and  on  AC,  cb,  the  squares  ag,  bh  ; 
then  dr.'iw  ck  parallel  to  ad  orBs  ;  and 

join  A  I,  BF,  CD,  CE 

Now,  because  the  line  ac  meets  the  two  co,  cb,  so  as  to 
make  two  right  angles,  these  two  form  tlhe  straight  line  gb 
(corol.  1,  th.  6).  And  because  the  angle  fac  is  equal  to  tho 
angle  dab,  being  each  a  right  angle,  or  the  angle  of  a  square  ; 
to  each  of  these  equals  add  the  common  angle  bac,  so  will 
the  whole  angle  or  sum. fab,  be  ^ual  to  the  whole  angle  or 
sum  cad.  But  the  line  fa  is  eqval  to  the  line  ac,  and  the 
line  ab  to  the  line  ad,  beinf?  sides  of  the  same  square  ;  so 
that  the  two  sides  fa,  ab,  and  their  included  angle  fab,  are 
equal  to  the  two  sides  ca,  ad,  and  the  contained  angle  cad^ 
each  to  each  ;  therefore  the  whole  triangle  afb  is  equal  to 
the  whole  triangle  acd  (th.  i). 

But  the  square  ag  is  double  the  triangle  afb,  on  the  same 
base  FA,  and  between  the  same  parallels  fa,  gb  (th.  26) ;  in  * 
like  manner,  the  parallelogram  ak  is  double  the  triangle  acd^ 
on  the  same  base  ad,  and  between  the  same  parallels  ad,  cR. 
And  since  the  doubles  of  equal  things,  are  equal  (by  ax.  6}  ; 
therefore  the  squaix  ag  is  equal  to  the  parallelogram  ak. 
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In-like  nuffiner,  the  other  square  bh  is  proved  e<)uaf  to  the 
other  parallelogram  bk.  Coi||eqiieiiiIy  ther  two  squares  ao 
mnd  BH  tdgether,  are  equal  to  the  two  parallelogmms  ak  and 
BK  together,  or  to  the  whole  square  ae,  that  is,  the  sum  of 
the  two  squares  on  the  two  less  sides,  is  equal  to  the  square 
on  the  greatest  side.    q.  e.  d. 

Coroi.  1.  Hence,  the  square  of  either  of  the  two  less  sides, 
is  equal  to  the  difference  of  the  squares  of  the  h3rpothefiU8e 
and  the  other  side  (ax.  3) ;  or,  equal  to  the  rectangle  contain- 
ed by  the  sum  and  difference  of  the  said  hypothenuse  and 
other  side  (th>  33). 

Coroi.  3.  Hence  also,  if  two  right-angled  triangles  have 
two  sides  of  the  one  equal  to  two  corresponding  sides  of  the 
other  ;  their  third  tides  will  also  be  equal>  and  the  triangles 
identical. 

THEOREM  XXX7. 

In  any  Triangle,  the  Difference  of  the  Squares  of  the 
two  Sides,  is  Equal  to  the  Difference  of  the  Squares  of  the 
Segments  of  the  Base,  or  of  the  two  Lines,  or  Distances, 
included  between  the  Extremes  oi  the  Base  and  the  Perpeit* 
dicular. 

Let  ABC  be  any  triangle,  having  q 

CD  perpendicular  to  ab  ;  then  will 
the  difference  of  the  squares  of  ac,  yV  j 

Bc,  be  equal  to^  the  difference  of  x  /  I 


the  squares  of  An,  bd  ; 

BC*  =  AD«-^  BD^. 


that  is,  AC' 


For,  since  ac*  is  equal  to  ad» +cn'  >    ^^   ^^  ^^. 
and  BC*  18  equal  to  BD* 4- en' J    ^  '  •         ' 
Theref.  the  difference  betwcer.  ac*  and  bc*, 
is  equal  to  the  difference  between  ad*  +  cd« 

and  Bn*  +cd*i 
^r  equal  to  the  difference  between  ao*  and  bd*9 
by  taking  away  the  common  square  cd^  Q* 


E. 


Coroi.  The  rectangle  of  the  sum  and  difference  of  the 
two  sides  of  any  triangle,  is  equal  to  the  rectangle  of  the 
sum  and  difference  of  the  distances  between  the  perpendi- 
cular and  the  two  extremes  of  the  base,  or  equal  to  the  rect- 
angle of  the  base  and  the  difference  or  suin  of  the  segments, 
according  as  the  perpendicular  falls  within  or  without  the 
triangle. 

.  .  .      ThUt 
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That  iS9  AC    +  BC  «  AC  -^  4P  ±^  AB  •+  89  •  A»  -«-  B9 

Or,  AC  ^  Bc  •  AC  —  Bc  =  AB  .  AJ9  >-  BD  in  the  3d  fi^re. 
And  Ac+Bc  .  AC  —  Bc  s=AB  •  AD  +  BD  in  the  1st  figure* 


THEOREM  XXXVI. 

In  any  Obtuse-angled  Triangle,  the  Square  of  the  Side 
subtending  the  Obtuse  Angle,  is  Greater  than  the  Sum  of 
the  Squares  of  the  other  two  Sides,  by  Twice  the  Rectangle 
of  the  Base  and  the  Distance  of  the  Perpendicular  firom  Uie 
Obtuse  Angle, 

Let  ABC  be  a  triangkf  obtuse  angled  «t  b,  and  en  perpen* 
dicular  to  ab  .;  then  will  the  square  of  ac  be  greater  ihau  the 
squares  of  ab,  bc,  by  twice  the  rectangle  of  ab,  bd.  That 
is,  Ac^  =  ab'  +  Bc'  -t-  ^AB  •  bo.  Scc  the  1st  fig.abovey 
or  below. 

For,  since  the  square  of  the  whole  line  ad  is  equal  to  the 
squares  of  the  parts  ab,  bd,  with  twice  the  rectangle  of  the 
same  parts  ab,  bd  (th  31) ;  if  to  eiMshof  these  equals  there 
be  added  the  square  of  cd,  then  the  squares  of  ad,  cd,  will 
be  equal  to  the  squares  of  ab,  bd,  cd,  with  twice  the  rectan- 
gle of  AB,  BD  (by  ax.  2). 

But  the  squares  of  ad,  cd,  are  equal  to  the  square  of  ac  ; 
and  the  squares  of  bd,  cd,  equal  to  the  square  ot  bo  (th.  34)  | 
therefore  the  square  of  ac  is  equal  to  the  squares  of  ab,  bc^ 
together  with  twice  the  rectangle  of  ab,  bd.    q.  a.  ». 


tHEOREM    XXXTII. 
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In  any  Triangle,  the  Square  of  the  Side  subtending  ait 
Acute  Angle,  is  Less  than  the  Squares  of  the  Base  and  the 
other  Side,  by  Twice  the  Rectangle  of  the  Base  and  the 
Distance  of  the  Perpendicular  from  the  Acute  Angle. 

Let  ABC  be  a  triangle,  having 
the  angle  a  acute,  and  cd  perpen* 
dicular  to  ab  ;  then  will^the  square 
of  BC,  be  less  than  the  squares  of 
AB,  AC,  by  twice  the  rectangle  of 
A^  AD.    That  is,  Bc<  =  ab*  + 

For, 
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Forvinf^;-  Ifif'  i8»  bc*  +ab'  +  Sab  .  B^'Cth.  M). 
To  each  of  these  equals  add  the  square  of  ab, 
then  ia  ab*  +  ac»  =  i|c*^^^Rab^+  2ab  .  bd  (aflt.  2), 

or  sa  Bc*  +  2ab  .  AD  (th.  30).  • 

q.  B.  tf* 
Again,  in  fig.  3,  ac  '  is  s  ad*  +  dc*  (th,  34). 
And  ab'  =  AD«  4-  db'  -f  ^^^  •  ^b  (th.  31). 
There^  ab*  +  ac«  =.  bd*  ^  dc*  +  2ad»  4-  2ad  .  bb  (ax.  2), 

or  =  bc»  +  2ad»  +  2ad  .  db  (th.  34), 
or  =  Bc^  +  2ab  .  AD  (th.  30).  q.  e.  d. 

^ .         THKOE2M  XXrviII. 

'.x^.^^lL'any  Triangle,  the  Donhle  of  the  Square  of  a  Line 
drawn  from  the  Vertex  to  the  Middle  of  the  Base,  together 
ivith  Oouble  the  Square  of  the  Half  Base,  is  Equal  to  the 
Sum  of  the  Squares  of  the  other  Two  Sides. 

Let  ADC  be  a  triangle,  and  cd  the  liae 
drawn  from  the  vertex  to  the  nuddle  of 
the  base  ab,  dividing  it  into  the  two  equal 
par^s  ad,  db  ;  then  will  the  sum  of  the 
squares  of  ac,  cb,  be  equal  to  twice  the 
sum  of  the  squares  of  cd,  bd  ;  or  ac'  -{- 
cb*  =  2co»  +  2d6«.  -A     DXiB 

For,    let  c£  be  perpendicular  to  the  base   ab«     Then, 
unce  (by  th.  36)  AC*   exceeds  the  sum  of  the  two  squares 
AD*  and  CD*  (or  bd^  and  cd')   by    the   double    rectangle 
I  2ad  .  DK  (or  2bd  .  de);  and  since  (by  th.  37)  dc*   is  less 

than  the  same  sum  by  the  said  double  rectangle  ;  it  is  mani- 
fest that  both  ac^  and  bc*  together  must  be  equal  to  that 
sum  twice  taken ;  the  excess  on  the  one  part  making  up  the 
defect  on  the  other,    q.  e.  d. 

THEOREM  XXXIX. 

In  an  Isosceles  Triangle,  the  Square  of  a  Line  drawn 
from  the  Vertex  to  any  Point  in  the  Base,  together  with  the 
Bectangle  of  the  Segments  of  the  Base,  is  equal  to  the 
Square  of  one  of  the  Equal  Sides  of  the  Triangle. 

Let  ABC  be  the  isosceles  tpiangle,  and 
CD  a  line  drawn  from  the  vertex  to  any  C 

poijat  iy.  in  the  base  :  then  will  the  square 
of  AC,  be  equsti  to  the  square  of  cd,  togeth- 
er with  the  rectangle  of  ac  and  db.  That 

b|  AC*  ^,  CD*  +  ad  .  DB. 

For,        ADK    B 
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For,  let  es  bisect  the   verticid  angle ;  then  will  it   also^ 
bisect  the  base  ab  perpendiculaHy?  making  ab  ==  bb  (cor.  1, 

th.3).^5t,>C.>.-,e.,^tr-^|tt^  ^*^ 

But.  m  the  triang^Ie  ac  d,  .^|fQtii»  angled  at  D}  the  square 


Ac'  is  =s  CD*    +  AD* 

or=  CD*  +  AD  . 

or  =  CD*  -*-  AD  . 

or  =  CD*  4-  AD  . 
Or  =  CD*  +  AD  . 


-f-  2ad  .  Dfe  (ih.  o6), 
AD  4-'iDE  (th.  30% 
AE  -f-  DE, 


BE  -4-  DE} 


B.  D.   jA.D  £    B 
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Ik  any    Parallelogram,  the  two   Diagonals   Bisect   each 
other  ;  and  the  Sum  of  their  Squares  is  equal  to  the  Sum  of 
the  Squares  of  all  the  Four  Sides  of  the  Parallelogram 

Let  ABCD  be  a  paraUelogram,  whose  P'              C 

diagonals  intersect  each  other  in  e  :  then  fV       ^>7 

will  AE  be  equal  to  ec,  and  be  to  ed  ;  /     j^;       / 

and  the  sum  of  the  squares  of  ac,  bd,  will  ly^'^^^\.  I 

|)e  equal  to  the  sum  of  the  squares  of  ab,  J^  ■        '^L 

Bc,  CD,  da.    That  is,  "*^ 

ab  =:  EC,  and  be  =  ed, 

and  AC*  +  BD*  :=  AB*  -f  BC*  +  CD*  +  DA*. 

For,  the  triangles  aeb,  dec,  are  equiangular,  because 
they  have  the  opposite  angles  at  e  equal  (th.  7),  and  the  two 
lines  AC,  bo,  meeting  the  parallels  ab,  dc,  make  the 
angle  bae  equal  to  the  angle  dce,  and  the  angle  abe  equal 
to  the  angle  cde,  and  the  side  ab  equal  to  the  side  dc 
(tji.  23);  therefore  these  two  triangles  are  identical,  and 
have  their  corresponding  sides  equal  (th.  3),  viz.  ae  =  ec^ 
and  be  =»  ed. 

Ag^n,  since  ac  is  bisected  in  e,  the  sum. of  the  squares 
ad*  +  DC*  =3ae*  +2de*  (th.  38) 

In  like  manner,  ab*  +  bc*  =  2ae^  +  2bb*  or  2de*. 
Theref.  ab*  +  bc*  +  cd*  +  da*  =  4ae*  f  4de«  (ax.  3). 

But,  because  the  square  of  a  whole  line  is  equal  to  4 
times  the  square  of  half  the  line  (cor.  th.  3 1),  that  is,  ac*  s 
4AB*,and  bd*  =  4d£*. 

Theref.  ab*  *^  bc*  +  cd*  +  da»  =  ac*  +  bo*  (ax-  l). 

q.  B.  B* 
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THEO&BM  XLI. 

If  a  Line,  di^wn  through  or  from  the  Centre  o(  a  Circle, 
Bisect  a  Chord,  it  will  be  Perpendicular  to  it ;  or,  if  it  be 
Perpendicular  to  the  Chord,  it  will  Bisect  both  the  Chord 
and  the  arc  of  the  Chord, 

Let  AB  be  anj  chord  in  a  circle,  and  cd  ^ 

a  line  drawn  irom  the  centre  c  to  the 
chord.  Then,  if  the  chord  be  bisected  in 
the  point  o,  cd  will  be  perpendicular  to 

AB. 

For,  draw  the  two  radii  ca,  cb.    Then, 
the  two  trianglea^cD,  bcd,  having  ca 
equal  to  cb  (dcf.  4^^and  cd  common,  also 
AD  equal  to  db  (by  hyp.) ;  they  have  all  the  three  sides  of 
the  one,  equal  to  dl  the  three  sides  of  the  other,  and  so  have 
their  angles  also  equal  (th.  5).    Hence  then,  the  angle  adc 
being  ecj^ual  to  the  angle  bdc,  these  angles  are  right  angles^ 
ai)d  the  hne  cd  is  perpendicular  to  ab  (def.  1 1 ). 

Again,  if  cd  be  perpendicular  to  ab,  then  will  the  chord 
AB  be  bisected  at  the  point  d,  or  have*  ad  equal  to  db  ;  and 
the  arc  aeb  bisected  in  the  point  £,  or  have  ae  equal  bb« 

For,  having  drawn  ca,  cb,  as  before.  Then,  in  the  tri- 
angle ABC,  because  the  side  ca  is  equal  to  the  side  cb,  their 
opposite  angles  a  and  b  are  also  equal  (th.  3).  Hence  then, 
in  the  two  triangles  A  CD,  BCD,  the  angle  a  is  equal  to  the 
angle  b,  and  the  angles  at  d  are  eqiial4(def.  11);  therefore 
their  third  angles  are  also  equal  (corol.  1,  th.  17).  And 
having  the  side  cd  common,  they  have  also  the  side  ad  equal 
to  the  side  db  (th.  2). 

Also,  since  the  angle  ace  is  equal  to  the  angle  bcb,  the 
arc  AB,  which  measures  the  former  (def.  5f ),  is  equal  to  the 
arc  be,  which  measures  the  latter,  since  equal  angles  must 
have  equal  measures. 

Corol.  Hence  a  line  bisecting  any  chord  at  right  angles, 
passes  through  the  centre  of  th^  circle. 


THEOREM  XLII. 

Iv  More  than  Two  Equal  Lines  can  be  drawn  from  any 
Point  within  a  Circle  to  the  Circumference,  that  Poii^t  will  be 
the  Centre. 

Vol.  I.  *  R  r  *     Let 
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Let  ABC  be  a  circle,  and  d  a  point 
within  it :  then  if  any  three  lines,  DA9 
DB,  DC,  drawn  from  the  point  n  to  the 
circumference,  be  equal  to  each  other, 
the  point  D  will  be  the  centre. 

For,  draw  the  chords  ab,  bc,  which 
let  be  bisected  in  the  points  £,  r,  and 
join  DE,  DF.  '. 

Then,  the  two  triangles,  Dae,  dbe,  have  the  ude  da  equal 
to  the  side  db  by  supposition,  and  the  side  ae  equal  to  the 
side  SB  by  hypothesis,  also  the  side  de  common  :  therefore 
these  two  triangles  are  identic^,  and  have  the  angles  at  r 
equal  to  each  other  (th.  5)  ;  consequently  de  is  perpendicu- 
lar to  the  middle  of  the  chord  ab  (def.  1 1),  and  Uierefore 
passes  through  the  centre  of  the  circle  (coroL  th.  41). 

In  like  manner,  it  may  be  shown  that  df  passes  through 
the  centre.  Consequently  the  point  d  is  the  centre  of  the 
circle,  and  the  three  equal  lines  da,  dB).dc>  are  radii. 

ct-  B*  !>• 


THEOREM  XLin. 

I^  two  Circles  touch  one  another  Internally,  the  Centres  of 
the  Circles  and  the  Point  of  Contact  will  be  all  in  the  Same 
Right  Line, 

Let  the  two  circles  abc,  ade,  touch 
one  another  internally  in  the'  point  a  ; 
then  will  the  point  a  and  the  centres  of 
those  circles  b^  all  in  the  same  right 
line. 

For,  let  F  be  the  centre  of  the  circle 
ABC,  through  which  draw  the  diameter 
AFC  Then,  if  the  centre  of  the  other 
circle  can  be  out  of  this  line  ac,  let  it  be 
supposed  in  some  other  point  as  o ;  through  which  draw  the 
line  FO  cutting  the  two  circles  in  b  and  d. 

Now,  in  the  triangle  afg,  the  smn  of  the  two  sides  fg, 
o  A,  is  greater  than  the  third  side  af  (th.  lo;*^  or  greater  than 
its  equal  radius  fb.  From  each  of  these  take  away  the 
common  part  fg,  and  the  remainder  ga  will  be  greater 
than  the  remainder  gb.  But  the  point  6  being  supposed 
the  centre  of  the  inner  ^circle,  its  two  radii,  ga,  odj  are 
equal  to  each  other ;  consequently  gd  will  also  be  greater 
than  GB.    But  ade  being  the  inner  circle,  gd  is  necessarily 

less 
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Jess  than  gb.  So  that  od  is  both  greater  and  less  than  ob  ; 
<which  is  absurd.  Consequently  the  centre  s  cannot  be  out 
4>f  the  lin^  afc.    q.  e.d. 


»  THEOREM   XLIV. 

If  two  Circles  Touch  one  another  Externally,  the  Centres 
of  the  Circles  and  the  Point  of  Contact  will  be  ail  in  the 
Same  Right  Line. 

Let  the  two  circles  abc,  ade,  touch  one 
another  externally  at  the  point  a  ;  then  will  ' 
the  point  of  contact  a  and  the  centres  of  the 
two  circles  be  all  in  the  same  right  line. 

For,  let  F  beJthe  centre  of  the  circle  abc, 
through  whUh  draw  the  diameter  afc,  and 
produce  it  t6  the  other  circle  at  x.  Then,  if 
the  centre  oKhe  other  circle  aae  caabe  out 
of  the  line  fe,  let  it,  if  possible,  be  supposed 
JB  some  other  point  as  o ;  ahd  draw  the  lines 
•  AG,  FBDO,  cutting  the  two  circles  in  b  and  o. 

Then,  in  the  triangle  afg,  the  sum  of  the  two  sides  af, 
AG,  is  greater  than  the  third  side  fg  (th.  10).  But,  f  and  a 
being  the  centres  of  the  two  circles,  the  two  radii  ga,  gd^ 
areequal,asarealso  the  two  radii  AF,  fb.  Hence  the  sum 
of  GA,  AF,  is  .equal  to  the  sum  of  gd,  bf  ;  and  therefore  this 
latter  sum  also,  gd,  bf,  is  greater  than  gf,  which  is  absurd, 
iponsequently  the  centre  g  cannot  be  out  of  ^e  line  ef. 

A.  £.  n. 
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Ant  Chords  in  a  Circle,  %hich  are  Equally  Distant  from 
the  Centre,  are  Equal  to  each  other  ;  or  if  they  be  Equal  to 
each  other,  they  will  be  Equally  Distant  irom  the  Centre^  ' 

Let  AB,  CD,  be  any  two  chords  at  equal 
distances  from  the  centre  o  ;  then  will  j^     q 

these  two  chords  ab,  cD,be  equal  to  each 
other. 


For,  draw  the  two  radii  ga,  gc,  and 
the  two  perpendiculars  ge,  gf,  whicli  are 
the  equal  distances  from  the  centre  g. 
Then,  the  two  right-angled  triangles, 
OAE,  GCF,  having  the  side  ga  equal  the  side  gc,  and  the  side 
ge  equal  the  side  gf,  sQ|d  the  angle  at  s  equal  to  the  angle  * 

at 
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at  Fy  therefore  the  two  triangles  oaE} 
ocFi  are  identical  (cor.  3)  th.  34),  and 
have  the  line  ab  equal  the  line  cr. 
But  AB  is  the  double  of  aE}  and  cd  is 
the  double  of  CF  (th.  41);  therefore 
AB  is  equal  to  en  (by  ax.  6).    ^.  k*  d* 

Agun,  if  the  chord  ab  be  equal  to 
the  chord  en  :  then  will  their  distainces  from  the  centre,  gei 
owy  also  be  eqoal  to  each  other. 

For,  since  ab  is  equal  en  by  supposition^  the  half  ae  is 
equal  the  half  cp.  Also  the  radii  ^a^  qc,  being  equals  as 
well  as  the  right  angles  e  and  f>  therefore  the  third  sides  are 
equal  (cor.  2}  th.  34)^  or  the  distance  qe  equal  the  distance 
of.    a.  e.  d. 


A     D.EB 


TBEOREM  XLTI. 

A  Line  Perpendicular  to  the  Extremity  of  a  Radius,  i^  a 

Tangent  to  tlie  Circle. 

Let  the  line  adb  be  perpendicular  to  the 
radius  en  of  a  circle  ;  then  shall  ah  touch 
the  circle  in  the  point  n  only. 

For,  from  any  other  point  e  in  the  line 
AB  draw  CFE  to  the  centre^  cutting  the 
circle  in  f. 

Then,  because  the  angle  n,  of  the  trian- 
gle coE)  is  a  right  angle,  the  angle  at  e  is  acute  (th.  17,  cor.  3), 
and  consequently  less  t^an  the  angle  n.  But  the  greater 
side  is  always  opposite  to  the  greater  angle  (th.  9)  ;  therefore 
the  side  ce  is  greater  than  the  ude  en,  or  greater  than  its 
-equal  cf.  Hence  the  point  e  is  without  the  circle  ;  and  the 
same  for  every  other  point  in  the  line  ab.  Consequently  the 
whole  line  is  without  the  circle,  and  meets  it  in  the  point  n 
only. 
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TREORBM  XLVII. 


Whxn  a  Line  is  a  Tangent  to  a  Circle,  a  Radius  drawn  to 
the  Point  of  Contact  is  Perpendicular  to  the  Tangent. 

Let  the  line  ab  touch  the  circumference  of  a  circle  at  the 
point  D  ;  then  will  the  radius  en  he  perpendicular  tp  the 
tangent  a  e.    [See  the  last  figure.] 

For^  the  line  ab  being  whollj  without  the  circumference 
excepic  at  the  pomt  d,  every  other  line,  as  ce  drawn  from 
the  centre  c  to  the  Hne  ab,  must  pass  out  of  the  circle  to 
arrive  at  this  line.  The  line  cd  is  therefore  the  shortest  that 
can  he  drawn  from  the  point  c  to  the  line  ab,  and  consequent- 
ly (th.  31)  it  is  perpendicular  lo  that  line. 

Carol.  Hencef  conversely,  a  line  drawn  perpendicular  to  a 
tangent,  at  the  point  of  contact,  passes  through  the  centre  of 
the  civcle. 


XHEORBM  XLVIII. 

The  Angle  formed  by  a  Tangent  and  Chord  is  Measured 

by  Half  the  Arc  of  that  Chord. 

Let  AB  be  a  tangent  to  a  circle,  and  en 
a  chord  drawn  from  the  point  of  contact  c  ; 
then  is  the  angle  bco  measured  by  half  the 
arc  cFn,  and  the  angle  Acn  measured  by 
half  the  arc  con. 

For,  draw  the  radius  ec  to  the  point  of 
contact,  and  the  radius  ef  perpendicular  to 
the  chord  at «. 

Then,  the  radius  ef,  being  perpendicular  to  the  chord  cd, 
biaeclsthearc  CFn(th.  41).    Therefore  CF  is  half  the  arc 

CFD. 

In  the  triangle  ceh,  the  angle  h  being  a  right  one,  the 
sum  of  the  two  remaining  angles  e  and  c  is  equal  to  a  right 
angle  (corol.  3,th.  17),  which  is  equal  to  the  angle  bce, 
because  the  radius  ce  is  perpendicular  to  the  tangent.  From 
each  of  these  equals  take  away  the  common  part  or  angle  c, 
and  there  remains  the  angle  e  equal  to  the  angle  Bcn.  But 
the  angle  e  is  measured  by  the  arc  ci  (def.  57),  which  is 
the  half  of  CFn  ;  therefore  the  equal  angle  bcd  must  also 
have  the  same  measure,  namely,  half  the  arc  cfd  of  the 
chord  en. 

Again, 
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Again,  the  line  GEFt  being  perpendicular 

to  tl»e  chord  cd,  bisecU  the  arc  cod  (ih. 

41),     Therefore   co  is  half  the  arc  cod. 

Now,  since  the  line  cs,  meeting  fg,  makes 

the  sum  of  the  two  angles  at  e  equal  to 

two  right  angles  (th.  6),  and  the  line  cd 

makes  with  ab  the  sum  of  the  two  angles 

at  c   equal  to  twg  right  angles;  if  from 

these  two  equal  sums  there  be  taken  away  the.  parts  or  angles 

ccH  and  BCH,  which  have  been  proved  equal,   there  remains 

the   angle  ceo  equal  to  the  angle  a ch.     But  the  former  of 

these,  cEG,  being  an  angle  at  the  centre,  is  measured  by  the 

arc  cG^(d«f.  57) ;    consequently  the  equal  angle  acd  must 

also  have  the  same  measure  cg,  which  is  half  the  arc  cod  of 

the  chord  cd.     q.  s.  d. 

Corol,  1 .    The  sum  of  two  right  angles  is  measured  by 
half  the  circuniference.     For  the  two  angles  bcd,  ACD,which> 
make  up  two  right  angles,  arc  measured  by  the  arcs  cf,  c«^ 
which  make  up  half  the  circumference,  fg^  being  a  diameter. 

CoroL  2.    Hence  also  one  right  angle  must  have  for  it^ 
measure  a  quarter  of  the  circumference,  or  90  degrees^ 


THEORBM  XLIX. 


Am  Angle  at  the  Circumference  of  a  Circle,  is  measured  by 

Half  the  Arc  that  subtends  it. 

'"  .  Let  B  AC  be  an  angle  at  the  circumference ;      ^      ^ 
it  has  for  its  measure,  half  the  arc  bc  which      -    ^A^  ^, 
subtends  it.  /^/^\ 

For,    suppose  the  tangent   db    passing       f  /     \  f 
through  the  point  of  contact  a.    Then,  the       W         y 
angle  dac  being  measured  by  half  the  arc      B  ><«-^C 
ABC,  and  the  angle  dab  by  half  the  arc  ab 
(th.  48) ;  it  follows,  by  equal  subtraction,  that  the  difference, 
or  angle  bac,  must  be  measured  by  hdf  the  arc  bc,  which  it 
stands  upon.    q.  e.  d. 
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TBEOaSM  L. 

^LL  Angles  in  the  SItine  Segment  of  a  Circle,  or  Stsmdingf 
on  the  Same  Arc^are  equal  to  each  other. 

Let  c  and  d  be  two  angles  in  the  same 
segment  acdb,  or^  which  is  the  same  thing, 
standing  on  the  supplemental  arc  aeb  ;  then 
irill  the  angle  c  be  equal  to  the  angle  d. 

For  each  of  these  angles  is  measured  by 
half  the  arc  axb  ;  and  thus,  having  equal 
measures,  they  are  equal  to  each  other  (ax. 
H). 


THEOREM  LI. 


An  Angle  at  the  Centre  of  a  Circle  is  Double  the  Angle'at  the 
Circumference,  when  both  stand  on  the  Same  Arc. 

Let  c  be  an  angle  at  the  centre  c,  and 
n  an  angle  at  the  circumference^  both  stand- 
ing on  the  same  arc  or  same  chord  ab  :  then 
will  the  angle  c  be  double  of  the  angle  o, 
4>r  the  angle  d  equal  to  half  the  angle  c. 

For,  the  angle  at  the  centre  c  is  measur- 
ed by  the  whole  arc  akb  (def.  57),  and  the 
angle  at  the  circumference  d  is  measured  by  half  the  same 
arc  AEB  (th.  49)  ;  therefore  the  angle  n  is  only  half  the  angle 
c,  or  the  angle  c  double  the  angle  n. 


THEOREM   Lll. 

An  Angle  in  a  Semicircle,  is  a  Right  Angle. 

If  ABC  or  ADC  be  a  semicircle  ;  then 
any  angle  n  in  that  semicircle,  is  a  right 
angle. 

For,  the  angle  d,  at  the  circumference, 
k  measured  by  half  the  arc  abc  (th.  49), 
that  is,  by  a  quadrant  of  the  circumference. 
But  a  quadrant  is  the  measure  of  a  right  ^ 

angle  (corol.  4,  th.  6  ;  or  corol.  2,  th.  48)*    Therefore  the 
angle  n  is  a  right  angle. 


o 
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THSOAEM   LIII. 

Tmb  Angle  formed  bf  a  TttigenC  to  a  Circle,  and  a  Chord 
drawn  from  the  Foiot  of  Contactf  is  Equal  to  tbe  Angle  in  the 
Alternate  Segment. 

If  AB  beatangenty  and  ac  a  chord,  and 
D  an^  angle  in  the  alternate  segment  adc  ; 
then  will  the  angle  o  be  equal  to  the  angle 
BAC  made  by  the  tangent  and  chord  of  the 

arc  AKC. 

For  the  angle  n,  at  the  circumference, 
is  measured  by  half  the  arc  aec  (th.  49) ; 
and  the  angle  bac,  made  by  the  tangent  and  chord,  is  also 
measured  by  the  same  half  arc  asc  (th.  48)  ;  therefore  these 
two  angles  are  eqoal  (ax.  1 1). 

THEOREM   LIV. 

Tflfc*  Sum  of  any  Two  Opposite  Angles  of  a  Quadrangle 
Inscribed  in  a  Circle,  is  Equal  to  Two  Right  Angle}. 

Let  ABcn  be' any  quadrilateral  inscribed 
in  a  circle ;  then  shall  the  sum  of  the  two 
opposite  angles  a  and  c,  or  B  and  d,  be 
equal  to  two  right  angles. 

For  the  angle  a  is  measured  by  half  the 
arc  ncB,  which  it  stands  on,  and  the  angle 
6  by  half  the  arc  dab  (th.  49)  ;  therefore 
the  sum  of  the  two  angles  a  and  c  is  measured  by  half  the 
sum  of  these  two  arcs,  that  is,  by  half  the  circumference. 
But  half  the  circumfei'ence  is  the  measure  of  two  right 
angles  (corol.  4,  th.  6) ;  therefore  the  sum  of  the  two  oppo* 
site  angles  a  and  c  is  equal  to  two  right  angles.  In  like 
manner  it  is  shown,  that  the  sum  of  tlie  other  two  opposite 
angles,  D  and  b,  is  equal  to  two  right  angles.    ^*  b.  n. 

THEOREM  LV. 

If  any  Side  of  a  Quadrangle,  Inscribed  in  a  Circle,  be 
Produced  out,  the  Outward  Angle  will  be  Equal  to  the  Inward 
Opposite  Angle. 

If  the  side  ab,  of  the  quadrilateral  abcd, 
inscribed  in  a  circle,  be  produced  to  e  ;  the 
outward  angle  dae  will  be  equal  to  the 
inward  opposite  angle  c. 


For, 
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For,  the  sum  of  the  two  adjacent  angles  dae^kT  dab  is 
equal  to  two  right  angles  (th.  6);  and  the  sum  of  the  two 
opposite  angles  c  and  dab  is  also  equal  to  two  right  angles 
'(th.  54)  ;  therefore  the  former  sura,  of  the  two  angles  da* 
and  BAB,  is  equal  to  the  latter  sum,  of  the  two  c  and  dab 
(ax.  1).  From  6ach  of  these  equals  taking  away  the  com- 
mon angle  dab,  there  remains  the  angle  dae  equal  i\^ 
aoglec.     q.  e.  d. 


THEOREM    LVI. 


Any  Two  Parallel  Chords  Intercept  Equal  Arcs. 

Let  the  two  chords  a b,  cd,  be  parallel : 
then   will    the  arcs  ac,  bd,  be  equal ;    or 

AC  =  BD. 

For,  draw  tlie  line  bc.  Then,  because 
the  lines  aB)  cd,  are  parallel,  the  alternate 
angles.  B  and  c  are  equal  (th.  12).  But  the 
angle  at  the  circumference  b,  is  measured  by  half  the  arc 
AC  (th.  49);  and  the  other  equal  angle  at  the  circumference 
o  is  measured  by  half  the  arc  bd  :  therefore  the  halves  of  the 
arcs  AC,  BD,and  consequently  the  arcs  themselves,  are  also 
equal,     q.  e.  d. 

THEOREM   LVIl. 

When  a  Tangent  and  Chord  ^re  Parallel  to  each  other,  they 

Intercept  Equal  Arcs. 

Let  the  tangent  abc  be  parallel  to  the 
chord  DF  ;  then  are  the  arcs  bd,  bf,  equal ; 
that  is,  BD  =  BF. 

For,    draw   the    chord  bd.     Then,  be- 
cause the  lines  ab,  df,  are  parallel,  the  al- 
ternate angles   d   and  b  are  equal  (th.  1 2). 
But  the  angle  b,  formed  by  a  tangent  and  chord,  is  measured 
by  half  the  arc  bd  (th.  48)  ;  and  the   other  angle  at  the  cir- 
cumference d  is  measured  by  half  the  arc  BF(th.  49)  ;  there- 
fbre  the  arcs  bd,  bf,  are  equal,     q.  e.d. 
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The  Angle  formed.  Within  a  Circle,  by  tke  Intersection  of 
two  Chords,  is  Measured  by  Half  tho  Sum  of  the  Two 
Intercepted  Arcs. 

Let  the  two  chords  ab>cD|  intersect  at 
the  point  E  :  then  the  angle  aec»  or  fmsj  is 
measured  by  half  the  sum  of  two  arcs  ao, 

PB. 

For,  draw  the  chord  af  parallel  to  cd. 
Then,  because  the  lines  aP)  cd,  are  paralleH 
and  ab  cuts  them,  the  angles  on  the  same 
side  A  and  dbb  are  equal  (th.   14).    But  the  angle  at  the 
circumference  a  b  measured  by  half  the  arc  bf,  or  of  the 
sum  of  FD  and  pb  (th  49) ;  tlierefore  the  angle  £  is  also 
measured  by  half  the  s\im  of  fp  and  pb. 

Again,  because  the  chords  af,  cp,  are  parallel,  the  arc^  ac, 
PD,  are  equal  (th.  56)  ;  therefore  the  sum  of  the  two  arcs  ac, 
PB,  is  equal  to  the  sum  of  the  two  fp,  pb  ;  and  consequently 
the  angle  e,  which  is  measured  by  half  the  latter  suipi  is  al^^ 
measured  by  half  the  former,    q.  e.  d. 


TUEOftEM  x;iic 

The  Angle  formed,  Without  a  Circle,  by  two  Secants,  i« 
Measured  by  Halt*  the  Difference  of  the  Intercepted 
Arcs. 

Let,  the  angle  e  be  formed  by  two  se- 
cants E  AB  and  EC  p  ;  this  angle  is  measured 
by  half  the  difference  of  the  two  arcs 
AC,  PB>  intercepted  by  the  two  secants. 

Draw  the  chord  af  parallel  to  cd.  Then, 
because  the  lines  af,  cp,  are  parallel,  and 
AB  cuts  them,  the  angles  ontlio  same  side  a  „ 

and  BED  are  equal  (th.  14).  But  the  angle  a,  at  the  circum- 
Terence,  is  mcasut^ed  by  half  the  arc  bf  (th.  49),  or  of  the 
didcrencc  of  pf  and  pb  :  therefore  the  equal  angle  e  is 
also  measured  by  half  the  difference  of  pf,  pb. 

Again,  because  the  chords  af,  cp,  are  parallel,  the  arcs 
AC,  FP,  are  equal  (th.  5C);  therefore  the  difference  of  the 

two 
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two  arcs  ac,  i»b,  h  equal  to  the  difference  of  the  two  df, 
OB.  Consequently  the  angle  b,  which  is  measured  by  half 
the  latter  difference,  is  also  measured  by  half  the  former. 

^.  k.  0. 


TIlllOltKM  L^ 

The  Angle  formed  by  f  wo  Tangents,  is  Measured  by^  Half 
the  Difference  of  the  two  Intercepted  Arcs. 

Let  SB,  ED,  be  two  tangents  to  a 'circle 
at  the  points  a,  c  ;  then  the  anglg  b  is 
measured  by  half  the  difference  of  the»  two 
arcs,  crA,  coa- 

For,  draw  the  chord  af  parallel  to  sn. 
Then,  because  the  lines  af,  ed,  are   pa* 
rallel,  and  eb  meets  them,  the  angles  on 
the  same  side  a  and  b  are  equal  (th.  L4). 
But  the  aagle  a,  formed  by  the  chord  af  and  tangent  ab, 
n  measured  by  half  the  arc  af  (th.  48)  ;  therefore  the  equal 
angle  e  is  also  measured  by  half  the  same  arc  af,  or  half  ttre^ 
difference  of  the  arcs  cfa  and  cf,  or  cga  (th.  57). 

Corol,  In  like  manner  it  is  proved,  that 
the  angle  e  formed  by  a  tangent  bcb, 
and  a  secant  eab,  is  measured  by  half 
the  difference  of  the  two  interccpMl  arcs 
c-A  andcFR 


THEOREM   LXI. 


When  two  Lines>  meeting  a  Circle  each  in  two  Points,  Cut 
ojie  *  another,  either  Within  it  or  Without  it ;  the  Rect- 
angle of  tlie  Parts  of  the  one,  is  Equal  to  the  Rectangle  of 
the  Parts  of  the  other  ;  the  Parts  of  each  being  measured 
from  the  point  of  meeting  to  the  two  hitersections  with 
the  circumference. 
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Let  the  two  lines  ab,  cDj  meet  each 
other  in  k  ;  then  the  rectangle  of  AB9  £B« 
will  be  equal  to^  the  rectangle  of  ce,  ed. 

Or)  AE  .  KB  =  C£  .  ED. 


•AJLc 


For,  through  the  point  b  draw  the  dia- 
meter FG  ;  also,  from  the  centime  h  draw 
the  radius  dh,  and  draw  hi  perpendicular 

to  CD. 

Then,  since  dsh  is  a  triangle,  and  the 
perp.  in  bisects  the  chord  cd  (th.  41),  the 
line  CE  is  equal  to  the  difference  of  the 
segments  di,  ei,  the  sum  of  tlieni  being 
DE.  Also,  because  h  is  the  centre  of  the 
circle  and  the  radii  dh,  fh,  gh,  are  all  equal,  the  line  eg 
is  equal  to  the  sum  of  the  sides  dh,  he  ;  and  ef  is  equal  to 
their  difference. 

But  the  rectangle  of  the  sum  and  difference  of  the  two 
sides  of  a  triangle,  is  equal  to  the  rectangle  of  the  sumand^ 
difference  of  the  segments  of  the  base  (th.  35) ;  therefore 
the  rectangle  of  fe,  eg,  is  equal  to  the  rectangle  of  ce,  ed. 
In  like  manner  it  is  proved,  that  the  same  rectangle  of  fe, 
BG,  is  equal  to  the  rectangle  of  ae,  eb.  Consequently  the 
rectangle  of  ae,  eb,  is  also  equal  to  the  rectangle  of  ce,  B9 

(ax.  1).      Q.  E.  D. 

CoroL  I .  When  one  of  the  lines  in  the 
second  case,  as  de,  by  revolving  about  the 
point  £,  comes  into  the  position  of  the  tan- 
gent EC  or  ED,  the  two  points  c  and  D 
running  into  one  ;  then  the  rectangle  of  ce, 
ED,  becomes  the  square  of  c£,  because  c£ 
and  DR  are  then  equal.  Consequently  the 
rectangle  of  the  partsof  the  secant,  a  £  .  eb, 
is  equal  to  the  square  of  the  tangent  ce*. 

CoroL  2.  Hence  both  the  tangents  ec,  ef,  drawn  from 
the  same  point  e,  are  equal ;  since  the  square  of  each  is  equal 
to  the  same  rectangle  or  quantity  ae  .  eb. 


THEOREM    LXII. 


In  Equiangular  Triangles,  the  Rectangles  of  the  Correspond- 
ing or  Like  Sides,  taken  alternately,  are  equal. 


Let 


THEOREMS. 


fir 


Let  ABC)  DEFf  be  two  equiangular 
triangles,  having  the  angle  a  =  the 
a'ngle  d,  the  angle  b  =^  the  angle  s^ 
and  the  angle  c  =  the  angle  v  ;  also 
the  like  aides  ab,  de,  and  ac,  df, 
being  those  opposite  the  equal  angles  : 
then  will  the  rectangle  of  ab,  nF,  be 
equal  to  the  rectangle  of  ac,  de. 

In  BA  produced  take  ag  equal  to  df  ;  and  through  the 
three  pohus  b,  c,  g,  conceive  a  circle  bcgh  to  be  described^ 
nxeeting  ca  produced  at  h,  and  join  gh. 

Then  the  angle  o  is  equal  to  the  angle  c  on  the  same  arc 
BH,  and  the  angle  h  equal  to  the  angle  B  on  the  same  arc  ca 
(th.  50)  ;  also  the  opposite  angles  at  a  are  equal  (th.  7) : 
therefore  the  triangle  agh  is  equiangular  to  the  triangle 
acb,  and  consequently  to  the  triangle  dfe  also.  But  the 
two  like  sides  ag^  nF,  are  also  equal  by  supposition  ;  conse- 
quently the  two  triangles  agh,  dfe,  are  identical  (th.  2), 
having  the  two  sides  ao^  ah,  equal  to  the  two  df,  de,  each 
to  each. 

But  the  rectangle  ga  .  ab  is  equal  to  the  rectangle 
HA  .  AC  (th.  61) :  consequently  the  rectangle  df  .  ab  is  equal 
fhe  rectangle  dk  .  ac.     q.  e.  d. 


THEOREM   LXIII. 


The  Rectangle  of  the  two  Sides  of  any  Triangle,  is  Equal  to 
the  Rectangle  of  the  Perpendicular  on  the  third  Sidp  an4 
the  Diameter  of  the  Circumscribing  Circle. 

Let  CD  be  the  perpendicular,  and  ce 
the  diameter  of  the  circle  about  the  triangle 
ABC  ;  then  the  rectangle  ca  .  cb  is  =  the 
rectangle  cd  .  ce. 

For,  join  be  :  then  in  the  two  triangles 
A  CD,  ECB,  the  angles  a  and  e  are  equal, 
standing'  on  the  same  arc  bc  (th.  50) ;  also  the  right  angle  d 
is  equal  the  angle  b,  which  is  also  a  right  angles  being  iii 
a  semicircle  (th.  52)  :  therefore  these  two  triangles  have  also 
their  third  angles  equal,  and  are  equiangular.  Hence,  ac^ 
cE,  and  CD,  cb,  being  like  sides,  subtending  the  equal  angles, 
the  rectangle  ac  .  cb,  of  the  first  and  last  of  them,  is  equal  to 
the  rectangle  ce  .  en,  of  the  other  two  (th.  62). 


^ 


THEOREM 


t       i 


OEOMETRV- 


TUEOfcEU  I.iUY. 

# 

The  Square  of  a  line  biscctuK  any  Angle  of  a  Triangle* 
together  with  the  Rectangle  ot  the  Two  Segments  of  the 
opposite  Side,  is  Equal  to  the  Rectangle  of  the  two  other 
^>idcs  includmg  the  Bisected  Angle. 

Let  CD  bisect  the  angle  c  of  the  triangle 
ABC  ;  then  the  square  co'  +  the  rcctuigle 
AD  .  DB  is  s  the  rectangle  ac  .  cb. 

For,  let  CD  be  produced  to  meet  the  cir*     A^ 
cumscribing  circle  at  b,  imd  join  ae. 

Then  tlie  two  triangles  ace,  bcd,  are 
equiangular  :  ibrthe  angles  at  c  are  equal 
by  supposition,  and  the  angles  b  and  b  are  equal,  acanding 
on  the  same  arc  ac  (th.  50)  ;  consequently  the  third  anglea 
at  A  and  d  are  equal  (corol.  1,  th.  17^ :  abo  ac,  cd,  and 
CE,  cb,  are  like  or  correapowUng  siaest  being  opposite  to 
equal  angles:  therefore  the  rectangle  ac  .  cb  is  ss  the 
rectangle  cd  .  ce  (th.  62).  But  the  latter  rectangle  cd  .  ck 
is  =  cd'  -+-  the  rectangle  cd  •  de  (th.  30)  ;  therefore  also 
the  former  rectangle  ac  .cb  is  alsOsscD*  -f*  c»  •  ^b>  ^^ 
equal  to  cd'  -f.  AD  .  db,  since  cd  .  de  is  s  ad  .  db  (th.  61). 

<(.  E.  D. 
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The  Rectangle  of  the  two  Diagonals  of  any  Quadrangle 
Inscribed  in  a  Circle,  is  equal  to  the  sum  of  the  two  Rect- 
angles of  the  Opposite  Sides. 

Let  abcd  be  any  quadrilateral  inscribed 
in  ^  circle,  and  ac,  bd,  its  two  diagonals : 
then  the  rectangle  ac  .  bd  is »  the  rect* 
angle  ad  .  dc -{-  the  rectangle  ad  .  bc. 

For,  let  CE  be  dt^awn,  making  the  angle 
BCEcqual'totheangle  DCA.  Then  the  two 
triangles  AC  d,  bce,  are  equiangular;  for  the  angles  a  and 
H  are  equal,  standing  on  the  same  arc  dc  ;  and  tlie  angles 
BCAi  bce,  arc  equal  by  supposition;  consequently  the  third 
angles  ADC,  bec  arc  also  equal:  also^  ac,  Bc,  and  ad,  be, 
ai*c  like  or  corresponding  sides,  being  opposite  to  the  equal 
angles:  therefore  the  rectangle  ac  .  be  is  =  the  rectangle 
AD  .  bc  (th.  62). 

Again; 
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Again,  die  two  tfiangles  arc,  dec,  are  equiangular  :  for 
the  angles  bac,  bbc,  are  equal,  standing  on  the  same  arc  bc  ; 
and  the  angle  dce  is  equal  to  the  angle  bca«  by  adding  the 
common  angle  ack  to  the  two  equal  angles  dca,  bce  ;  there- 
fore the  third  angles  b  and  abc  are  also  equal :  but  ac,  dc, 
and  ab,  be,  are  the  like  sides  :  therefore  the  rectangle  ac  . 
BE  is  =  the  rectangle  ab  .  oc  (th.  62). 

Hence,  by  equal  additions,  the  sum  of  the  rectangles  ac  . 
BE  +  AC  .  i>E  is  =  AD  .  Bc  +  AB  .  DC.  But  the  former  sum 
of  the  rectangles  ac  .  be  +  ac  .  db  is  =  the  rectangle  ac  « 
BD  (th.  30)  :  therefore  the  same  rectangle  ac  .  bd  is  equal  to 
the  latter  sum,  the  rcct^  ad  .  bc  +  the  rcct.  ab  .  dc  (ax.  1). 

Q.    E.   D. 


OF  RATIOS  AND  PROPORTIONS. 


DEFINITIONS. 

Def.  76.  Ratio  is  the  proportion  or  relation  which  one 
magnitude  bears  to  another  magnitude  of  the  same  kind  with 
respect  to  quantity. 

Ab/c*.  The  measure,  or  quantity,  of  a  ratio,  is  conceived, 
by  considering  what  pait  or  parts  tlie  le^iding  quantity,  called 
the  Antecedent,  is  of  the  other,  called  the  Consequent ;  or 
what  part  or  parts  the  number  expressing  the  quantity  of  the 
former,  is  of  the  number  denoting  in  like  manner  the  latter. 
So,  the  ratio  of  a  quantity  expressed  by  the  number  2,  to  a 
like  quantity  expressed  by  the  number  6,  is  denoted  by  6 
divided  by  2,  or  4  or  S :  the  number  2  being  3  times  con- 
tained in  6,  or  the  third  part  of  it.  In  like  manner,  the  ratio 
of  the  quantity  3  to  6^  is  measured  by  ^  or  2  ;  the  ratio  of 
4  to  6  is  l^or  1  ^  ;  that  of  d  to  4  is  |  or  |  ;  &c. 

77.  Proportion  is  an  equality  of  ratios.     Thus, 

78.  Three  qticmcities  are  said  to  be  Proportional,  when  the 
ratio  of  the  first  to  the  second  is  equal  to  the  ratio  of  the 
second  to  the  third.  As  of  the  three  quantities  a  (2),  b  (4), 
c  (8),  where  ^  .•=  |  =  2,  both,the  same  ratio. 

79.  Four  quantities  are  said  to  bc  Proportional,  when  the 
ratio  of  the  first  to  the  second,  is  the  same  as  the  ratio  of  the 
third  to  the  fourth.  As  of  the  four,  a  (2),  b  (4),  c  (5),  d  (10), 
where  4  «  V  ^^  ^^  ^^^^^  ^^^  same  ratio* 
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JVb/f .  To  denote  that  fout  quantitiesi  a,  b,  c,  d,  are  pro- 
portional, they  arc  usually  stated  or  placed  thus,  a  :  b  :  :.c  :  o  ; 
4in<l  read  thus,  a  is  to  a  us  c  is  to  d.  But  when  three  quanti- 
ties are  proportional,  the  middle  one  is  repeated,  and  they 
arc  written  tlius,  a  :  b  :  :  b  :  c. 

80.  Of  three  proportional  quantities,  the  middle  one  is 
SAid  to  be  a  Mean  Proportional  between  the  other  two ;  and 
the  last,  a  Third  Proportional  to  the  first  and  second. 

81.. Of  four  proportional  quantities,  the  last  is  said  to  hie 
a  Fourth  Proportional  to  the  other  three,  taken  in  or^ct, 

82.  Quantities  are  said  to  be  Continually  Proportional,  or 
in  Continued  Proportion,  when  the  ratio  is  the  same  between 
every  two  adjacent  tenns,  viz.  when  the  first  is  to  the  second, 
as  the  second  to  the  third,  as  the  third  to  the  fourth,  as  the 
fourth  to  the  fifth,  and  so  on,  all  in  the  same  common  ratio. 

As  in  the  quantities  1,  3,  4,  8,  16,  &c ;  where  the  common 
ratio  is  equal  to  2. 

83.  Of  any  number  of  quantities,  a,  b,  c,  d,  the  ratio  of 
the  first  A,  to  the  last  d,  is  said  to  be  Compounded  of  the 
ratios  of  the  first  to  the  second,  of  the  second  to  the  thirds 
and  so  on  to  the  last. 

84.  Inverse  ratio  is,  when  the  antecedent  is  made  the 
consequent,  and  the  consequent  the  antecedent. — Thus,  if 
1  :  2  :  :  3 :  6 ;  then  inversely,  2:1  :  :  6  :  3- 

85.  Alternate  proportion  is,  when  antecedent  is  compared 
■witli  antecedent,  and  consequent  with  consequent. — As,  if 
1 :  2  :  :  3  :  6  ;  then,  -by  altcmation,  or  permutation,  it  will  be 

1  :  3  :  :  2  |6. 

86.  Compounded  ratio  is,  when  the  sum  of  tlie  antecedent 
and  consequent  is  compai*ed,  either  with  the  consequent,  or 
with  the  antecedent.«-^Thus,  if  1  :  2  :  :  3  :  6,  then  by  composi- 
tion, I  +  2  :  1  : :  3  -f-  6  :  3,  and  l+2:2::3+6:6. 

87.  Divided  rauo,  is  when  the  difference  of  the  antecedent 
and  consequent  is  compared,  either  with  the  antecedent  or 
-with  the  conscquent.-^Thus,if  I  :  2  :  :  3  :  6,  then,  by  division, 

2  —  l:l::6  —  3:3,  and  2  —  l:2::6  —  3:6. 

A^ote.  The  term  Divided,  or  Division,  here  means  subtract- 
ing, or  parting ;  being  used  in  the  sense  opposed  to  com- 
pounding, or  adding,  in  def.  86. 
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TRSOREM  LXVi* 

Bquimttltiples  of  any  two  Quantitios  have  the  8«me  Ratio  aa 

the  Quantities  themselves. 

Lbt  a  and  b  be  any  two  quantities)  and  mA*  ms,  any 
equimultiples  of  them)  m  being  any  number  whatever  :  then 
will  VIA  and  ma  have  the  same  ratio  as  a  and  By  or  a  :  b  : : 
TttA  :  niB' 

mm        b 
For  '"^  »  — .>  the  same  i*atio. 

CoroL  Hence,  like  parts  of  quanUties  have  the  same  ratio 
as  the  wholes  ;  because  the  wholes  are  equimBltiplea  of  the 
like  partSyor  a  and  BBre  like  parts  of  ^za  and  mu* 

THEOREM   LXVn. 

If  Four  Quantities,  of  the  Same  Kind,  be  ProportionaJLs; 
they  will  bf"  in  Proportion  by  Alternation  or  Permutation, 
or  the  Atitecedents  will  have  the  Same  Ratio  as  the  Con- 
sequents. 

I^T  A  :  B  :  :  mx  t  tnn  ;  then  will  a  :  mx  :  :  b  :  mn, 

itiK  auB 

F<^«— -  =  m,  and  -—  =  i?i,both  the  same  ratio. 

A  B 

THEOREM   1.XVIII. 

IT  Four  Quantities  be  Proportional;   diey  will  be  in  Pro, 
portion  by  Inversion,  or  Inversely.     • 

Let  a  :  b  : :  mA  :  mB ;  then  will  b  :  a  :  :  ma  :  ffiA. 
mA       A 

For  —  «  — ,  both  the  same  ratb. 
ms        b 

THEOREM   LXIX. 

If  Four  Quantities  be  Proportional ;  they  will  be  in  Pltr- 
portion  by  Composition  and  Division. 

Let  a  :  b  : :  mA  :  ma  ; 

Then  will  b  ±  a  :  a  :  :  ma  ±  wia  :  wa, 

and  b  d:  A  :  B  :  s  ma  d:  mA  :  wb.  - 

mA                  A  '  m'B  B 

For, = J  and 


mB±WA         B  ±  A  mB  ±.mA        B  ±  \ 

'OL.  1.  T  t  CotqI: 


5i2  QE(»iETRy. 

Corol.  It  appears  fipora  hence,  that  the  Sum  of  the  Greatest 
and  Least  of  four  prpportional  quantities,  of  the  same  kind* 
exceeds  the   Sum  of  ^lie   X  wo  Means.     For,  aince  -  -  - - 

A  :  A  +  B  : :  iwA  :  ota4-  wb,  where   a   is  the  least,  and 

«■        '  _ 

mji  +  mB   the 'greatest  i  then  m  +  \  >a  +  wib,  the.  sura  ot 

the  greatest  and  least  excels  m  -^  i .  a  +  b  the    sum  of 
the  two  means. 

THEOBEM   LXX. 

* 

If,  of  Four  Proportional  Quantities,  there  be  taken  any 
Equimultiples  whateyer  of  the  two  Antecedents,  and  any 
Equimultiples  whatever  of  the  two  Consequents  ;  the 
quantities  insulting  will  still  be  pro|K)rtional. 

Let  a  :  b  :  :  mA  :  mb  ;  also,  let  /Ia  and  fimx  be  any 
equimultiples  of  the  two  antecedents,  and  ^b  and  gmh  any 

equimultiples  of  the  two   consequents  ;  tlicn  will — 

^  :  ^B  : :  fimx  :  gmh., 

gtnB       gB 
For  —  =  — ,  both  the  same  ratio. 
/tmA      fiA 

THEOREM   LXXI. 

If  there  be  Four  Proportional  Quantities,  and  tbe  two 
Consequents  be  either  Augmented  or  Diminished  by 
Quantities  that  have  the  Same  Ratio  as  the  respective 
Antecedents ;  Che  Results  and  the  Antecedents  will  a^lL 
be  Proportionals. 

Let  a  :  b  : :  ntA  :  mB,  and  ha  and  nntA  any  two  quan- 
tities having  the  same  ratio  as  the  two  antecedents  ;  then  will 
A  :  B  dt  fiA  :  :  niA  :  mB  ±:  nntA. 

niB  db  wmA       B  d:  «A 

For  ■■    ■  = , both  the  same  ratio. 

mA  A 

theorem  lxxii. 

If  any  Number  of  Quantities  be  Proportional,  then  any 
one  of  the  Antecedents  will  be  to  its  Consequent,  as  the 
Sum  of  all  the  Antecedents  is  to  the  Sum  of  all  the  Con- 
sequents. 

Let  a  :  b  :  :  mA  :  mB  :  :  «A  :  ns,  &c ;  then  will-  -  -  - 
A  :  B  : :  A  +  mA  +  «A  :  :  B  +  ma  +  «B,  &c. 

B  +  mn  +  UB        B 
For — .. —  =  — ,  tlie  same  I'atio. 

A  +  WA  +  WA  A 

theorem 
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THEOREM  LXXnr. 

If 'ft  Whole  Mikgnitude  be  to  a  Whole,  as  a  Pact  taken  iix)tn 
the  first,  is  to  a  Part  taken  from  the  other  ;  then  the  Re- 
mainder will  be  to  the  Remainder^  as  the  whole  to  the 
whole. 

m        m. 
Let  A  :  B  : : — a:— b; 

n        n 

m  m 

then  will  a:b::A"-— a:b—  —  b. 

n  .  n  /' 

B  — ?B  B 

For B—  =  — ,  both  the  same  ratio. 

H  A 

THEOREM  LXXIV. 

If  any  Quantities  be  Proportional ;  their  Squares,  or  Cubes, 
or  any  Like  Powers,  or  Roots,  of  them,  will  also  be  Pro- 
portional. 

Let  a  :  b  :  :  itza  :  mB  ;  then  will  a"  :  b"  : :  m^A" :  w»  b". 

m"B"      B^ 
For =  — ,  both  the  same  ratio. 

fH^A^        A» 

theorem  lxxv. 

K  there  be  two  Sets  of  Proportionals;  then  the  Products  or 
Rectangles  of  the  Corresponding  Terms  will  also  be  Pro-  * 
portionaL 

Let  a  :  b  : :  niA  :  mB, 

and  c  ;  D  : :  nc  :  no  ; 

then  will  ac  :  bo  : :  mnAC  :  mnBp. 

mnBD        BD 
For =  p-.,  both  the  same  ratio. 

r  mnAC        .  AC 

THEOREM  LXXVZ. 

If  Four  Quantities  be  Proportional ;  the  Rectangle  or  Product 
of  the  two  Extremes,  will  be  Equal  to  the  Rectangle  or 
Product  of  the  two  Means.    And  the  converse. 

Let  A  :  b  : :  mA  :  mB  ; 

then  is  a  X  mn  =  b  x  mA  =5  ;nAB^  as  is  evident. 

theorem 


/ 
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*   THBOBBM  LXXVII. 

If  Tkree  Qnandtles  by  Ccfotinncd  Prop^rtiofiato ;  the  Reet- 
angle  or  Product  *of  the  two  Extremes,  will  be  Equal  tb 
the  Square  of  the  Mean.    And  the  cenverse^ 

Let  a,  mA»  m>A  be  three  proportionals, 

or  A  :  mA  :  :  mA  :  »i*A  ; 

then  is  A  X  «•  a  =  in*A*,  as  is  evident. 

THEORBM  LXXVIII. 

If  any  Number  of  Quantities  be  Continued  Proportionals ; 
the  Ratio  of  the  First  to  the  Third,  will  be  duplicate  qr  the 
Square  of  the  Ratio  of  the  First  and  Second ;  and  the  Ratio 
of  the  First  and  Fourth  will  be  triplicate  or  the  cube  of 
that  of  the  First  and  Second ;  and  so  on. 

Let  a,  mA,  m^Ay  m^A,  Sec,  be  proportionals  ; 

«tA  m*A  «*A 

Ihein i* -—  s=  »t ;  but  — —  =  m*  ;  and  — -  =  m^  5  Sec.  ^ 

A  A  .  A 

THEOREM   LXXIX. 

Triangles,  ahd  also  Parallelogvams,  having  equal  Altitudes,. 

are  to  each  other  as  their  Bases. 

Let  the  two  triangles  adc,  i>ef,  have 
the  same  altitude,  or  between  the  same 
pafa^els  as,  cf  ;  then  is  the  sur&ce  of 
the  triangle  adc,  to  the  surface  of  the 
triangle  def,  as  the  base  ad  ia  to  the 
base  DE.  Or,  ad  :  de  : :  the  triangle 
adc  :  the  triangle  def. 

For,  let  the  base  ad  be  to  the  base  de,  as  any  ene  num- 
ber m  (2),  to  any  other  numb^^  n  (3) ;  ind  divide  the  respec- 
tive bases  into  those  parts,  ab,  bd,  tsq^  Gttf  ae,  all 
equal  to  one  another ;  and  from  the  points  of  division  draw 
,thc  lines  bc,  fg,  fh,  to  the  vttliees  c  and  f.  Then  will 
these  lines  divide  the  triangles  adc,  def,  into  tlie  same 
number  of  parts  as  their  bases,  each  equal  to  the  triangle 
ABC,  because  those  triangular  parta  have  equal  bases  and 
altitude*  (corol.  3,  th.  35)  ;  namely,  the  triangle  AiiCt  ^qtral 
to  each  of  the  triangles  bdc,  dFo,.  gfh,.  hfs.  So  (hat 
Uie  triangle  adc,  is  to  the  triangle  dfe,  as  the  number  ef 

pai'ts 
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j)arts  m  (2)  of  the  former,  to  the  number  n  (3)  of  the  latter, 
that  is,  as  the  base  ad  tolhebaac  ir&  (def.  79.) 

In  like  manner,  the  parallelogram  adki  is  to  the  parallelo- 
gfam  DBtft,  as  tht  base  ad^  is  to  the  base  t»B  ;  each  of 
these  having  the  some  ratio  as  the  nuxnber  of  their  parts, 
m  to  n,     <(.  £.  D. 

Triangles,  and  also  Parallelograms,  haling  Equal  Bases,  are 

to  each  other  as  their  Akkudes* 

Lbt  ABC,  SEP,  be  two  triangles 
having  the  equal  bases  ab,  be,  and 
liThose  altitudes  are  the  perpendlculara 
CG,  FH  ;  then  will  the  triangle  abg  : 
the  triangle  bef  : :  co  :  fh. 

For,  let  BK  be  perpendicular  to  a^b, 
and  equal  to  ce ;  in  which  let  there 
be  taken  bl  s  fk  ;  drawing  ak  and  al. 

Then,  triangles  of  equal  bases  and  heights  being  equal 
(corol.  2,  th.  25),  the  triangle  abk  is  «  abc,  and  the  tri- 
angle ABL  s  BBF.  Bttt  considering  now  adb,  abl,  as  two 
triangles  on  the  bases  itK>  bi,  and  hanring  the  same  altitude 
AB,  these  will  be  as  their  bases  (th.  79),  namely,  the  triangle 
ABK  :  the  triangle  abl  : :  bk  :  bl. 

But  the  triangle  abk  ssi  abc,  and  the  triangle  abl  =  bef? 

also  BK  s  CO,  and  Al  ^  til. 
Theref.  the  triangle  abc  :  triangle  BEf  : :  cg  :  fh. 

And  suice  parallelograms  are  the  doubles  of  these  triangles, 
Iiaving  the  same  bases  and  altitudes,  they  will  likewise  have 
to  each  othe#  Che  sante  ratio  as  their  altitudes,     q.  e.  d. 

CoroL  Since,  by  this  theorem,  triangles  and  parallelograms, 
when  their  bases  are  equal,  are  to  each  other  as  their  alti- 
tudes ;  and  by  the  foreg^g  one,  when  their  altitudes  are 
c^ual^ they  are  to  each  other  as  theii*  bases;  therefore  urn- 
versally,  when  neither  are  equal,  they  are  to  each  other  in 
thecompeuiK}  ratioyoraathe  rectangle  or  product  of  their 
bftsea  sokl  aUitudiea.* 


rjIEOHEM 


v. 


S26  GEOMETRY. 


THEOREM  LXXn. 


If  Four  Lines  be  Proportional  j  the  Rectangle ,  of  the  1^ 
tremes  will  be  equal  to  the  Rectangle  of  the  Means. 
And,  conversely,  if  the  Rectangle  of  the  Extremes,  of  four 
Lines,  be  equal  to  the  Rectangle  of  the  Means,  the  Four 
Lines,  taken  alternately,  will  be  Proportional 


r* 

Q 
B 

Kf 

A 

1    P          D 

B. 

Let  the  fourKnesA,  B,  c,  n,  bfc         A 
propoitionals,  or  a  :  b    : :  c  :  D  ;  B 

then  will  the  rectangle  of  a  and  o  be  ^ 

equal  to  the  rectangle  of  b  und  c  ; 
or  the  rectangle  A  .  d  »  b  .  c. 

For,  let  the  four  lines  be  placed 
with  their  four  extremities  meeiipg 
in  a  common  point,  forming  at  that 

point  four  right  angles ;  and  draw  lines  parallel  to  them  to 
complete  the  rectangles  p,  <(,  r,  where  p  is  the  rectangle 
of  A  and  D,  q  the  rectangle  of  b  and  c,  and  r  the  rectangle 
of  B  and  D. 

Then  the  rectangles  p  and  r,  being  betiBceen  the  same 
parallels,  are  to  each  other  as  their  bases  a  and  b  (ih.  79) ; 
and  the  i*ectangles  q  and  r,  being  between  the  same  pa- 
rallels, are  to  each  other  as  their  bases  c  and  n.  But  the 
ratio  of  a  to  b,  is  the  same  as  the  ratio  of  c  to  x>,  by  hypo* 
thesis  ;  therefore  the  ratio  of  p  to  r,  is  the  same  as  the  ratio 
of  q  to  R ;  and  consequently  the  rectangles  p  and  q  are 
equal,     q.  e.  d« 

Again,  if  the  rectangle  of  a  and  n,  be  equal  to  the 
vectangle  of  b  and  c  ;  these  lines  will  be  proportional,  or 
A  :  b  :  :  c  :  n. 

For,  the  rectangles  being  placedthe  same  as  before :  then^ 
because  parallelograms  between  the  same  parallels  are  to  one 
another  as  their  bases,  the  rectangle  p  :  r  : :  a  :  b,  and 
q  :  R  : :  c  :  D.  But  as  p  and  q  are  equal,  by  supposition, 
they  have  the  same  ratio  to  r,  that  is,  the  ratio  of  a  to  b  is 
equal  to  tjieratio  of  c  to  n,  or  a  :  b  : :  c  :  d.     q.  e.  d. 

Coroi.  1.  When  the  two  means,  namely,  the  second  and 
third  terms,  are  equal>  their  rectangle  becomes  a  square  of 
the  second  term,  which  supplies  the  place  of  both  the  second 
and  third.  And  hence  it  follows,  that  when  three  lines  are 
proportionals,  the  rectangle  of  the  two  extremes  is  equal  to 

the 


the  square  of  the  mean  ;  andy  conversely,  if  the  rectangle  of 
the  extremes  be  equal  to  th^  square  of  the  mean,  the  three 
lines  are  proportionals*  «-■ 

CoToL  3.  Since  it  appears,  by  the  rules  of  proportion  in 
Arithmetic  and  Algebra,  that  when  four  quantities  are  pro- 
portional, the  product  of  the  extremes  is  equal  to  the  product 
of  the  two  means  ;  and,  by  this  theorem,  the  rectangle  of  the 
extremes  is  equal  to  the  rectangle  of  the  two  means ;  it  fol- 
lows, that  the  area  pr  space  of  a  rectangle  is  represented  or 
expressed  by  the  product  of  its  length  and  breadth  multiplied 
together.  And,  ifi  general,  a  rectangle  in  geometry  is* simi- 
lar to  the  product  ot  the  measures  of  its  two  dimensions  of 
length  and  breadtl.,  or  base  and  height.  Also,  a  square  is 
similar  to,  or  represented  by,  the  measure  of  its  sid0  multi- 
plied by  itself.  So  that,  what  is  shown  of  such  products,  is 
to  be  understood  cf  the  squares  and  rectangles. 

CoroL  3.  Sincf ;  the  same  reasoning,  as  in  this  theorem, 
holds  for  any  parallelograms  whatever,  as  well  as  for  the 
rectangles,  the  Sfime  property  belongs  to  all  kinds  of  paral- 
lelograms, having  equal  angles,  and  also  to  trian|;lesj  which 
are  the  halves  of  parallelograms ;  namely,  that  if  the  sides 
about  the  equal  angles  of  parallelograms  or  triangles,  be 
reciprocally  proportional,  the  parallelograms  or  triangles 
will  be  equal ;  and,  conversely,  if  the  parallelograms  or 
triangles  be  equal,  their  sides  about  the^  equal  angles  will  be 
reciprocally  proportional. 

CoroL  4.  Parallelograms,  or  triangles,  having  an  angle  ia 
each  equal,  are  in  proportion  to  each  other  as  the  rectangles 
of  the  sides  which  are  about  these  equal  angles. 


THEOREM  LXXXII. 

If  a  Line  be  drawn  in  a  'triangle  Parallel  to  one  of  its  side^, 
it  will  cut  the  two  other  Sides  Proportionally. 

Let  de  be  parallel  to  the  side  bc  of  the 
triangle  abc  ;  tlien  will  ad  :  db  : :  ae  :  ec. 

For,  draw  be  and  cd.  Then  the  tri- 
angles d  be,  dce,  are  equal  to  each  other, 
because  they  have  the  same  base  de,  and 
are  between  the  same  parallels  de,  bc 
(th.  25).  But  the  two  triangles  ade,  bde, 
%ti  the  bases   ad,  db,  have  the  same  alti- 


«i  geometrv. 

tude ;  and  the  two  triangles  A9e«  cde, 
OR  the  bases  ae,  bc,  bave  alao  the  same 
altitude ;  and  because  triangles  of  the 
"Same  altitude  are  to  each  other  as  their 
bases,  therefore 

the  triangle  adb  :  bdk  7  :  ad  :  ob, 

and  triangle  abb  :  obb  : :  ab  s  bc. 

But  BOB  is  «5  COB ;  and  equals  nuiat  have  to  equals  the 
same  ratio ;  therefore  ap  :  db  :  :  ab  :  bc.    q   b.  d. 

Coroi.  Heocef  also,  the  whole  lines  ab,  ac,  are  propor- 
tional to  tlteir  corresponding  propturtional  segments  (corol. 
th.  66> 

vIb.  ab  :  AC  :  :  ad  :  ab> 
and  ab  :  AC  :  :  BD  :  cb. 


TBBOBBlf   LXXXIII. 

A  Line  which  Bisects  any  Angle  of  a  Triangle,  divides  the 
opposite  Side  into  Two  Segments,  which  are  Proportional 
to  the  two  other  Adjacent  Sides. 

Let  the  angle  acb,  of  the  triangle  abc, 
be  bisected  1^  the  line  en,  mal^i^  the 
angle  r  equal  to  the  angle  • :  then  will  the 
segment  ad  be  to  the  segment  db,  as  the 
feide  AC  is  to  the  side  cb.  Or,  -  •  •  - 
ad  :  DB  <  :  AC  ;  cB. 

For,  let  BE  be  parallel  to  cd,  meeting: 
AC  produced  at  b.  Then,  because  the  line  bc  cuts  the  two 
parallels  cd,  be,  it  makes  the  angle  cbb  equal  to  the  alter- 
nate angle  «  (th.  13),  and  therefore  also  equal  to  the  angle 
r,  which  is  equal  to  •  by  the  supposition.  A^;ain9  because 
the  line  ae  cuts  the  two  parallels  dc,  be,  it  makes  the 
angle  e  equal  to  the  angle  r  on  the  same  aide  of  it  (th.  14). 
Hence,  in  the  triangle  bce,  the  angles  b  and  e,  being  each 
equai  to  the  angle  r,  are  equal  ^o  each  other,  and  conse- 
quently their  opposite  sides  cb,  ce,  are  also  equal  (th.  3). 

But  now,  in  the  triangle  abb,  the  line  cd,  being  drawn 
parallel  to  the  side  bb,  cuts  the  two  other  sides  ab,  ab  pro- 
lx>rtionally  (th.  82),  making  ad  to  db,  as  is  ac  to  cb  or  to  its 
equal  cb.     q.  E.  D.^ 
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THXORftM  LXXXrV. 


Equiangular  Triangles  are  similar,  or  have  their  Like  Sides 

Proportional. 

Let  ABC,  DEir,  be  two  equiangular  tri- 
angles, hiiving  the  angle  a  equal  to  the 
angle  D,  the  angle  b  to  the  angle  e,  and 
consequendy  the  angle  c  to  the  angle  f  ; 
then  will  ab  :  ac  :  :  de  :  df. 

For,  make  dg  =  ab,    and  dh  s=  ac, 
and  join  gh.      Them  the  two  triangles 
ABC,  DGH,  having  the  two  sides  ab,  ac, 
equal  to  the  two  dg,  dh,  and  the  c5n- 
tained  angles  a  and  o  also  equal,  are  iden- 
tical, or  equal  in  all  respects  (th.  I),  namely, 
the  angles  b  and  c  are  equal  to  the  angles 
G  and  H.     But  the  angles  b  and  c  are  equal  to  the  angles  e  and 
F  by  the  hypothesis  ;    therefore  also  the  angles  g  and  h  are 
equal  to  the  angle's  e  and  f  (ax.  I ),  and  consequently  the  line 
GH  is  parallel  to  the  side  £F(cor.  1,  th.  14). 

Hence  then,  in  the  triangle  def,  the  line  gh,  being  pa- 
rallel to  the  side  ef,  divides  the  two  other  sides  propor- 
tionally, making  dg  :  dh  :  :  de  :  df  (cor.  th.  82}.  But 
DG  and  DH  are  equal  to  ab  and  ac  ;    therefore  also  -  -  -  . 


G  B 


ab  :  AC 


DB   :  DF.      q.  £.  D. 
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THEOREM   L^XXV. 

Triangles  wMch  have  their  Sides  Proportional,  are  Equi- 
angular. 
In    the    two    triangles    abc,   oef,    if 
AB  :  DE  :  :  AC  :  df  :  :  BC  :  ef  ;  the  two 
triangles  will  have  their    corresponding 
angles  equal. 


For,  if  the  triangle  abc  be  not  equian- 
gular with  the  triangle  def,  suppose  some 
other  triangle,  as  deg,  to  be  equiangular 
with  ABC.  But  this  is  impossible  :  for  if 
the  two  triangles  abc,  deg,  were  equi- 
angular, their  sides  would  be  proportional 
(th.  64).  So  that,  ab  being  to  de  as  ac 
to  DG,  and  AB  t9  DE  as  bc  to  eg,  it  follows  that  dg  and 
EG  being  fourth  proportionals  to  the  same  three  quaniitics. 

Vol.  1.  U  u  as 
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as  well  as  ihc  two  dfi  ef»  the  former  DOy  eg,  would  he- 
equal  to  tlid  latter,  df,  £F.    Thus  then,  the  two  triangles 
j>EF,  DEG,  having  their  three  sides  equals  would  be  identical . 
(ih.  5)  y  which  is  absurd,  since  their  angles  are  unequal. 


THEOREM  L3LXXTI. 

Triangles,  which  have  an  Angle  in  the  one  Equal  to  an  Angle 
in  the  other,  and  the  Sides  about  these  angles  PropordonaI> 
are  Equiangular*. 

Let  ABC,  DEF,  be  two  triangles,  haying 
the  angle  a  =  the  anj^le  D)  and  tlie  sides 
AB)  ACt  proportional  to  the  sides  db,  dv  & 
then  will  the  triangle  a  bo  be  equiangular 
with  the  triangle  dbf. 

For,  make  dg  ««:  ab,.  and  Dn  ^  ac, 
and  join  ca. 

Then,  the  two  triangles  ABCt  dom, 
having  two  sides  equals  and  the  contained 
angles  a  and  d  equal,  arc  identical  and 
equiangular  (th.  1),  having  the  angles  o 
and  H  equal  to  the  angles  b  and  c.  But,  since  the  sides 
BO,  DH,  are  proportional,  to  che  sides  u^  df,  the  line  gk  is 
parallel  to  ef  (th.  82)  ;  lience  the  angels  b  and  f  are  equal  to 
the  angles  o  and  n  (th.  14),  and  conseqjoently.  to  their  equalv 
&and  c.    q.  e.  d. 


a  £ 


THEOBBH  LXXXVII. 


In  a  Right-Angled  Triangle,  a  Perpepdicular  from  the  Highb 
Angle,  is  a  Mean  Proportional  between  the  Segments  of 
the  Hjpothenuse  ;  and  each  of  the  Sides,  about  the  Right 
Angle,  is  a  Mean  Propoitional  between  the  Hypothcnuse 
and  the  adjacent  segment. 


Let  ABC  be  a  right-angled  triangle,  and 
CD  a  perpendicular  from  tlie  right  angle 
c  to  the  hypothenuac  ab  ;  then  will 

CD  be  a  mean  proportional  between  ad  and  db  ; 

AC  a  mean  proportional  between  ab  and  ad  ; 

Bc  a  mean  proportional  betvreen  ab  and  bd. 

Or,  ad  :  CD  :  :  CD  :  DB  ;  and  ab  :  bc 
as  :  AC  :  :  AC  :  aix* 


•  0 


BC 
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Eoiv 


THEOREMS. 


331 


'foff  the  two .  triangles  abC)  adc,  having  the  right  angles 
«t  c  and  D  equal,  and  the  angle  a  common,  have  their  third 
angles  equal,  and  are  equiangular  (corol.  l,th.  17).  In  like 
jnanner,  the  two  triangles  abc,  bdc,  having  the  right 
angles  at  c  and  o  equal,  and  the  angle  b  common,  have 
-their  third  angles  equal,  and  are  equiangular. 

Hence  then,  all  the  three  triangles  abc,-  Anc,  bdc, 
being  equiangular,  will  have  their  like  sides  pi'oportional 
Xth.  84). 


V12.  Ai»  s  CD  :  :  CO  :  bb; 
and  AB  :  AC  :  :  AC  :  AD  ; 
and  AB  :  Bc  : :  BO  :  bb. 


•<(.  s.  D. 


CoroL  Because  the  angle  in  a  semicircle  is  a  right  angle 
(ih.  53) ;  it  Follows,  that  if,  from  any  point  c  in  the  peri- 
phery of  the  sendicircle,  a  perpendicular  be  drawn  to  the 
diameter  ab  ;  and  the  two  chords  ca,  cb,  be  drawn  to 
the  extremities  of  the  diameter :  then  are  ac,  bc,  cd,  the 
mean  proportionals  as  in   this  theorem,  or  (by  th.  77),  -  - - 

^O*  =  AD  «  DB  ;   At'  =  AB  •  AD  j  and  bc*  .ae  AB  .  BD. 


TH&OREM   LXXXmi. 


EquianguUtf  or  Similar  Trianp;les,  are  to  each  other  as  Uie 

Squares  of  their  Like  Sides. 


\B  J> 


Let  ABC,  DEir,  be  two  equi- 
angular triangles,  ab  and  dk 
bewg  two  like  sides ;  then  will 
the  triangle  abc  be  to  the  tri- 
angle DEF,  as  the  square  of  -ab 
is  to  the  square  of  2>e,  or  as 
AB^  to  de'. 

For,  let   AL  and  dn  be  the  j^C  ;^ 

squares  on  ab  and  db  ;  also  draw  their  diagonals  be,  em,  and 
the  perpendiculars  cg,  ith,  of  the  two  triangles. 

Then,  since  equiangular  triangles  Jiave  their  like  sides 
proportioned  (th.  84),  in  the  two  equiangular  triangles  ab<:, 
Dsr,  the  sidtf  ac  :  df  : :  ab  :  de  ;  and  in  the  two  acg, 
DFH,  the  side  ac  :  df  : :  co  :  fh  ;  therefore,  by  equality 
CG  :  fh  t :  AB  :  DE,or€o  :  AB  :  :  FR  :  de. 


But  because  triangles  on  equal  bases  are  to  each  other  as 
their  altitudes,  the  triangles  abc,  abk,  on  the  same  base 
-AB,  are  to  each  other,  as   their  altitnrles   co,   ak,  or  ab  : 

ant! 
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and  the  trianp^Ies  dkf,  dem,  on  the  same  base  dE)  are  as'jtbeir 
altitudes  fH)  dm,  or  de. 
that  is,  triangle  ABC  :  triangle  abk  :  :  go  :  ab« 
and  triangle  def  :  triangle  dem  :  :  fh  :  de. 

Batit  hasbecnshovm  that  C6  :  ab  :  :  fh  :  de  ; 
theref.  of  equality  Aabc  :   A  abk  ::   A  def  :   A  dem, 
or  alternately,  as  Aabc  :  A^ef  ::   A  abk  :   Adbm. 

But  the  squares  al,  dn,  being  the  double  of  the  triangles 
abk,  dem,  have  the  same  ratio  with  them  ; 

th^iefore  the  Aabc  :  A  def  ::  square  al  :  square  dn. 

q-  R.  IV* 


THEOREM  LXXXIX<« 

All  Similar  Figures  are  to  each  other,  as  the  Squares  of  tlieir    . 

Like  Sides. 

Let  abcdr,  fghir,  be 
any  two  similar  figures,  the 
like  sides  being  ab,  fg,  and 
Bc,  GH^and  so  on  jn  the  same 
ordtr:  then  jMptoie  figure 
abcdb  betofllpigureFGHiK, 
as  the  square  of  ab  to  the 
square  of  fg,  or  as  ab*  to  fg*. 

For,  draw  be,  bd,  gk,  gi,  dividing  the  figures  into  an 
equal  number  of  triangles,  by  lines  from  two  equal  angles 
b  and  o. 

The  two  figures  being  similar  (by  suppos.),  they  are  equi- 
angular, and  have  their  like  sides  proportional  (def.  70). 

Then,  since  the  angle  a  is  e=  the  angle  f,  and  the  sides 
ab,  ae,  proportional  to  the  sides  f6,  fr,  the  triangles 
aoe,  fok,  are  equiangular  Tth.  86).  In  like  maimer,  the 
two  triangles  bcd,  ohi,  havmg  the  angle  c  s=  the  toglc  h, 
an<l  the  sides  bc,  cd,  proportional  to  the  sides  gh,  hi,  are 
also  equiangular.  Also,  if  from  the  equal  angles  aed,  fki, 
there  be  taken  the  equal  angles  aeb,  fko^  there  will  remain 
the  equals  bed,  gri  ;  and  if  from  the  equal  angles  cde^ 
hik,  be  taken  away  the  equals  CDB,HiG,theiie  will  remain 
the  equals  bde,  gik  f  so  that  the  two  triangles  bde,  giR, 
having  two  angles  equal,  are  also  equiangular.  Hence  each, 
triangle  of  the  one  figure,  is  equiangular  with  each  corres- 
ponding triangle  of  the  other. 

But  equiangular  triangles  arc  similar,  and  are  proportional 
to  the  squares  of  their  like  sides  (th.  88V 

Therefore 


I      • 
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Therefore  the  A  abe  ;  A  fgk  :  :  ab*  :  »g?, 
and  A  bod,:  A  ghi  :  :  bc*  :  gh*; 
and  A  i&d£  :  A  gik  :  :  de'  :  iK^. 


33i. 


But  as  the  two  polygons  are  similar,  their  l)ke  sides  are  pro- 
portional, and  consequently  their  squares  al^o  proportional ; 
so  that  all  the  ratios  ab'  to  ro^,  and  bc'  to  gh^,  and  d£^  to 
IK',  are  equal  among  themselves,  and  consequently  the  cor- 
responding tiiangles  also,  abe  to  fgk,  and  BCD  to  ghi,  ancl' 
BDE  to  GiK,  have  all  the  same  ratio,  viz.  thatof  ab>  to  fg>  : 
and  hence  all  the  antecedents,  or  the  figure  abode,  have  to. 
^1  the  consequents,  or  the  figure  fghik,  still  the  same  ratiq^ 
viz.  that  of  ab*  to  fg*  (th.  72).     q.  e.  n. 


THEOREM   XC. 


'  Similar  Figures  Inscribed  in  Circles,  have  their  Like  Sidea^ 
and  also  their  Whole  Perinoieters,  in  the  Same  Ratio  as  the 
Diameters  of  the  Circles  in  which  they  are  Inscribed. 

Let  abcde^  forik, 
be  two  similar  figures* 
Inscribed  in  the  circles 
whose  diameters  are  al 
and  FM I  th^n  ^ill  each 
side  ab,  bc,  &c,  of  the 
one  figure  be  to  the  like 
side  0T9  GH,  &c,  of  the 
other  figure,  or  the  whole  perimeter  ab  +  bc  +&c,.of  the 
one  figure,. to  HiO  whole  perimeter  fo  +  gh  +  &c,ofthe 
other  figure,  as  the^dliKieter  al  |o  the  diameter  fm. 

For,  draw  the  two  corresponding  diagtmals  ac,  fh,  as 
also  the  lines  bl,  gm.  Then,  since  the  polygons  are  .similar^ 
they  are  equiangular,  and  their  like  sides  have  the  same  ratio 
(def.  10) ;  therefore  the  two  triangles  abc,'  fgh,  have  the 
angle  b  =:  the  angle  o,  and  the  sides  a'b*  bc,  proportional 
to  the  two  sides  fo,  gh,  consequently  these  two  triangles 
are  equiangulai»  (th.  86),  and  have  the  angle  acb  =  fhg. 
But  the  angle  acb  »  alb,  standing  on  the  same  arc  ab  ; 
and  the  angle  fhg  «=  fmg,  standing  on  the  same  arc  fo  ; 
therefore  the  angle  alb  »  fmg  (ax.  1).  And  since  the 
angle  abl  =  fgm,  being  both  right  angles,  because  in  a 
semicircle  ;  therefore  the  two  triangles  abl,  fgm,  having 
two  angles  equal,  are  equiangulai*  i  and  consequently  their 

like 
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like  sides  are  proportional  (th.  84) ;  hence  ab  :  fg  :  i  the 
diameter  al  :  the  diameter  fm. 

In  like  manner^  each  side  bc,  cd,  he,  has  to  each  side 
OH*  Hiy  &c,  tlie  same  ratio  of  a  l  to  fm  ;  and  consequently 
the  sums  of  thdfh  are  still  in  the  same  ratio  ;  viz,  ab  +  bc  + 
CD,  8cc  :  to  +  oM  4«i!i,  kt  ::  the  diam,  al  :  the  diam. 
FM  (th.  72).     Q.  E.  o. 


THEOEKK  XCI. 

Similar  Figures  Inscribed  in  Circles,   are  to  each  other  as 
the  Squares  of  the  Diameters  of  those  Circles. 

Let  abcdb,  fghik, 
he  two  similar  figures  in- 
scribed in  the  circles 
"whose  diameters  are  al 
and  FM ;  then  the  surface 
of  the  polygon  abc^jl 
"will  be  to  the  sufftite  of 
the  polygon  fohik,  as  al'  to  fm*. 

For,  the  figures  being  similar,  are  to  each  other  as  the 
squares  of  their  like  sides,  ab*  to  fg*  (th.  88j.  But,  hj 
the  last  theorem,  the  sides  ab,  fo,  are  as  the  diameters  al, 
3PH  ;  and  therefore  the  squares  of  the  sides  ab'  to  Fo*,a9thc 
squares  of  the  diameters  al*  to  fm^  (th.  74).  Consequently 
the  polygons  abcde,  fohik,  are  also  to  each  other  as  the 
squares  of  the  diameters  al*  to  vm'  (ax.  1).    q*  b.  d. 


TREOBEM  XCir. 

The  Circumferences  of  All  Circles  arc  to  each  other  as  their 

Diameters. 

Lkt  d,  </,  denote  the  diameters  of  two  circles,  and  c,c, 
their  circumferences ; 

then  will  i>  :  d  : :  c  :  t,  or  n  :  c  : :  </  :  ^. 

Far,{by  theor.  90)^  similar  polygons  ina^ibed  in  circles 
hare  their  perimeters,  in  Ifae  same  ratio  as  the  diameters  of 
those  circles. 

Now,  as  this  property  belongs  to  all  polygons,  whatever 
the  number  of  the  sides  may  be ;  conceire  the  number  of  the 
sides  to  be  indefinitely  great,  and  the  length  of  each  inde- 
finitely small,  till  they  coincide  with  the  circumference  of 

the 
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the  circle,  and  be  equal  to  it,  indefinitely  near.  Then  the 
perimeter  ot  the  polygon  of  an  infinite  number  of  aides,  is 
the  same  thing  as  the  cifcumference  of  the  circle.  Hence  it 
appears  that  the  circumferences^of  the  circles,  being  the  aame- 
as  the  perimeters  of  »uch  polygons,  are  to  each  other  in  the 
same  ratio  as  the  diameters  of  the  circles*     q.  s.  w. 

»         TmoBBM  xcni. 

The  Areas  or  l^aces  of  Circles^  are  to  each  other  as  the 
Squares  of  their  Diameters,  or  of  their  Radii. 

Let  a,  a,  denote  the  areas  or  spaces  of  two  circles,  and^ 
Bv  (/,  their  diameters  ;  then  ai  an  ty*  i  d*. 

For  (by  theorem  91)  similar  polyj^oos  inscribed  in  circles 
are  to  each  other  as  the  squares,  .of  the  diameters  of  the 
eirdes. 

Hence,  conceiving  the  number  of  the  sidea-of  the  poly- 
gons to  be  increased  more  and  more,  or  the  length  of  the 
sides  to  become  less  and  less,  the  jMlygon  approaches  nearer 
and  nearer  to  the  circle,  till  at^  length,  by  an  infinite  ap-  #. 
proach,  they  coincide,  and  become  in  effect  equal ;  and  thea 
it  follows,  that  the  spaces  of  the  circles,  which  are  the  same 
as  of  the  polygons,  will  be  to  each  other  as  the  squares  of  the 
diameters  of  the  circles,    q.  b.  d* 

CoroL  The  spaces  of  circles  are  also  to  each  other  as  the- 
squares  of  the  circumferences ;  since  the  circumferences  are- 
in  the  same  ratio  as  the  diameters  (by  theorem  92). 

'TtlEOREM  EC IV. 

The  Area  of  any  Circle,  is  Equal  to  the  Rectangle  of  Half 
its  Circumference  and  half  its  Diameter. 

CorcExvE  a  regular  'poly^n  to  be 
inscriC!ed  in  the^ircle ;  and  radii  drawn  to 
all  the  angular  points,  dividing  it  into  as 
many  equal  triangles  as  the  polygon  has 
sides,  one  of  which  abc,  of  which  the  *^ 
altitude  is  the  perpendicular  co  from  the 
centre  to  the  base  ab. 

Then  the  triangle  ABp,  being  equal  to 
a  rectangle  of  half  the  base  and  equal  altitude  (th.  26,  cor.  2). 
b  equal  to  the  rectangle  of  the  half  base  ad  and  the  attitude  c  n  j 

consc- 
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consequently  the  VFhole   polygon,   or  all  j^ 

the  triangles  added  together  which  co/n-  //  \ 

pose  itf  is  equal  to  the  rectangle   of  the  L — ( 

common  altitude  cd,  and  the  halves  of  all  u^    y 

the  sides,  or  the  half  perimeter  of  the  po-  ^/ 
lygon.  J^'W^ 

Now,  conceive  the  number  of  sides  of  the  polygon  to  be 
indefinitely  increased  ;  then  will  its  perimeter  coincide  with 
the  circumference  of  the  circle,  and  consequently  the  dti- 
tude  CD  will  become  equal  to  the  radius,  and  the  whole 
polygon  equal  to  the  circle.  Consequently  the  space  of  the 
circle,  or  of  the  polygon  in  that  state,  is  equal  to  the  rectan- 
gle  of  the  radius  and  half  the  circumference,      q.  it.  d. 


OF  PLANES  AND  SOLIDS. 


\ 

DEFINITIONS, 


Def.  88.  The  Common  Section  of  two  Planes,  is  the 
line  in  which  they  meet,  to  cut  each  other. 

•     89.     A  Line  is  Perpendicular  to  a  Plane,  when  it  is  per- 
pendicular to  every  line  in  that  plane  which  meets  it. 

90.  One  Plane  is  Perpendicular  to  Another,  when  every 
line  of  the  one,  which  is  perpendicular  to  the  line  of  their 
common  section,  is  perpendicular  to  the  other. 

91.  The  Inclination  of  one  Plane  to  another,  or  the  angle 
they  form  between  them,  is  the  angle  contained  by  two 
lines,  drawn  from  any  point  in  the  common  section^  and  at 
right  angles  to  the  same,  one  of  these  lines  in  each  plane. 

92.  Parallel  Planes,  are  such  as  being  produced  ever  so 
far  both  ways,  will  never  meet,  or  which  are  every  where  at 
an  equal  perpendicular  distance  : 

93.  A  Solid  Angle,  is  that  which  is  made  \^  three  or  more 
plane  angles,  meeting  each  other  in  tlic  same  pointi 

94.  Similar 
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94.  Sifxlilar  Solids,  contained  by  plane  figures,  afare  such  as 
have  all  their  solid  angles  e<}Ufid,  each  to  each,  and  are  botmdr' 
ed  by  the  same  number  of  similar  planes,  alike  placed. 

95.  A  Prism,  is  a  solid  whose  ends  are  parallel,  equal,  and 
like  plane  figures,  and  its  sides^  connecting  those  ends,  are 
parallelograms. 

96.  A  Prism  takes  particular  names  according  to  the  figure 
ef  its  base  or  ends,  whether  triangular,  square,  rectangular, 
pentagonal,  hexagonal^  &c. 

97.  A  Right  or  Upright  Prism,  is  that  which  has  the 
plbnes  of  the  sides  perpendicular  to  the  planes  of  the  ends 
or  base. 

98.  AParallclopiped,orParallclopipedon,  is 
a  prism  bounded  by  six  parallelograms,  every 
opposite  two  of  which  are  equal,  alike,  and  pa^ 
rallel. 

99.  A  Rectangular  Parallelopipedon,  is  that  whose  bound- 
ing planes  are  all  rectangles,  which  are  perpendicular  to  each 
other. 

100.  A  Cube,  is  a  square  prism,  being  bound* 
ed  by  six  equal  squai*e  sides  or  faces,  and  are 
perpendicular  to  each  other. 

101.  A  Cylmder,  is  a  round  prism,  having  cir- 
cles for  its  ends ;  and  is  conceived  to  be  formed 
by  the  rotation  of  a  right  line  about  the  circum- 
ference^ of  two  equal  and  parallel  circles,  always 
parallel  to  the  axis. 

102.  The  Axis  of  a  Cylinder,  is  the  right  line 
joining  the  centres  of  the  two  parallel  circles^  about  which 
the  figure  is  described. 

103.  A  Pyramid,  is  a  solid,  whose  base  is  any 
right-lined  plane  figure,  and  its  sides  triangles, 
having  all  th^r  vertices  meeting  together  m  a 
point  above  the  base,  called  the  Vertex  of  the 
pyramid. 

104.  A  pyramid,  like  th6  prism,  Ukes  particular  names 
from  the  figure  of  the  base. 

105.  A  Cone,  b  a  round  pyramid,  having  a  cir- 
cular base,  and  is  conceived  to  be  generated  by 
the  rotation  of  a  right  line  about  the  circumference 
of  a  circle,  one  end  of  which  is  fixed  at  a  point 
above  the  plane  of  that  circle. 

Vol.  K  X  X  106.  The 
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106.  Tbe  A^isuf  a  cone,  is  the  right  Uue,  joining  tbe 
vertex,  or  fixed  point,  and  the  centre  of  the  circle  aboyt 
which  the  figure  is  described. 

107.  Similar  Cones  and  Cylinders,  ate  such  as  have  their 
altitudes  and  the  diameters  of  their  bases  proportional. 

109.  A  Sphere,  is  a  solid  bounded  by  one  curve  surface, 
which  is  every  where  equally  distant  from  a  certain  point 
within,  called  the  Centre.  It  is  conceived  to  be  generated 
by  tlie  rotation  of  a  semicircle  about  its  diameter^  which  re- 
mains fixecf. 

109.  The  Axis  of  a  Sphere>  is  the  right  line  about  wfaith 
the  semicircle  revolves  ;  and  the  centre  is  the  same  as  that 
of  the  revolving  semicircle. 

1 10.  The  Diameter  of  a  Sphere,  is  any  right  line  passingf 
Uirough  the  centre,  and  terminated  both  ways  by  the  surface* 

111.  The  Altitude  of  a  Solid,  is  the  perpendicular  di*atvn 
from  the  vertex  to  the  opposite  side  or  base. 

THBOUEX  XCV. 

A  Perpendicular  Is  the  Shortest  tine  which  can  be  draww 

from  any  Point  to  a  Plane. 

Let  ab  be  perpendicular  to  the  plane 
S£ ;  then  any  other  line,  as  ac,  drawn 
from  the.  sam^  pomt  a  to  the  plane,  will 
be  longer  than  the  line  ah. 

In  the  plane  draw  the  line  bc,  joining 
the  points  b,  e. 

'  Then,  because  the  line  ab  is  perpendi- 
cular to  the  plane  de,  the  angle  b  is  a  right  angle  (def.  89)^ 
and  consequently  greater  than  the  angle  c  ;  therefore  the 
line  AB,  opposite  to  the  less  angle,  is  less  than  any  other  line 
AC,  opposite  the  greater  angle  (th.  21).    q.  e.  d. 

THEOREM   XCVI. 

_  - 

A  Perpendicular  Measures  the  Distance  of  any  Point  from  a 

Plane. 

^  The  distance  of  one  point  from  another  is  measured  by  a 
right  line  joining  them,  because  this  is  the  shortest  line  which 
can  be  drawn  from  one  point  to  another.  So,  also,  Ihc 
distance  from  a  point  to  a  line,  is  measured  by  a  perpendi- 
cular, because  this  line  is  the  shortest  which  can  be  a  drawn 

from 
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«from  thepcnnttoihe  line.  In  like  manner,  the  distance  fVoia 
a  point  to  a  plane,  must  be  measured  by  a  peipendicular 
^ravn  from  that  point  to  the  plane,  because  this  is  the 
shoTteat  line  which  can  be  drawn  from  the  point  to  the  plane« 


THBOBKH  XCVII. 


The  Common  Section  of  Two  Planes,  is  a  Right  Line. 

*X.BT  ACBDA,  AEB7A,  be  two  plancs 
cutting  each  other,  and  a,  b,  two  points 
in  which  the  two  planes  meet ;  drawing 
ihe  line  &b,  this  line  will  be  tke  common 
intersection  of  the  two  plancs.  y 

For,because  the  right  line  ab  touches 
the  two  planes  in  the  points  a  and  b,  it  J> 

touches  ihem  in  all  other  points  (def. 

30)  :    this  line  is  therefore  common  to  the  two  planes.     That 

is,  the  common  iDteraection  of  the  two  planes  is  a  right  line. 

^.  %.  ». 
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If  a  Line  be  Perpendicular  to  two  other  Lines,  af  thejf 
Common  Point  of  Meeting ;  it  will  be   Perpen(licu!ar  0|^  ■ 
the  Plane  of  those  Lines. 

L«T  the  line  ab  make  right  angles  g 

with  the  lines  ac,  ad;  then  will  it  be 
perpendicular  to  the  plane  cob  which 
passesthrough  theselines.  ^ —  —^^ 

IfthelineAB  were  not  perpendicular  ^(i'^^^S) 

t0  the  plane  cnE,  another  plane  might  ^~  '~"^c 

paaa  through  the  point  a,  to  which  the        . 
line  AB  would  be  perpendicular.     But 
this  is  impogHiblc  ;  for,  since  tlie  angles  hac,  baB,  are  right 
angles,  this  other  plane  must  pass  through  the  points  c,  n. 
Hence,  this  plane  passing  through  the  two  points  *,  c,  of  the  . 
line  AC,   and  through  the  two  points  a,  n,  of  the  line  ao,  it 
irill  pass  through  botli  these  two  lines,  and  thererore  be  the 
'^me  plane  with  the  Former,    o.  e.  b. 
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THEOREM  XCIX. 

If  Two  Lines  be  Perpendicular  to  tlie  Same  Plane^  they  will 

be  Parallel  to  each  other. 

Let  the  two  Unes  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  bbpf  ;  then 
will  AB  be  parallel  to  cd. 

For,  join  b,  d^  by  the  line  bd  in  the 
^lane.     Then,  because  the  lines  ab,   cd, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
And  consequently  they  are  parallel  to  each  other  (coroL  th. 

13).     Q.  E.   D* 

CoroL  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


A. 
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It  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
OG  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  ge,  are  ^ 

perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclmation  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  tl^ 
angle  of  inclination  cge  is  a  right  angle.  And  since  the  line 
eG  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  plane 
AEBF,  it  i$  therefore  perpendicular  to  that  plane  (th.  98). 

Qt   E.  D. 


^ 


•  This  demonstration  of  Theorem  xcix.  does  not  appear  to  flue  to 
hQ  conclmive.    £ d  i  t o  i|. 


THEOREM 


THEOREMSi. 


^41 


ITHSOREM   CI. 

if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

I 

Let  the  plane  acbd  meet  the  plane  asbv  ;  these  planet 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles. 

For,  through  an)r  point  o,  in  the  common  section  ab,  draw 
CO,  £f,  perpendicular  to  ab.  rhen,  the  line  co  makes  with 
BF  two  angles  together  equal  to  two  right  aagles.  But  these 
two  angles  are  (by  def.  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Corol.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  on,  as  in  parallel  lines. 


THEOREM   CIZ- 

If  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  is 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpend- 
eular  to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  cd  ;  then  shall  it  also  be  perpendi- 
cular to  the  other  plane  sr. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  the  plane  cd,  and 
draw  AH,  bo. 

Then,  because  ba,  OH«are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92). 
Tience  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bo  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  ihe  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  di*awn  from  the  point  b 

in 
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If  iTwo  Lines  be  Perpendicular  to  the  Same  Plane,  they  wilt 

be  Parallel  to  each  other. 


KB 


h 


Let  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  ebdf  ;  then 
will  AB  be  parallel  to  cd. 

For,  join  b,  d,  by  the  line  bd  in  the 
^lane.  Then,  because  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  ef,  they 
ara  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 
13).     q.  E.  d  • 

Corol.  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  Same  plane. 


THEOREM  C. 

If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CO  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  oe,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cge  is  a  right  angle.  And  since  the  line 
eo  b  perpendicular  to  the  two  lines  ga,  ge,  in  the  plane 
AEBF,  it  i?  therefore  perpendicular  to  that  plane  (th.  98). 

Ct.    E.    D. 


*  Thitdemonstration  of  Theorem  XCIX.  d«es  not  appear  to  me  to 
|}e  coQcliisive.    £dito]|. 
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r 
I 

tf  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  abbf  ;  these  planes 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  Er,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
EF  two  angles  together  equal  to  two  right  a.igles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

CoroL  In  like  manner  it  may  be  demonstrated,  that  plmies 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  on,  as  in  parsdlel  lines. 


THEOREM   CH- 

If  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i^ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpend&- 
eulsj*  to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the        -d/b' 
plane   cd  ;   then  shall  it  also  be  perpendi-        ^^    •' 
cular  to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  GH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  BG. 

Then,  because  ba,  gh,  are  both  perpendi- 
•ular  to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92). 
lience  it  follows  that  the  lines  bg,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cylar  to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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THEOREH   XCIX. 


If  Two  Lines  be  Perpendicular  to  the  Same  Plane,  they  will 

be  Parallel  to  each  other. 


B 


h 


LsT  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  ebdf  ;  then 
will  AB  be  parallel  to  cd. 

For,  join  b,  d,  by  the  line  bd  in  the  ] 
|>lane.  Then,  because  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  ef,  they 
ai*e  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 
13).     q.  E.  D* 

CoroL  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


THEOREM  C. 


It  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 


C 


^3^ 


Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
OG  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  ge,  are  ^ 

perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cge  is  a  right  angle.  And  smce  the  line 
CG  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  plane 
AEBF,  it  i?  therefore  perpendicular  to  that  plane  (th.  98). 

q.   E.   D, 


*  Tbi«  demonstration  of  Theorem  xcix.  does  not  appear  to  me  to 
|>e  coQcluiive.    £  d  i  t  o  a . 


thbobbh 


THEOREMS^.  541 


'^HSORBlf   CI. 

it  one  Plane  M^et  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  akbf  ;  these  planes 
make  with  each  other  two  angles  whose  sum  b  equal  to  two 
Tight  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  £9,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
£F  two  angles  together  equal  to  two  right  aagles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Coroi.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal  ; 
and  -so  on,  as  in  parallel  lines. 


THEOREM   CII* 

I 

ff  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i^ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpendi- 
cular to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the        -0/^ 
plane   cd  ;   then  shall  it  also  be  perpendi-        ^'     " 
Gular  to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  bo. 

Then,  because  ba,  oh,  are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92\ 
'fience  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bo  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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THSOREM  XCIX. 

If  Two  lines  be  Perpendicular  to  the  Same  Plane,  they  will 

be  Parallel  to  each  other. 

Let  the  two  lines  ab,  cd,  be  both  per- 
peudicular  to  the  same  plane  bbdf  ;  then 
-will  AB  be  parallel  to  cd. 

For,  join  b,  n,  by  the  line  bd  in  the 
^lane.     Then,  becaose  the  lines  ab,   cd, 
are  perpendicular  to  the  plane  bf,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 

13).     Q.  E.  D  ♦ 

CoroL  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


THEOREM  Or 


If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
OG  be  perpendicular  to  their  common 
section  ab  ^  then  will  co  be  also  perpen- 
dicolar  to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  oc,  gb,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  coe 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cgb  is  a  right  angle.  And  since  the  line 
CG  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  piano 
AEBF,  it  i9  therefore  perpendicular  to  that  plane  (th.  98). 

q.  E.  D, 


*  This  demonstration  of  Theorem  xcix.  d«e8  not  appear  to  me  to 
|3e  conclmiive.    £o  i  t o  9 . 

THBO&BM 
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THEOREM   CI. 


if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  abbf  ;  these  planes 
make  with  each  other  two  angles  whose  sum  b  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  Ef,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
EF  two  angles  together  equal  to  two  right  aiigles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Coroi.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  -so  on,  as  in  parsillel  lines. 


THEOBEU  CH. 

Tf  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i€ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpendi- 
cular to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicAlar  to  the        i?/^ 
plane   en  ;   then  shall  it  also  be  perpendi-        ^^    " 
cular  to  the  other  plane  ef. 

For,  from  any  point  6,  in  the  plane  ef, 
draw  GH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  BO. 

Then,  because  ba,  oh,  are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  rig;ht  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  fdef.  92). 
'Hence  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bo  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  ihe  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 
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THSOREM   XCIX. 

If  Two  lines  be  Perpendicular  to  the  Same  Plane,  they  will 

be  Parallel  to  each  other. 

Lbt  the  two  Uues  ab,  cd,  be  both  per- 
peudicalar  to  the  same  plane  bbdf  ;  then 
-will  AB  be  parallel  to  cd. 

For,  join  b,  n,  by  the  line  bd  in  the 
^lane.     Then,  because  the  lines  ab,  en, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 

13).     q.  E.  i>*  J. 

CoroL  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


THEOREM  C. 


1 


If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  CommoB 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

I^ETthetwo  planes  acbd,  abbf,  cut 
each  other  at  right  angles  ;  and  the  line 
OG  be  perpendicular  to  their  common 
section  ab  ;  then  will  cg  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  ge,  are  ^ 

perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclmation  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cgb  is  a  right  angle.  And  since  the  line 
eG  is  perpendicular  to  the  two  lines  ga,  ge^  in  the  plan& 
ABBF,  it  i$  therefore  perpendicular  to  that  plane  (th.  98). 

q.  B.  D. 


\^ 


K 


i 


•  Thi*  demonstration  of  Theorem  xcix.  d»e«  not  appear  to  mc  to 
|>e  concliisive.    £ d  i  t  o  li. 


THEOEBM 
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XHBOEEM   CI. 

if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  akbt  ;  these  planes 
make  with  each  other  two  angles  whose  sum  b  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  EV,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
BF  two  angles  together  equal  to  two  right  arigles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

CoroL  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  on,  as  in  parallel  lines. 


THEOREM   CII- 

rf  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i€ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpen(&- 
cular  to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  en  ;  then  shall  it  also  be  perpendi- 
cular to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  bo. 

Then,  because  ba,  oh,  are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  rig;ht  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  Tdef.  92). 
fience  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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THEOREM   XCIX. 


If  Two  Lines  be  Perpendicular  to  the  Same  Plane,  they  wlU 

be  Parallel  to  each  other. 


B 


Y 


Let  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  ebdf  ;  then 
-will  AB  be  parallel  to  cd. 

For,  join  b,  n,  by  the  line  bd  in  the  ] 
"plane.  Then,  because  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 
13).     q.  E.  D» 

Corol.  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


THEOREM  C* 


It  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  tlie  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CO  be  perpendicular  to  their  common 
section  ab  ;  then  will  ca  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  ge,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cos  is  a  right  angle.  And  since  the  line 
eo  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  piano 
aebf,  It  1$  therefore  perpendicular  to  that  plane  (th.  98). 

q.   E.   D. 


•  This  demonstration  of  Theorem  xcix.  doefi  not  appear  to  me  to 
pe  concltisive.    £dztoq« 


THEOREM 


THEOREMS^.  341 


'^HBO&EM   CI. 

if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  asbf  ;  these  planes 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
Tight  angles. 

For,  through  anf  point  o,  in  the  common  section  ab,  draw 
CD,  £V,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
£F  two  angles  together  equal  to  two  right  aiigles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Coroi.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  -so  on,  as  in  parallel  lines. 


THEOREM   Qir. 

I 

If  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  is' 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpen(&- 
eular  to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  cd  ;  then  shall  it  also  be  perpendi- 
cular to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  BO. 

Then,  because  ba,  gh,  are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92V 
Tience  it  follows  that  the  lines  bg,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  13). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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THEOREM  XCIX. 

If  Two  lines  be  Perpendicular  to  the  Same  Plane,  they  wlU 

be  Parallel  to  each  other. 

Let  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  ebdf  ;  then 
-will  AB  be  parallel  to  en. 

For,  join  b,  d,  by  the  line  bd  in  the 
^lane<  Then,  because  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 
13).     q.  E.  D* 

CoroL  If  two  lines  be  parallel,  and  If  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpen^cu- 
lar  to  the  same  plane. 


THEOREM  C» 


If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 


C 


Let  tlie  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CG  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab< 
Then,  because  the  two  lines  gc,  oe,  are  ^ 

perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  coe  is  a  right  angle.  And  since  the  line 
eG  is  perpendicular  to  the  two  lines  6 a,  ge,  in  the  pian& 
aebf,  It  i9  therefore  perpendicular  to  that  plane  (th.  98). 

q.  E.  D. 


*  This  demonstration  of  Theorem  xczx.  does  not  appear  to  me  to 
he  conclttiiive.    Editor. 
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■ 

if  one  Plane  M^et  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  abb7  ;  these  planes 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  sr,  perpendicular  to  ab.  Then,  the  line  cg  makes  with 
£F  two  angles  together  equal  to  two  right  a.igles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Coroi.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  -so  on,  as  in  parallel  lines. 


THEOREM  CH' 

t 

rf  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i^ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpendi- 
cular to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the        •0/3' 
plane   cd  ;   then  shall  it  also  be  perpendi-        ^^    " 
cular  to  the  other  plane  ev. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  GM  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  BO. 

Then,  because  ba,  oh,  are  both  perpendi* 
•ular  to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  gu,  are  equal  Tdef.  92\ 
fience  it  follows  that  the  lines  bg,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  13). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  di^awn  from  the  point  b 

in 


S40 


GEOMETRYr 


THEOREM  XCIX. 


If  Two  lines  be  Perpendicular  to  the  Same  Plane,  they  will 

be  Parallel  to  each  other. 


B 


¥ 


Let  the  two  lines  ab,  cd,  be  both  per- 
peudiciilar  to  the  same  plane  ebdf  ;  then 
-will  AB  be  parallel  to  cd. 

For,  join  b,  d,  by  the  line  bd  in  the        ] 
)plane«     Then,  because  the  lines  ab,   cd, 
are  perpendicular  to  the  plane  ef,  they 
are  both  perpendicular  to  the  line  bd  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 

13).     q.  E.  D  ♦ 

Corol,  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


THEOREM  C. 


If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
OG  be  perpendicular  to  their  common 
section  ab  ;  then  will  c&  be  also  perpen- 
dicfdar  to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  oc,  ge,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  cge 
18  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cos  is  a  right  angle.  And  since  the  line 
OG  is  perpendicular  to  the  two  lines  ga,  ge,  in  the  plan& 
AEBF,  It  i$  therefore  perpendicular  to  that  plane  (th.  98). 

d*   E*   D. 


*  This  demonstration  of  Theorem  xcix.  does  not  appear  to  me  to 
he  conclmive.    Editor. 
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« 

if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  asbv  ;  these  planes 
make  with  each  other  two  angles  whose  sum  b  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  £f ,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
BF  two  angles  together  equal  to  two  right  a.igles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

Coroi.  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal  ; 
and  so  on,  as  in  parsdlel  lines. 


THEOREM   CIX. 

rf  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  is' 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpen(&« 
eular  to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the        -d/^ 
plane   cd  ;   then  shall  it  also  be  perpendl-        ^^    " 
cular  to  the  other  plane  ef. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  the  plane  cd,  and 
draw  AH,  BO. 

Then,  because  bA)  oh,  are  both  perpendi- 
cular to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92). 
Tience  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  13). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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TUSOEBM  XCIX. 

If  Two  lines  be  Perpendicular  to  the  Same  Plane,  they  will 

be  P»nJlel  to  each  other. 

Let  the  two  lines  ab,  cd,  be  both  per- 
pendicular to  the  same  plane  bbdf  ;  then 
will  AB  be  parallel  to  cd. 

For,  join  b,  d,  by  the  line  bd  in  the 
plane-  Then,  because  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  bf,  they 
Bi'e  both  perpendicular  to  the  line  sn  (def.  89)  in  that  plane  ; 
and  consequently  they  are  parallel  to  each  other  (coroL  th. 
13).     q.  E.  D* 

CoroL  If  two  Ibes  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  also  be  perpendicu- 
lar to  the  same  plane. 


E^f 


TUEOEBM  C. 


If  Two  Planes  Cut  each  other  at  Right  Angles,  and  a  Line  be 
drawn  in  one  of  the  Planes  Perpendicular  to  their  Common 
Intersection,  it  will  be  Perpendicular  to  the  other  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CG  be  perpendicular  to  their  common 
section  ab  ;  then  will  co  be  also  perpen- 
dicular  to  the  other  plane  aebf. 

For,  draw  eg  perpendicular  to  ab. 
Then,  because  the  two  lines  gc,  oe,  are 
perpendicular  to  the  common  intersection  ab,  the  angle  cge 
is  the  angle  of  inclination  of  the  two  planes  (def.  91).  But 
since  the  two  planes  cut  each  other  perpendicularly,  the 
angle  of  inclination  cgb  is  a  right  angle.  And  since  the  line 
eG  is  perpendicular  to  the  two  lines  ga,  oe,  in  the  plane 
aebf,  it  is  therefore  perpendicular  to  that  plane  (th.  98). 

q.  E.  D. 


U  — 


*  Thisdemonstration  of  Theorem  zc  XX.  d«e8  not  appear  to  me  to 
lie  coDcliisive.    £ d  i  t o  b- 
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THKOREM   CI. 

if  one  Plane  Meet  another  Plane,  it  will  make  Angles  with 
that  other  Plane,  which  are  together  equal  to  two  Right 
Angles. 

Let  the  plane  acbd  meet  the  plane  abbv  ;  these  planes 
xnake  with  each  other  two  angles  whose  sum  is  equal  to  two 
right  angles. 

For,  through  any  point  o,  in  the  common  section  ab,  draw 
CD,  £9,  perpendicular  to  ab.  Then,  the  line  co  makes  with 
£F  two  angles  together  equal  to  two  right  a.igles.  But  these 
two  angles  are  (by  def  91)  the  angles  of  inclination  of  the 
two  planes.  Therefore  the  two  planes  make  angles  with 
each  other,  which  are  together  equal  to  two  right  angles. 

CoroL  In  like  manner  it  may  be  demonstrated,  that  planes 
which  intersect,  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  on,  as  in  parallel  lines. 


THEOREM   eil- 

I 

If  Two  Planes  be  Parallel  to  each  other  ;  a  Line  which  i^ 
Perpendicular  to  one  of  the  Planes,  will  also  be  Perpendi- 
cular to  the  other. 

Let  the  two  planes  cd,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  en  ;  then  shall  it  also  be  perpendi- 
cular to  the  other  plane  et. 

For,  from  any  point  g,  in  the  plane  ef, 
draw  OH  perpendicular  to  tlie  plane  cd,  and 
draw  AH,  bo. 

Then,  because  ba,  oh,  are  both  perpendi- 
•ular  to  the  plane  cd,  the  angles  a  and  h  are 
both  right  angles.  And  because  the  planes  cd,  ef,  are 
parallel,  the  perpendiculars  ba,  oh,  are  equal  (def.  92). 
flence  it  follows  that  the  lines  bo,  ah,  are  parallel  (def.  9). 
And  the  line  ab  being  perpendicular  to  the  line  ah,  is  also 
perpendicular  to  the  parallel  line  bg  (cor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendi- 
cular to  all  other  lines  which  can  be  drawn  from  the  point  b 

in 
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in  the  plane  kf.     Therefore  the  line  ab  is  perpendicular  t» 
the  whole  plane  ef  (def.  92).    q.  b.  d. 


THEOREM  ClIX. 


If  Two  Lines  b&  Parallel  to  a  Third  Line,  thovgh  not  in  the 
same  Plane  with  it ;  they  will  be  Parallel  to  each  other. 


F 


G 


^E 


Let  the  lines  ad,  cd,  be  each  of  them 
parallel  to  the  third  line  ef,  though  not  in 
the  same   plane  with  it  ;  then  will  ab  be         3 
parallel  to  cD. 

For,  from  any  point  o  in  the  lineEF,  let 
GH,  Gi,  be  each  perpendicular  to  EF,  in  the         J 
plaiies  £B,  ED,  of  the  proposed  parallels. 

Then,  ttince  the  line  ef  is  perpendicular 
to  the  two  lines  ghi  gI|  it  is  perpendicular  -^ 
to  the  plane  ghi  of  those  lines  (th.  98).  And  because  ef 
is  perpendicular  to  the  plane  ghI)  its  parallel  ab  is  also  per- 
pendicular to  that  plane  (cor.  tb.  99).  For  the  same  reason^ 
the  line  en  is  perpendicular  to  the  same  plane  ghi.  Hence, 
because  the  two  lines  ab,  cd,  are  perpendicular  to  the  same 
plane,  these  two  lines  are  parallel  (th.  99).     q.  e.  i>. 


THKOKEM    CIV. 


If  Two  Lines,  that  meet  each  other,  be  Parallel  to  Two  other 
Lines  that  meet  each  other,  though  not  in  the  same  Plane 
with  them ;  the  Angles  contained  by  those  Lines  will  be 
equal. 

Let  the  two  lines  ab,  bc  be  parallel  to 
the  two  lines  de,  ef  ;  then  will  the  angle 
ABC  be  equal  to  the  angle  def. 

For,  make  the  lines  ab,  bc,  de,  ef,  all 
equal  to  each  other,  and  join  ac,  df,  ad,  be, 

OF. 

Then,  the  lines  ad,  be,  joining  the  equal 
and  parallel  lines  ab,  de,  are  equal  and  paral- 
lel (th.  24).  For  the  same  reason,  cf,  be, 
are  equal  and  parallel.  Therefore  ad,  cf,  ai^  equal  and  i^a- 
rallel  (th.  15)  ;  and  consequently  also  ac,  df  (th.  24).  Hence, 
the  two  triangles  abc,  def,  having  all  their  sides  equal, 

each 
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each  to  each,  have  their  angles  also  equal,  and  consequ^nlly 
the  angle  abc  =  the  angle  def.    q.  e.  d. 


THEOREM  CV. 

The  Sections  made  by  a  Plane  cutting  two  other  Parallel 
Planes,  are  also  Parallel  to  each  other, 

•  Let  the  two  parallel  planes  ab,  c»,  be' 
cut  by  tlie  third  plane  efho,  in  the  lines 
£F,  GH  :  these  two  sections  ef,  gh,  will 
be  parallel. 

Suppose  EG,  FH,  be  drawn  parallel  to 
©ach  other  in  the  j)lane  efhg  ;  aho  let 
Bi,  FK,be  perpendicular  to  the  plane  co  ; 
and  let  lo,  kh,  be  joined. 

Then  eg,  fh,  being  parallels^  and  ei,  fk,  being  both 
perpendicular  to  the  plane  en,  are  also  p«a*8llel  to  each  other 
(th.  99)  ;  conscqufently  the  angle  hfk  is  cqnal  to  the  angle 
6ei  (th.  104).  Btit  the  angle  fkr  is  also  equal  to  the  angle 
EiG,  being  both  right  angles ;  therefore  the  two  triangles  are 
equiangular  (cor.  1^  th.  17);  and  the*  sides  fk,  ei,  being 
the  equal  distances  between  the  parallel  planes  (def.  92),  it 
follows  that  the  sides  fh,  eg,  are  also  equal  (th.  2).  But 
these  two  lines  are  parallel  (by  suppos.))  as  well  as  equal ; 
consequently  the  two  lines  EF,  gh,  joining  those  equal  paral- 
lels, are  also  parallel  (th.  24).     q.  £.  n. 


THEOREM   CVI. 


If  any  Prism  be  cut  by  a  Plane  Parallel  to  its  Base,  the  Sec- 
tion will  be  equal  and  Like  to  the  Base. 


rt 
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Let  AG  be  any  prism,  and  il  a  plane 
pai'allel  to  the  base  ac  ;  then  will  the  plana 
IL  be  equal  and  like  to  the  base  ac,  or  the 
two  planes  will  have  all  their  sidesand  all 
their  angles  equal. 

For,  the  two  planes  ac,  il,  being  parallel, 
by  hypothesis  ;  and  two  parallel  planes,  cut 
by  a  third  plane,  having  parallel  sections 
(th.  105)  ;  therefore  iK  is  parallel  to  AB,and 
KLto  Bc,  and  lm  to  cd,  and  im  to  ad.  But  ai  and  bk  arc 
parallels  (by  def.  95) ;  consequently  ak  is  a  parallelogram  ; 
and  the  opposite  sides  ab,   ik,  are  equal  (th.  22).     In  like 

manner* 


Ul 
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manner,  it  it  shown  that  kl  is  =  bc,  and  lm 
=5  CD)  and  iM  =  ADf  or  the  two  planes  ac,  il, 
are  mutually  equilateral.  But  these  two 
planes,  having  their  corresponding  sides  pa- 
rallel, haTC  the  angles  contained  by  them  also 
equal  (th.  104),  namely,  the  angle  a  s  the 
angle  i,  the  angle  b  =  the  angle  k,  the  angle 
c  =  the  angle  l,  and  the  angle  n  =  the  angle 
M .  So  that  the  two  planes  ac,  il,  have  Vdl 
their  corresponding  sides  and  angles  equal,  or  they  are  equal 
«nd  like.     q.  B.  n. 


THEOREM   CVZI. 

If  a  Cylinder  be  cut  by  a  Plane  Parallel  to  its  Base,  the  Sec* 
tion  will  be  a  Circle,  Equal  to  the  Base. 

Let  Ar  be  a  cylinder,  and  ghi  any 
section  parallel  to  the  base  abc  ;  then  will 
GHI  be  a  circle,  equal  to  abc. 

For,  let  the  planes  kb,  kf,  pass  through 
the  axis  of  the  cylinder  mk,  and  meet  the  . 
section   ohi  in  the  three  points  h,  i,  l  ; 
«nd  join  the  points  at  in  the^  figure. 

Then,  since  rl,  ci,  are  parallel  (by  def. 
101) ;  and  the  plane  ki,  meeting  the  two 
parallel  planes  abc,  ghi,  makes  the  two  sections  kc,  li,  pa- 
rallel (th.  105) ;  the  figure  klic  is  therefore  a  parallelogram, 
and  consequently  has  the  opposite  sides  li,  kc,  equal,  where 
Kc  is  a  radius  of  the  circular  base. 

In  like  manner,  it  is  shown  that  lh  is  equal  to  the  radius 
KB ;  and  that  any  other  lines,  drawn  from  the  point  -  l  to  the 
circumference  of  the  section  ghi,  are  all  equal  to  radii  of  the 
base ;  consequently  ghi  is  a  circle,  and  equal  to  abc     q.  s.  ih 

THEOREM  CVIII. 

AA\  Prisms  and  Cylinders,  of  Equal  Bases  and  Altitudes,  are 

Equal  to  each  other. 


Let  AC,  DF,  be  two 
prisms,  and  a  cylinder, 
on  equal  bases  ab,  db, 
and  having  equal  alti- 
tudes Bc,  FF ;  then  will  B 
the  solids  ac,  df,  be 
#rqual.  ^ 

For,   let  PQ,  RS,  be 

any 
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any  two  sections  parallel  to  the  basesi  and  equidistant  from 
them.  Then,  by  the  last  two  theorems,  the  section  p«t  if 
equal  to  the  base  ab,  and  the  aection  xs  equal  to  the  b«se 
SB.  But  the  bases  ab,  dk,  are  equal,  by  the  hypothesis ; 
therefore  the  sections P4,  RS,arecqual  also.  In  like  manner, 
it  may  be  shown,  that  any  other  corresponding  sections  are 
equal  to  one  another. 

Since  then  every  section  in  the  i>riEm  ac,  is  equal  to  its 
corresponding  section  in  the  prism  or  cylinder  df,  the  prisma 
and  cylinder  themselves,  which  are  composed  of  an  equal 
number  or  all  those  equal  sections,  must  also  be  equal,  q.  e.  d. 

Carol.  Every  prism,  or  cylinder,  is  equal  to  a  rectangular 
farallclopipedon,  of  an  equal  base  and  altitude. 

THEOREM  cix. 

Bectangular  Parallelopipedons,  of  Equal  Altitudes,  are  .to 
eachother  as  their  Bases. 

Let  AC,  xa,  be  two  recun- 
gular  parallelopipedons,  having 
die  equal  altitudes  ad,  ek  ; 
then  wilt  the  solid  ac  be  to  the 
solid  KG,  aq  llic  base  ab  is  to 
the  base  et. 

For,  let  the  proportion  of  (he 
base  AB  to  the  base  kf,  be  that 
of  any  one  number  m  (3)  to  any 

other  number  n  (2).  And  conceive  ab  to  Ije  <livided  into  m 
equal  pans,  or  rectangles,  ai,  lk,  Mb,  (by  dividing  an  into 
ihut  number  of  equal  parts,  and  drawing  il,  km,  parallel 
10  bn).  And  let  ef  be  divided,  in  like  manner,  into  n  equal 
parts,  or  rectangles,  xo,  pf  :  all  of  these  pans  of  both  bases 
being  mutually  equal  among  themselves.  And  through  the 
lines  of  division  let  the  plane  sections  lb,  ms,  pv,  pass  parallel 


Then,  tlie  pariillclopipedons  ar,  lSj  mc,  ev,  po,  are  all 
equal,  having  equal  bases  and  altitudes.  Therefoi*  the  solid 
AC  is  to  the  solid  eg,  as  the  number  of  parts  in  the  former, 
to  the  number  of  equal  parts  in  the  latter;  or  as  the  number 
or  parts  in  as  to  the  number  of  equal  parts  in  ef,  that  is,  as 
the  baseAB  to  the  base  ef.     q.  e.  n. 

Carol.  From  this  theorem,  and  the  corollary  to  the  last,  il 

appears,  that  all  prisms  and  cylinders  of  equaj  attitu4es,  arc 
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to  each  othor  is  their  bases ;  every  prism  and  qrlkider  being 
equal  to  a  rcctang;ular  paraUelofHpedon  of  an  equal  base  and 
altitude. 

TBBORBM  ex. 

Rectangular  ParallelopipedoDS,  of  Equal  Bases,  are  to  each 

other  as  their  Altitudes. 

Lbt  ABf  cOfbe  two  rectan- 
gular parallelopipedoBs,  stand- 
ing on  the  equal  bases  ae,  cf  ; 
then  will  the  sottd  ab  be  to  the 
solid  CD)  as  the  altitude  eb  is  to 
tlic  altitude  fd. 

For,  let  Ao  be  a  rectangular 
parallelopipedon  on  the  base  aE) 
and  its  altitude  bo  equal  to  the  alutude  fd  of  the  solid  cd. 

Then  ag  and  cd  are  equal,  being  prisms  of  equal  bases 
and  altitudes.  But  if  ns,  hg,  be  considered  as  bases,  the 
solids  AB,  AG,  of  equal  altitude  ah,  will  be  to  each  other 
as  those  bases  hb,  ho.  But  these  bases  iib,  iiq,  being 
parallelograms  of  equal  altitude  he,  are  to  each  other  as 
their  bases  eb,  eg  ;  therefore  the  two  prisms  ab,  ag,  are 
to  each  other  as  the  lines  eb,  eg.  But  ag  is  equal  to 
CD,  and  EG  equal  to  fd  ;  consequently  the  prisms  Ae,  cxi% 
are  to  each  otJier  as  their  altitudes  eb,  fd  ;  that  is,  -  *  ^ 


/ 


V 


AB 


CD 


EB    :   FD.      q.   £.    D. 


CoroL  1.  From  this  theorem,  and  the  corollary  to  theorem 
108,  it  appears,  that  all  prisms  and  cylinders,  of  equal  bases, 
ai*c  to  one  another  as  their  altitudes. 

Corel.  2.  Because,  by  corollary  I,  prisms  and  cylinders  aro 
as  their  altitudes,  when\hcir  bases  are  equal.  And,  by  the 
corollary  to  the  last  theorem,  they  are  as  their  bases,  when 
their  altitudes  are  equal.  Therefore,  universally,  wheir  nei- 
ther are  equal,  they  are  to  one  another  as  tlie  product  of  their 
bases  and  altitudes.  And  hence  also  these  products  are  the 
proper  numeral  measures  of  their  quantities  or  magnitudes. 


THEORElf  CXI. 

Similar  Prisms  and  Cylinders  are  to  each  other,  as  the 
Cubes  of  their  Altitudes,  or  of  any  other  Like  Linear  Di- 
mensions. 

Let  abcd,  kfgh,  be  two  similar  prisms ;  then  will  tho 
prism  CD  be  to  the  prism  gr,  as  ab^  to  bf^  or  ad'  to  eh'. 

For 
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For  the  solids  are  to  each  other  as  t%/^\ 
the  product  of  their  bases  and  alti-  "^N       > 
tudes  (th.   liO,  cor.  2),  that  is,  as      ^ 
AC  .  ADT^  to  Eo .  £H.     But  the  bases, 
being  umilar    planes,-  are   to  each 
other  as  the  squares  of  their  like  ^ 
^sides,  that  is,  ac  to  kg  as  ab*  to      >^ 
CT^  ;    therefore  the  solid  en  is  to      B 
the  solid  ob,  as  ab*  •  ad  to  bf*  .  eh. 
But  BD  and  fb,  beings  similar  planes,  have  their  like  sides 
proportional,    that    is,    ab  :  sf  : :  ad  :  bh,   ---.-« 
or  ab*:sf*::ad^:£h3:  therefore  ab^.ad:bf^.sh::ab^:£f', 
or:  :  ad*  :  bh* 
bf' 


•  • 


AD>*  :eh 


»  conseq.  the  solid  cd  :  solid  gjk  : :  ab'  ' 
'•     q.  E.  D. 


THEOREM   CSII. 


In  any  Pyramid,  a  Section  Parallel  to  the  Base  is  similar  to 
the  Base ;  and  these  two  planes  are  to  each  other  as  the 
Squares  of  their  Distances  frdm  the  Vertex. 

Let  abcd  be  ff  pyramid,  and  efg  a  sec- 
tion parallel  to  the  base  bcd,  also  aih  a 
line  perpendicul^tathe  two  planes  at  h  and 
X :  then  will  bd,  e6,  be  two  similar  planes, 
and  the  plane  bd  will  be  to  the  plane  eg,  as 

AH«tOAI*.  ^ 

For,join  ch,  fx.  Then,because  a  plane 
.;.^cuttingtwo  parallel  planes,  makes  parallel 
secj^ns  (Ch.  105),  therefore  the  plane  abc,  ^ 
meeting  the  two  parallel  plajies  bd,  eg,  makes'^tb^. sections 
Bc,  ef,  parallel:  In  like  manner,  the  plane ^a6d  makes, 
the  sections  CD,  fg,  parallel.  Again,  because  two  pair  of 
parallel  lines  make  equal  angles  (th.  104),  the  two  ef,  fq, 
which  are  parallel  to  bc,  cd,  make  the  angle  efg  equal 
the  angle  bc^.  And  in  like  '  mani^er  it  is  shown,  that 
each  angle  in  the  plari&E^  is  equal  tp.  ea<?h  angle  in  the 
plane  bd,  and  consequently  those  7wo^.pla&es  are  equian- 
gular. ^ 

Again,  the  three  lines  ab,  ac,  ad,  making  with  the 
parallris  bc,  ef,  and  cd,  fG)  equal  angles  (th.  14),  and 
the  angles  at  a  being  common,  the  twoni^nglcs  abc,  aef, 
are  equiangular,  as  also  the  two  triangles  acd,  afg,  and 
have    therefore  their  like  sides  proportional,  ncmely,  -  -  - 

AC 


S48 


QEOMETRY. 


AG  :  AF  :':  BC  :  sr  :  :  cix  :  fo.  And  in 
like  manner  it  may  be  shown,  that  all  the 
lines  in  the  plane  fo,  are  proportional  to  all 
the  corresponding  lines  in  the  base  bd. 
Hence  these  two  plane8»  having  their  angles 
equal,  and  their  sides  proportional,  are 
similar,  by  def.  68 . 

But,  similar  planes  being  to  each  other  as  the  squares  of 
their  like  sides,  the  plane  bd  :  so  : :  bc*  :  kf^,  or  : :  ac^  & 
af',  by  what  is  shown  above.  Also,  the  two  triangles 
AHC,  A  IF,  having  the  angles  ii  and  i  right  ones  (th.  98), 
and  the  angle  a  common,  are  equiangular,  and  have  there- 
fore their  like  sides  proportional,  namely,  ac  :  af  : :  ah  :  Ait 
or  Ac'  :  A%^  : :  ah*  :  Ai'.  Consequently  the  two  planes 
BD,  EG,  which  are  as  the  former  squares  ac',  af',  will 
be  also   as  the   latter  squares  ah^,  ai*)  that  is,  -  -  -  -  - 


BD  :  EG  : :  ah^  :  Ai*.     q.  b*  d« 


THEORBM   CXIII. 


In  a  Cone,  any  Section  Parallel  to  the  Base  is  a  Circle ;  and 

this  Section  is  to  the  Base,  as  the  Squares  of  their  Distances 

from  the  Vertex. 

Lbt  abcd  be  a  cone,  and  ghi  a  section 
parallel. to  the  base  bcd  ;  then  will  ghi 
be  a  circle,  and  bcd,  g^i,  will  be  to  each 
other,  as  the  squares  of  their  distances 
from  the  vertex. 

For,  draw  alf  perpendicular  to  the 
two  parallel  planes;  and  let  the  planes 
ACS,  adb,  pass  through  the  axis  of  the 
cone  AKE,  meeting  the  section  in  the  three 
points  H,  I,  K. 

Then,  since  the  section  ghi  is  parallel  to  the  base  bcd,  and 
the  planes  cr,  dk,  meet  them,  hr  is  parallel  to  ce,  and 
IK  to  DE(th.  105).  And  because  the  triangles  formed  by 
these  lines  are  equiangular,  kh  :  ec  : :  ar  :  ae  : :  Ki  :  ed. 
But  EC  is  equal  to  ed,  being  radii  of  the  same  circle  ;  there* 
fore  KI  is  also  equal  to  kh.  And  the  same  may  be  shown  of 
any  other  lines  drawn  from  the  point  k  to  the  pcrimevcr  of 
the  section  ghi,  which  is  therefore  a  circle  (def.  44). 

Again,  by  similar  triangles,  al  :  af  : :  ak  :  ae  or 
:  :  Ki  :  ed,  hence  al'  ;  af*  : :  Ri-  :  ed^  ;  but  Ri^  :  ad»  :  : 
circle  ghi  :  circle  bcd  (th.  93) ;  therefore  al«  :  af*  :  : 
circle  ohi  :  circle  bcd.     q.  e.  d. 

THBOR'EM 
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TH KORKU  CSIV- 

All  PyrAmitlt,  and  Cones,  ot  Equal  Bases  and  Aliitudes,  arc 
Equaltoone  another.  ' 

LxT      ABC.     DKF, 

be  any  pyramids  and 
cone,  of  equal  bases 
Bc,  Er,  and  equal 
altitudes  ao,  dh  : 
then  will  the  pyra- 
raids  and  cone  abc 
and  DK>,  be  equal. 

For,  parallel  (o  the 
bases  and  nt  equal  distances  ak,  do,  from    the    vertices, 
suppose  the  planes  ik,  lm,  to  he  drawn. 

Then,  by    the    two  preceding   theorems, -- 

DO*  :  DH  *  : :  LM  :  EF,  and 


!  AG* 


IK  :  bg. 


)  equal  to  zr, 


But  since  ak*,  AO*,are  equal  to  so*,  ni 

therefore  ik  ;  rc  : :  lm  :  ef.      Biu  s 
by  h}'po[hesis  ;  tberefore  ik  is  also  equal  ti 

In  like  manner,  it  is  shown.  Chat  any  other  sections,  at ' 
equal  distance  from  the  vertex,  ore  equal  to  each  other. 

Since  then,  every  section  in  the  cone,  is  equal  to  lliC  cor- 
responding section  in  the  pyramids,  and  the  heights  arc  eq\tal, 
the  solids  ABC,  de?,  composed  of  all  those  sections,  mitst  be 
equal  also.     q.  z.   a. 


Every  Pyramid  is  the  Third  Piirt  of  a   Prism  of  the  Same 
Base  and  Ahhudc. 

Let  abcdbt  be  a  prism,  and   boef  a  ■'*' 

pyramid,  on  the  same  triangular  base  otv:        B  ; 

then  will  the  pyramid  ddef  be  a  third  part 
of  the  prism  \bcdef. 

For,  in  the  planes  of  the  three  sides  of  the 
prism,  draw   the   diagonals    bf,    do,    en.         _ 
Then  the  two  planes  dof,  bco,  diviiic  the 
whole   prism    into  the    three  pyramids  bukf,  dabc,  dbcf< 
which  are  proved  to  be  all  equal  to  one  another,  as  follows. 

Since  the  opposite  ends  tif  the  prism  are  equal  to  each  other, 
the  pyramid  whose  base  is  abc  and  vertex  u,  is  equal  to  the 


pyr 


mid 
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pyramid  whoie  base  is  Dxr  and  vertex  m 
(th.  lU),  being  pyramids  of  equal  base  and 
altitode. 

But  the  latter  pyramid,  whose  base  is 
DBF  and  vertex  b,  is  the  same  solid  as  the 
pyramid  whose  base  is  bkf  and  vertex  d« 
and  this  is  equal  to  the  third  pyramid 
whose  base  is  bcf  and  vertex  d,  being  py- 
ramids of  the  same  altitude  and  equal  bases 

BBF9  BCF. 

Consequently  all  the  three  pyramidsy  which  oompose  th# 
prism,  are  equal  to  each  other,  and  each  pyoaamiii  the 
third  part  of  the  prism,  or  the  prism  is  triple  of  the  pyra- 
mid,    q.  E.  D. 

Hence  also,  every  pyramid,  whatever  its  figure  may  be,  is 
the  third  part  of  a  prism  of  the  same  base  and  altitude ;  since 
the  base  of  the  prism,  whatever  be  its  figure,  may  be  divided 
into  triangles,  and  the  whole  solid  into  triangular  prisms  and 
pyramids. 

Carol.  Any  cone  is  the  third  part  of  a  cylinder,  or  of  a 
prism,  of  equal  base  and  altitude ;  since  it  has  been  proved 
that  a  cylinder  is  equal  to  a  prism,  and  a  cone  equal  to  a  py- 
ramid, of  equal  base  and  alutude. . 

Scholium.  Whatever  has  been  demonstrated  of  the  propor- 
tionality of  prisms,  or  cylinders,  holds  equally  true  of  pyra- 
mids, or  cones ;  the  former  being  always  triple  the  latter ;  vit, 
that  similar  pyramids  or  cones  are  as  the  cubes  of  their  lik^ 
linear  sides,  or  diameters,  or  altitudes,  &c.  And  the  same 
for  all  similar  solids  whatever,  vis.  that  they  are  in  proportion 
to  each  other,  as  the  cubes  of  their  like  linear  dimensions, 
since  they  are  composed  of  pyramids  every  way  similar. 


THBOBBM  CXVX. 


If  a  Sphere  be  cut  by  a  Plane,  the  Section  will  be  a  Circle.. 

Lbt  the  sphere  abbf  be  cut  by  the 
plane  adb  ;  then  will  the  section  adb 
be  a  circle. 

Draw  the  chord  ab,  or  diameter  of 
the  section;  perpendicular  to  which, or 
to  the  section  adb,  draw  the  axis  of  the 
sphere  bcgf,  through  the  centre  c, 
which  will  bisect  the  chord  ab  in  the 
point  G(th.  41),     Also,  join  ca^ca^ 

and 
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and  dra?S7  cd,  oi>>  to  anj  point  d  in  the  perimeter  of  the 
section  adb. 

Then,  because  cg  is  perpendicular  to  the  plane  abb,  it 
is  perpendicular  both  to  oa  and  go  (def.  90).  So  that  cgA) 
COD  are  two  right-angled  triangles,  having  the  perpendicular 
cG  common,  and  the  two  hypothenuses  ca,  cd,  equ^I,  being 
both  radii  of  the  sphere ;  therefore  the  third  sides  oA,  gd, 
are  also  equal  (cor.  2,  th.  34).  In  like  manner  it  is  shown, 
that  any  other  line,  drawn  from  the  centre  g  to  the  circum« 
ference  of  the  section  adb,  is  equal  to  ga  or  gb  ;  conse- 
quently that  section  is  a  circle. 

CoroL  The  section  through  the  centre,  is  a  circle  having 
the  same  centre  and  diameter  as  the  sphere,  and  is  called  a 
gr^at  circle  of  the  sphere ;  the  other  plane  sections  being 
nttle  circles. 


THEOBEM  CZVXI. 


Every  Sphere  is  Two-Thirds  of  its  Circumscribing  Cylinder. 

Let  abcd  be  a  cylinder,  circum- 
scribing the  sphere  E7Gh;  then  will 
the  sphere*EFGH  be  two-thirds  of  the 
cylinder  abcd. 

For,  let  the  plane  ac  be  a  section  of 
the  sphere  and  cylinder  through  the 
centre  i.  Join  ai,  bi.  Also,  let  ah 
be  parallel  to  ad  or  bc,  and  eig  and 
EL  parallel  to  ab  or  dc,  the  base  of 
the  cylinder ;  the  latter  line  el  meeting  bi  in  m,  and  the 
circular  section  of  the  sphere  in  n. 

Then,  if  the  whole  plane  hfbc  be  conceived  to  revolve 
about  the  line  hf  as  an  axis,  the  square  fg  will  describe 
a  cylinder  ao,  and  the  quadrant  ifg  will  describe  a  hemi- 
sphere EFG,  and  the  triangle  ifb  will  describe  a  cone  iab. 
Also,  in  the  rotation,  the  three  lines  or  parts  el,  kn,  em,  as 
radii,  will  describe  corresponding  circular  sections  of  those 
solids,  namely,  el  a  section  of  the  cylinder,  en  a  section  of 
the  sphere,  and  em  a  section  of  the  cone. 

Now,  fb  being  equal  to  fi  or  ig,  and  el  parallel  to 
FB,then  by  similar  triangles  ie  is  equal  to  em  (th.  82).  And 
since,  in  the  right-angled  triangle  iek,  in^  is  equal  to  ie* 
-f  EH*  (th.  34) ;  and  because  el  is  equal  to  the  radius  ig 

or 
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or  iif,  and  km  =  iRi  therefore  kl>  is 
equal  to  km'  +  kn",  or  the  square  of 
the  longest  radius,  of  the  said  circiilar 
sections,  is  equal  to  the 'sum  of  the 
squares  of  the  two  others.  And  be- 
cause circles  are  to  each  other  as  the 
squares  of  iheir  diameters,  or  of  their 
radii,  therefore  the  circle  described  by 
KL  is  equal  to  both  the  circles  de- 
sci  ibt;d  by  km  and  kn  ;  or  the  section  of  the  cylinder,  is 
equal  to  both  the  corfesponding  sections  of  the  sphere  and 
cone.  And  as  this  is  always  the  case  in  every  parallel  posi- 
tion of  KL,  it  follows,  that  the  cylinder  eb>  which  is  cohi- 
postal  ^.f  all  the  former  sections,  is  equal  vo  the  hemisphere 
%To  und  cone  iab,  which  are  composed  of  all  the  latter 
sen.;  ions. 

But  the  cone  iab  is  a  third  part  of  the  cylinder  eb 
(cor.  2,  th.  115);  consequently  the  hemisphere  £fc  is  equal 
to  the  remaining  two-thirds ;  or  the  whole  sphere  kfgu 
equal  to  two-thirds  of  the  whole  cylinder  abcd.     q.  £.  d. 

CoroL  I.  A  cone,  hemisphere,  and  cylinder  of  the  same 
base  and  altitude,  arp  to  each  other  as  the  numbers  l,  2,  3. 

CoroL  2.  ♦'All  spheresare  to  each  other  as  the  cubes  of  their 
diameters ;  all  tlicse  being  like  parts  of  their  circumscribing 
cylinders. 

Corel.  3.  From  the  foregoing  demonstration  it  also  ap- 
pears, that  the  spherical  zone  or  frustrum  egnp,  is  equal 
to  the  difference  between  the  cylinder  eglo  and  the  oone 
iMq,  all  of  the  suRic  common  height  ik.  And  that  the 
spherical  segment  pfk,  is  cquid  to  the  diflcrcncc  between 
the  cylinder  ablo  and  the  conic  frustrum  aqmbi  all  of  the 
same  common  altitude  fk.  , 
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PROBLSM  I. 


To  "Bisect  a  line  a«  ;  ihat  is,  to  divide  it  into  two  Equal 

Parts. 

From  the  two  centrei  a  and  b^  with 
any  equal  radii^  describe  arcs  of  circles^ 
intersecting  each  other  in  c  and  d  ;  and 
draw  the  line  en,  which  will  bisect  the 
given,  tine  ab  in  the  point  b. 

Fori  draw  the  radii  ac,  bc^  ad>  bd. 
TheBf'  because  all  these  four  radii  are 
equal,  and  the  side  en  common,  the  two 
triangles  acb,  bcb,  are  mutually  equilateral :  consequently 
they  are  also  mutually  equiangular  (th.  5),  and  have  the  angle 
ACS  equal  to  the  angle  bc£. 

Hence,  the  two  triangles  ace,  bce,  having  the  two  sides 
AC,  CB,  equal  to  the  two  sides  bc,  cb,  and  their  contained  an* 
gles  equal,  are  identical  (tji.  f),  and  therefore  have  the  side 
AE  equal  tO  bb.     q.  e.  d. 


PROBLEM  II. 


To  Bisect  an  Angle  bac. 

From  the  centre  a,  with  any  radius,  de- 
scribe an  arc,  cutting  off  the  equal  lines 
AD,  AE ;  and  from  the  two  centres  d,  e, 
wiUi  the  same  radius,  describe  arcs  inter* 
secting  in  v  ;  then  draw  af,  which  will  bi- 
sect the  angle  a  as  required. 

For,  join  dp,  bf.  Then  the  two  tri- 
angles ADF,  ABF,  having  the  two  sides 
ad,  DFy  equal  to  the  two  ae,  ef  (being  equal  radii),  and 
the  side  af  common,  they  are  mutually  equilateral ;  conse- 
quently they  are  also  mutually  equiangular  (th.  5),  and  have 
the  angle  baf  equal  to  th*e  angle  caf. 

Scholium,    In  the  same  manner  is  an  arc  of  a  circle  bi- 
sected. 
.   Vol.  I.  Z  z  pboblbm 
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PROBLEM  III. 

At  a  Given  Point  c,  in  a  Line  ab,  to  Erect  a  Perpendicular. 

■ 

From  the  given  point  c,  with  any  radius, 
cut  off  any  equal  parts  cd,  CE,of  the  given 
line ;  and,  from  the  two  centres  d  and  b, 
with  any  one  radius,  describe  arcs  intenecdng 
in  f;  then  join  cr,  which  will  be  perpendi- 
cular as  required. 

For,  draw  the  two  equal  radii  df,  sf .  Then  the  two 
triaiif^Ies  cdf,  cbf,  liavinii^  the  two  sides  cd,  d>,  equal  to 
thetwocB,  £F,  and  cf  common,  are  mutually  equilateral; 
consequently. they  are  also  mutually  equiangular  (th.  5),  and 
have  the  two  adjacent  angles  at  c  equal  to  each  other  f  there- 
fore the  line  cf€s  perpendicular  to  ab  (def.  U): 

Othermte, 

>2^hen  the  Given  Point  c  is  near  the  End  of  the  Lbe. 

>  From  any  ()oint  i>,  assumed  above  the 
line,  as  a  centre,  through  the  given  point 
c  describe  a  circle,  cutting  the  given  line 
at  E ;  and  through  e  and  the  centre  d, 
draw  the  diameter  edf;  then  join  cf, 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a  senucircle,  is « 
right  angle,  and  therefore  the  line  cf  is  a  perpendicular 
(by  def.  15). 

PROBLEM  IV. 

From  a  Given  Point  a,  to  let  fall  a  Perpendicular  on  a  given 

LineBc.  ^,,  - 

From  the  given  point  a  rs  a  centr^^  with 
any  conveiuent  radius,'  describe  an  arc,  cut* 
ting  the  given  line  at  the  two  points  n-and 
£ ;-  and  from  the  two  centres  n,  E,  with 
any  radius,  describe  two  arcs,  intersecting 
at  F ;  then  draw  agf,  which  will  be  per- 
pendicular to  Bc  as  required. 

For,  draw  the  equal  radii  ad,  ae,  and 
DF,  EF.     Then  the  two  triangles  adf,  aef,  having  the  two 
sides  AD,  DFt  equal  to  the  two  aE|  £f>  and  af  conunon,  are 

mutually' 
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mutuallj  equilateral;  conaequently  they  are  also  mutually 
equiangular  (th.  5),  and  have  the  angle  dag  equal  the  angle 
BAG.  Hence,  then,  the  two  trianglea  ado,  aeg,  having 
the  two  sides  ad,  ag,  equal  to  the  two  ae^  ag,  and  their 
included  angles  equal,  are  therefore  equiangular  (th.  1),  and 
have  the  angles  at  o  equal  f  consequently  4a  is  perpendiculai* 
tOBc(de£U). 


Oiherwite, 

When  the  Given  Point  is  nearly  Opposite  the^  end  of  th^ 

Line* 

Fjiom  any  point  p,  in  the  given  line 
Bc,  as  a  centre,  describe  the  arc  of  a 
circle  through  the  given  point  a,  cutting 
DC  in  B ;  and  from  the  centre  e^  with  the 
radius  ea,  describe  another  arc,  cutting 
the  former  in  f  ;  then  draw  age,  which 
will  be  perpendicular  to  bc  as  required. 

For,  draw  the  equal  radii  da,  dp,  and  ea,  ef.  Then  tlie 
two  "triangles  dae^  dfe,  will  be  mutually  equilateral;  conse* 
quently  they  are  also  mutually  equiangular  (th.  5),  and  have 
the  angles  at  d  equal.  Hence,  the  two  triangles  dag,  dfo, 
having  the  two  sides  da,  dg,  equal  to  the  two  df,  do,  and 
the  included  angles  at  d  equal,  have  also  the  angles  at  g 
equal  (th.  1);  consequently  thobe  angles  at  o  are  right 
angles,  and  the  line  ag  is  perpendicular  to  vo. 


PROBLEM  v. 

At  a  Given  Point  a,  in  a  Line  ab,  to  make  an  Angle  £qual 

to  a  Given  Angle  c. 

Feom  the  centres  a  and  c,  with  any  one 
radius,  describe  the  arcs  de,  fo.  Then, 
With  radius  be,  and  centre  f,  describe  an 
arcf  cutting  fg  in  g.  Through  o  draw 
the  line  AG,and  it  will  form  the  angle  re- 
quired. 

For,  conceive  the  equal  lines  or  radii, 
l>m,  FG,  to  be  drawn.  Then  the  two  triangles  cds,  afo, 
being  mutually  equiUteral,  are  mutually  equiangular  (th.  5), 
and  have  the  angle  at  a  equal  to  the  angle  c. 

F&OBLEM 
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Through  a  Given  Point  a>   to  dnrw  a  line  Parallel  to  a 

Given  Line  bc. 

From  the  given  point  a  draw  a  line  ad  EA  F 

to  any  point  in  the  given  line  bc.    Then  N. 

draw  the  line  SAr  making  the  angle  at  a  n. 

equal  to  the  angle  at  d  (by  prob.  5)  ;  so        ^ DC^ 

shall  £F  be  parcel  to  bc  as  required. 

For,  the  angle  d  being  equal  to  the  alternate  angle  a,  the 
lines  BCy  ef,  ai*e  parallel,  by  th.  13. 

PROBLEM.  VII. 

To  Divide  a  Line  ab  into  any  proposed  Number  of  £quset 

Parts. 

Draw  any  other  line  ac,  forming  any 
angle  with  the  given  line  ab  ;  on  which 
set  off  as  many  of  any  equal  pans,  ad,  de, 
Ev,  Fc«  as  the  line  ab  is  to  be  divided  into. 
Join  bc  ;  parallel  to  which  draw  the  other  A  I  BT  O-'B 

lines  FO,  eh,  di  ;  then  these  will  divide 
AB  in  the  manner  as  required.^— For  those  parallel  lines  di->' 
vi^e  both  the  sides  ab,  ac,  proportionally,  by  th.  62. 

PROBLEM  VIII. 

To  find  a  Third  Proportional  to  Two  given  Lines  ab,  ac. 

Place  the  two  given  lines  ab,  ac, 

forming  any  angle  at  A  ^  and  in  ab  take  A B 

also  AD  equal  to  ac.    Join  bc,  and  *  '^ 

draw  de  parallel  to  it ;  so  will  ae  be 
the  third  proportional  sought 

For,  because  of  the  parallels  bc,  DSt 
the  two  lines  ab,  ac,  are  cut  propor- 
tionally (th.  82);    so  .that  ab  :  ac  :  :  ad  or  AC  ;  ae  ;  there-' 
fore  AE  is  the  third  proportional  to  ab,  ac. 

problem  IX. 

To  find  a  Fourth  Propordonal  lo  three  Lines  ab,  ac,  ad. 

Place   two  of  the    given    lines    ab,    ac,    making   any 
angle  at  a;  also  place  ad  on  ab.      Join  bc;   and  paraHei' 

to 
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to  it  draw  bs  :  so  shall  ab  be  the  fourth 
proportknial  as  i*equired. 

For,  because  of  the  parallels  bc,  de^ 
the  two  sides  ab,  ac,  are  cut  propor- 
tionally (th.  82) ;  so  that  .  -  -  - 
AB  e  AC  :  :  AD  :  AE. 


^5r 
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FROdLEM   X. 

To  find  a  Mean  Proportional  between  Two  Lines  ab,  bc. 

Place  ab,  bc,!  joined  in  one  straight         j^ •« 

line  AC  :  on  which,  as  a  diameter,  des- 
cribe the  semicircle  ado  ;  to  meet  which 
erect  the  perpendicular  bd  i  and  it  will 
be  the  mean  propoitional  sought,  be- 
tween AB  and  Bc  (by  cor.  th.  87). 


D 
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PROBLEM   XI. 

'  To  find  the  Centre  of  a  Circle. 

Uraw  any  chord  ab  ;  and  bisect  it  per- 
pendicularly with  the  line  cd,  whieh  will 
be  a  diameter  (th.  4 1 ,  cor.).  Therefore, 
CD  bisected  into  o,  will  give  the  centre, 
as  required. 


PAOBLEM  XII. 

To  describe  the  Circumference  of  a  Circle  through  Three 

Giveu/Points  a,  b,  c. 

From  the  middle  point  b  draw  chords 
lA,  BC,  to  the  two  other  points,  and  bi- 
sect these  chords  perpendicularly  by 
lii^s.  meeting  la  o,  which  will  be  tho 
centre.  Then  from  the  centre  o,  at  the 
distance  of  any  one  of  the  points,  as  oa, 
describe  a  circle,  and  it  will  pass  through  , 
the  two  other  points  b,  c,  as  required. 
.  For,  the  two  right-angled  triangles  o AD,  obd,  having  the 
sides  ad,  db,  equal  (by  constr.),  and  on  common  with  the 
included  right  angles  at  d  equal,  have  their  third  sides  oa, 
OB,  also  equal  (th.  1).  And  in  like  manner  it  is  shown,  that 
oc  is  equal  to  ob  or  oa.  So  that  all  the  three  oa,  ob,  oc, 
being  equals  will  be  radii  of  the  same  circle. 

problem 
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FBOBLEM  XIII. 

To  draw  a  Tangent  to  a  Circle,  through  a  Given  Point  ▲. 

Whbn  the  given  point  a  is  in  the  cir- 
cumference of  the  circle  :  Join  a  and  the 
centre  o  ;  perpendicular  to  which  draw 
BAC,  and  it  will  be  the  tangent,  by  th.  4&. 

But  when  the  given  poim  a  it  out  of 
the  circle  :  Draw  ao  to  the  centre  o ; 
on  which  as  a  diameter  describe  a  semi- 
eircle,  cutting  the  given  circuiQference 
in  D  ;  through  which  draw  badc,  which 
yrWl  be  the  tangent  as  required. 

For,  join  DO.  Then  the  angle  apo, 
in  a  semicircle,  is  a  right  angle,  and 
consequently  ad  is  perpendicular  to  the 
radius  do,  or  is  a  tangent  to  the  circle 
(th.  46). 

PROBLEM   XIV. 

On  a  Given  Line  b  to  describe  a  Segment  of  a  Circle,  to 

Contain  a  Given  Angle  c. 

At  the  ends  of  the  given  line  make 
angles  dab,  dba,  each  fequal  to  the 
given  angle  c.  Then  draw  ax,  bb^ 
perpendicular  to  ad,  bd  ;  and  with  the 
centue  x*  and  radius  ba  or  bb,  describe 
a  circle  ;  so  shall  avb  be  the  segment 
required,  as  any  angle  f  made  in  it  will 
be  equal  to  the  given  angle  c. 

For,  the  two  lines  ad,  bd, being  per- 
pendicular to  the  radii  ba,  eb  (by  constr.),  are  tangents  to  the 
circle  (th.  46) ;  and  the  angle  a  or  b,  which  is  equal  to  the 
^iven  angle  c  by  construction,  is  equal  to  the  angle  f  in  the 
alternate  segment  afb  (th.  53). 


FXOBLXaC  XV. 

To  Cut  off  a  Segment  from  a  Circle,  that  shall  Contain  a 

Givtn  Angle  c. 
Dbaw'  any  tangent  ab  to  the  given 
circle  ;  and  a  chord  ad  to  make  the 
angle  dab  equal  to  tlie  given  angle  c  ; 
then  dea  will  be  the  segment  required, 
any  angle  e  made  in  it  j)eing  equal  to 
liie  given  angle  c. 


For 
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For  the  angle  a^  made  by  the  tangent  and  chord,  which  is 
equahto  the  given  angle  c  by  construction,  is  also  equal  to 
any  angle  sin  the  alternate  segment  (th.  53). 


TKOBLBM  XTI. 

To  make  an  Equilateral  Triangle  on  a  Given  Line  ab. 

From  the  centres  a  and  b,  with  the 
distance  ab,  describe  arcs,  intersecting 
in  e.  Draw  ac,  bc,  and  abc  will  be  the 
equilateral  triangle. 

For  the  equal  radii  ac,  bc,  are,  each 
of  them,  equal  to  ab. 


FROB£fiM  XVII. 

To  make  a  Triangle  with  Three  Given  Lines  ab,  ac,  bc. 

With  the  centre  a,  and  distance  ac, 
describe  an  arc  With  tlie  centre  b, 
and  distance  bc,  describe  another  arc, 
cutting  the  former  in  c.  *  Draw  ac,'bc, 
and  ABC  will  be  the  triangle  required. 

For  the  radii,  or  sides  of  the  triangle, 
AC,  BC,  are  equal  to  the  given  lines  ac, 
BC9  by  Construction. 


TROBLBM  XTIII. 

To  make  a  Square  on  a  Given  Line  ab. 

Raise  ad,  bc,  each  perpendicular  and 
equal  to  ab  ;  and  join  dc  ;  so  shall  abcd 
be  the  square  sought. 

For  all  the  three  sidea  ab,  ad,  bc,  are 
equal,  by  the  construction,  and  dc  is  equal 
and  parallel  to  ab  (by  th*  34} ;  so  that  ail 
the  four  sides  are  equal,  and  the  opposite 
ones  are  parallel.  Again,  the  angle*  a  or  b,  of  the  parallelo- 
gram, being  a  right  angle,  the  ai^es^re  all  right  ones  (cor. 
1,  th.  22).  Hence,  then,  the  figure^  iiaving  all  its  sidea  equal, 
and  ail  its  angles  right,  is  a  square  (def.  34). 
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PROBLEM   XIX. 


To  make  a  Rectangle,  or  a  Parallelogram,  of  a  Given  Length 

and  Bi^adth,  aB)  bc. 

Erect  AD,  bc,  perpendicular  to  ab,  and 
each  equal  to  bc  ;  then  join  dc,  and  it  is 
done. 

The  demonstration  is  the  same  as  the 
hst  problem.  .^ 

And  in  the  same  manner  is  described  any  oblique  parallel^ 
ogram,  only  drawing  ad  and  bc  to  make  the  given  oblique 
angle  with  ab,  instead  of  perpendicular  to  it. 

PROBLEM   XX. 

To  Inscribe  a  Circle  in  a  Given  Triangle  abc. 

Bisect  any  two  angles  a  and  b,  with 
the  two  lines  ad,  bd.  From  the  inter- 
section D,  which  will  be  the  centre  of 
the  circle,  draw  the  perpendiculars  de, 
DP,  DG,  and  they  will  be  the  radii  of  the 
circle  required. 

For,  since  the  angle  dar  is  equal  to 
the  angle  dao,  and  the  angles  at  e,  g, 
right  angles  (by  constr.),  the  two  triangles  ade,  ado,  arc 
equiangular  ;  and,  having  also  the  side  ad  common,  they  are 
identical,  and  have  the  sides  db,  dg,  equal  (tli.  3).     In  like 
manner  it  is  shown,  that  nr  is  equal  to  de  or  do. 

Therefore,  if  with  the  centre  d,  and  distance  de,  a  circle 
be  described,  it  will  pass  through  all  the  three  points  b,  p,  g, 
in  which  points  also  it  will  touch  the  three  sides  of  the  triangle 
(th.  46),  because  the  radii  de,  dp,  do,  are  perpendicular  to 
them. 


PROBLEM  XXI. 


To  Describe  a  Circle  about  a  Given  Triangle  abc 

Bisect  any  two  sides  with  two  of  the 
perpendiculars  de,  dp,  dg,  and  d  will  be 
the  centre. 

For,  join  da,  db,  dc.  Then  the  two 
right-angled  triangles  DAB)DBE,have  the 
two  sides  db,  ea,  equal  to  the  two  de, 
£B,  and  the  included  angles  at  e  equal : 
those  two  triangles  are  therefore  identical 
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(ih.  I),  and  have  the  side  da  equal  to  db.  In  like  manner 
it  is  shown,  that  dc  is  also  equal  to  da  or  db.  So  that  all 
the  three  da,  db,  dc,  being  equal,  they  are  raitii  oC  a  circle 
passing  through  a,  b,  and  c. 


problem  XXII. 

To  Inscribe  an  Equilateral  Triangle  in  a  Given  Circk' 

Through  the  centre  c  draw  any  dia- 
meter ab.  From  the  point  b  as  a  centre, 
With  the  radius  bc  of  the  given  circle', 
describe  an  arc  dce.  Join  ad,  ae,  de, 
and  ADE  is  the  equilateral  triangle  sought. 

For,  join  db,  dc,  bb,  ec.  Then  dcb 
is  an  equilateral  triangle,  having  each 
aide  equal  to  the  radius  of  the  given  circle, 
in  like  manner,  bce  is  an  equilateral  triangle.  But  the  angle 
ADE  is  equal  to  the  angle  a  be  or  cbe,  standing  on  the  same 
arc  AE  ;  also  the  angle  aed  is  equal  to  the  angle  cbd,  on  the 
same  arc  ad  ;  hence  the  triangle  dab  has  two  of  its  angles, 
ADE,  AED,  equal  to  the  angles  of  an  equilateral  triangle,  and 
therefore  the  third  angle  at  a  is  also  equal  to  the  same  i  so 
that  triangle  is  equiangular^and  therefore  equilateral* 


PROBLEM  XXIII. 

To  Inscribe  a  Squai*e  in  a  Given  Circle. 

*  Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  the  centre  e.  Then 
join  the  four  extremities  a,  b,  c,  d,  with 
nght  line^,  and  these  will  form  the  in- 
scribed square  abcd. 

For  the  four  right-angled  triangles 
abb,  bec,  ced,  dea,  are  identical,  be- 
cause they  have  the  sides  ba,  eb,  bc,  ed, 
all  equal,  being  radii  of  the  circle,  and 
the  four  iucluded  angles  at  e  all  equal, 
being  right  angles,  by  the  construction.  Therefore  all  their 
third.sides  ab,  bc,  cd,  da,  are  equal  to  one  another,  and  the 
figure  ABcD  is  equilateral.  Also,,  all  its  four  angles,  a,  b,  c, 
D,  are  right  ones,  being  angles  in  a  semicircle.  Consequently 
the  figure  is  a' square. 
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7E0BLEM  ZXIT. 

To  Describe  a  Square  about  a  Given  Circle. 

Draw  two  diameters  AC,  bd,  crossing 
at  right  angles  in  the  centre  s.  Then 
through  their  four  extremities  draw  fo, 
iH,  parallel  to  ac,  and  ri,  gh,  parallel  to 
BD,  and  they  will  form  the  square  fgbi. 

For,  the  opposite  sides  of  parallelo- 
grams being  equal,  fo  and  ih  are  ea<5h 
equal  to  the  diameter  ac,  and  fi  and  gu 
each  equal  to  the  diameter  bd  ;  so  that 
the  figure  is  equilateral.  Again,  because  the  opposite  angles 
of  parallelograms  are  equal)  all  the  four  angles  f,  o,  h,  x,  are 
right  angles,  being  equal  to  the  opposite  angles  at  k.  So  that 
the  figure  fghi,  having  iu  sides  equal,  and  iu  angles  right 
ones,  is  a  square,  and  its  sides  touch  the  drcle  at  the  four 
points  A,  B,  c,  Dy  being  perpendicular  to  the  rai^  drawn  lo- 
those  points. 

PROBLBK  XXV. 

To  Inscribe  a  Circle  in  a  Given  Square. 

BisBCT  the  two  sides  fg,  Fi,in  the  points  a  and  b  (last  fig)* 
Then  through  these  two  points  draw  ac  parallel  to  fo  or  ih> 
and  BD  parallel  to  fi  or  gu.  Then  the  point  of  intersection 
-£  will  be  the  centre,  and  tlie  four  lines  ba,  KB,  £c,BD,  radii 
of  the  inscribed  circle. 

For,  because  the  four  parallelograms  ef,  eg,  eb,  ei,  have 
their  opposite  sides  and  angles  equal,  therefore  all  the  four 
tines  ea,  eb,  ec,  bd,  are  equal,  being  each  equal  to  half  a 
side  of  the  square.  So  that  a  circle  described  fi*om  the  centre 
£,  with  the  distance  ea,  will  pass  through  all  the  points  a,  b, 
c,  D,  and  will  be  inscribed  in  the  square,  or  will  touch  its  four 
sides  in  those  points,  because  the  angles  there  are  right  ones. 

PROBLESC   XXVI. 

To  Describe  a  Circle  about  a  Given  Square, 
(see  fig.  Prob.  xxiii). 

Draw  the  diagonals  ac,  bd,  and  their  intersection  s  will  be 
the  centre. 

For  the  diagonals  of  a  square  bisect  each  other  (th«  40), 
making  ea,  eb,  ec,  ed,  all  equal,  and  consequently  these 
are  radii  of  a  circle  passing  through  the  four  points  a,  b,  c,  d. 

FROBtB&l 
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PHOBLKV   XSiYlU 

To  Cut  a  Given  Line  in  Extreme  and  Mean  Ratio. 

Let  ab  be  the  given  line  to  be  divided 
in  extreme  and  mean  ratio,  that  is,  so  as 
that  tiie  whole  line  may  be  to  the  gp:«ater 
j^rif  as  the  greater  part  is  to  the  less  part. 

Draw  BC  perpendicular  to  AB,and  equal 
<o  half  AB.  Join  ac  ;  and  with  centre  c 
and  <&tance  cb^  describe  the  circle  bp  ; 
then  with  centre  a  and  dbtance  ad,  de- 
scribe the  arc  db  ;  so  shall  ab  be  divided 
in  b  in  extreme  and  mean  ratio,  or  so  that 
AB  :  AB  :  :  AK  :  XB. 

For,  produce  AC  to  the  circtmiference  at  f.  Then,  adf 
being  a  secant,  and  ab  a  tangent,  because  b  is  a  right  angle  : 
therefore  the  rectangle  af.  An  is  equal  to  ab*  (coir.  1,  ih.  61)  ; 
consequently  the  means  and  extremes  of  these  are  propoition- 
al  (th.  77),  viz»  ab  :  af  or  An  -f>DF  :  :  An  :  ab.  But  ab  Is 
equal  to  ad  by  construction,  and  ab  s  3bc  =s  df;  therefore, 
ab  :  ab  -f  AB  : :  AB  :  AB  ;  and  by  division, 
>IB  ^  AB  : ;  AB   :    eb. 


PROBLEM  XXVIII. 

To^nscribe  an  Isosceles  Triangle  in  a  Given  Circle,  tha;t  shall 
have  each  of  the  Angles  at  the  Base  Double  the  Angle  at 
the  Vertex. 

*  Draw  any  diameter  ab  of  the  given 
tircle ;  and  divide  the  radius  cb,  in  the 
point  D,  in  extreme  and  mean  ratio,  by 
the  last  problem.  From  the  point  b 
apply  the  chords  be,  bf,  each  equal  to 
the  greater  part  en.  Then  join  ax,  af, 
XF ;  and  abf  will  be  the  triangle  requir- 
ed. 

For,  the  chords  ,be,  bf,  being  equal,  their  arcs  are  equal  s 
therefore  the  supplemental  arcs  and  chords  ae,  af,  are  also 
equal ;  consequently  the  triangle  aef  is  isosceles,  and  has 
the  angle  b  equal  to  the  angle  f  ;  also  the  angles  at  g  arc 
right  angles. 

Draw  CF  and  df.  Then,  bc  . :  en  :  :  cd  :  bd,  or 
BC  :  BF  :  :  BF  :  BD  by  constr.  And  ba  :  bf  :  :  bf  :  bo 
(by  th.  87).  But  bc  a  ^ba  ;  therefore  bo  =  ^nn  3-  on  ; 
therefore  the  two  triangles  gbf,  odf,  s\re  idcnlical  (th.  1), 

and 
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and  each  equiangular  to  abv  and  agf  (th.  87).  Therefore 
their  doubles^  bvd,  afb,  are  isosceles  andequiangular,  as 
well  as  die  triangle  bcf  ;  havuig  the  two  sides  bc,  cf»  equal, 
and  the  angle  b  common  with  the  triangle  bfd.  Butco 
is  as  DF  or  BF  ;  therefore  the  angle  c  =  the  angle  dfc  (th. 
4)  ;  consequently  the  angle  bof,  which  is  equal  to  the  sum  of 
these  two  equal  angles  (th.  1 6),is  double  of  one  of  them  c ;  or 
the  equal  angle  b  or  cfb  double  the  angle  c.  So  that  cbf  is 
an  isosceles  triangle,  having  each  of  its  two  equal  angles 
double  of  the  third  angle  c.  Consequently  the  triangle  abf 
(which  it  has  been  shown  is  equiangular  to  the  triangle  cbf) 
has  also  each  of  its  angles  at  the  base  double  the  angle  ▲  at 
the  vertex. 

FBOBLEM  ZXIX. 

To  Inscribe  a  Regular  Pentagon  in  a  Given  Circle. 

IxscaiBE  the  isosceles  triangle  abc 
having  each  of  the  angles  abc,  acb, 
double  the  angle  bac  (prob.  28).  Then 
bisect  the  two  arcs  aob,  aec,  in  the 
points  n,  e  ;  and  draw  the  chords  ad, 
nB,  ae»  EC)  so  shall  AnscE  be  the  in- 
scribed equilateral  pentagon  required. 

For,  because  equal  angles  stand  on 
equal  arcs,  and  double  angles  on  double  arcs,  also  the  angles 
ABC,  ACB,  being  each  double  the  angle  bac,  therefore  the  arcs 
ABB,  AEc,  subtending  the  two  foi-mer  angles,  each  one  double 
the  arcs  bc  subtending  the  latter.  And  since  the  two  former 
arcs  are  bisected  in  d  and  e,  it  follows  that  all  the  live  arcs 
AD,  DB,  BC,  cE,  EA,  are  equal  to  eadh  other,  and  consequently 
the  chords  also  which  subtend  them,  or  the  five  sides  of  the 
penugon,  are  all  equal. 

^c^r.  In  the  construction,  the  points  n  and  e  are  most  easily 
found,  by  applying  bd  and  ce  each  equal  to  bc 

PROBLEM  XXX. 

To  Inscribe  a  Regular  Hexagon  in  a  Circlei. 

Apply  the  radius  ao  of  the  given  circle 
as  a  chord,  ab,  bc,  cd,  Sec,  quite  round  the 
circumference,  and  it  will  complete  the 
regular  hexagon  abcdef. 

For,  draw  the  radii  ao,  bo,  co,  do,  eo, 
FO,  completing  six  equal  triangles  ;  of 
which  any  one,  as  abo,  being  equilateral 


PROBLEMS.  365 

hj  constr^  ^^^  three  angles  are  all  equal  (cor.  2,  th.  3),  and 
anf  one  of  them,  as  aob,  is  one^third  of  the  whole^  or  of  two 
right  angles  (th.  17),  or  one«sixth  of  four  right  angles.  But 
the  whole  circumference  is  the  measure  of  four  right  angles 
(cor  4)  th.  6).  Therefore  the  arc  ab  is  one-sixth  of  the 
circumference  of  the  circle,  and  consequently  its  chord  ab 
one  side  of  an  equilateral  hexagon  inscribed  in  the  circle. 
And  the  same  of  the  other  chords. 

Coroi.  The  side  of  a  regular  hexagon  is  equal  to  the  radius 
of  the  circumscribing  circle,  or  to  the  chord  of  one-spith 
part  of  the  circumference. 


FROBLEM   XXXI. 


To  describe  a  Regular  Pentagon  or  Hexagon  about  a  Circle. 

In  the  given  circle  inscribe  a  regular 
polygon  of  the  same  name  or  number 
of  sides,  as  abcdb,  by  one  of  the  fore« 
going  problems.  Then  to  all  its  angu- 
lar points  draw  tangents  (by  prob.  13), 
and  these  Dv;ill  form  the  circumscribing 
polygon  required. 

For,  all  the  chords,  or  sides  of  the 
inscribing  figure*  ab,  bc,  &c,  being  equal,  and  all  the  radii 
OA,  OB,  &c,  being  equal,  all  the  vertical  angles  about  the  point 
o  ai*e  equal.  But  the  angles  oef,  oaf,  oao,  obg,  made  by 
the  tangents  and  i^adii,  arc  right  angles ;  therefore  oef  -f*  oaf 
=  two  right  angles,  and  oag  +  obg  =  two  rig^ht  angles  ; 
consequently,  also,  aoe  -f*  afe  =  two  right  angles,  and  aob 
+  AGB  =17  two  right  angles  (cor.  2,  th.  18).  Hence,  then,  the 
angles  aoe  +  afe  being  =  aob  +  agb,  of  which  aob  is  s=5 
aoe  ;  consequently  the  remaining  angles  f  and  o  are  also 
equal.  In  the  same  manner  it  is  shown,  that  all  the  angles  f, 
G,  H,  X,  K,  are  equal. 

Again,  the  tangents  from  the  same  point  fe,  fa,  are  equals 
as  also  the  tangents  AC,  gb  (cor,  2,  th.  61);  and  the  angles 
F  and  G  of  the  isosceles  triangles  afe,  agb,  are  equal,  as  well 
as  their  opposite  sides  ae,  ab  ;  consequently  those  two  trian- 
gles are  identical  (th.  1),  and  have  their  other  sides  ef,  fa,  ag, 
gb,  all  equal,  and  fg  equal  to  the  double  of  any  one  of  them. 
In  like  manner  it  is  shown,  that  all  the  other  sides  gh,  hi, 
IK,  KFi  are  equal  to  fg,  or  double  of  the  tangents  gb,  bh,  &c. 

Hence,  then,  the  circumscribed  figure  is  both  equilateral 
and  equiangular,  which  was  to  be  shown. 

CotqL 
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Corel.  The  inscribed  circle  touches  the  middles  of  tlia  sides 
of  the  polygon. 

PROBLRX  XZXlf. 

To  Inscribe  a  Circle  in  a  Regular  Polygon. 
Bisect  any  two  sides  of  the  polygon 
by  the  perpendiculars  go,  fo,  and  their 
intersection  6  will  be  the  centre  of  the 
inscribed  circle,  and  og  or  or  will  be  the 
radius. 

Forthe  perpendiculars  to  the  tangents 

AT»  AG,  pass  through  the  centre  (cor.  th.  

47);    and  the  inscribed  circle  touches  C  D 

the  middle  points  7,  o,  by  the  last  corollary.  Also,  the  two 
sides  AO,  Ao,  of  the  right-angled  triangle  aog,  being  equal 
to  the  two  sides  af,  ao,  of  the  right-angled  triangle  aof,  the 
third  sides  of,  00,  will  also  be  equal  (cor.  th.  45).  Therefore 
the  circle  described  with  the  centre  o  and  radius  og,  will  pass 
through  F,  and  will  touch  the  sides  in  the  points  o  and  p. 
And  the  same  for  all  the  other  sides  of  the  figure. 


FBOBLVM  XXXIII. 

To  Describe  a  Circle  about  a  Regular  Polygon. 

Bisect  any  two  of  the  angles,  c  and  n, 
with  the  lines  co,  do  ;  then  their  inter- 
section o  will  be  the  centre  of  the  cir- 
cumscribing circle  ;  and  oc,  or  ooy  will 
be  the  radius. 

For,  draw  on,  oa,  ok,  &c,  to  the 
angular  points  of  the  given  polygon. 
Then  the  triangle  ocd  is  isosceles, having  the  angles  at  c, and 
II  equal,  being  the  halves  of  the  equal  angles  of  the  polygon 
BCD,  CDB ;  therefore  their  opposite  sides  co,  do,  are  equal 
(th.  4).  But  the  two  triangles  ocd,  ocb,  having  the  two  sides 
oc,  CD,  equal  to  the  two  oc,  cb,  and  the  included  angles  ocd, 
ocB,  also  equal,  will  be  identical  (th.  1),  and  have  their  third 
sides  BO,  OD,  equal.  In  like  manner  it  is  shown,  that  all  the 
lines  o A,  ob,  oc,  od,  ob,  are  equal.  Consequently  a  cirde 
described  with  the  centre  o  and  radius  o  a,  will  pass  through 
all  the  other  angular  points,  b^  c,  d,  8(c,  and  will  ciixumscribe 
the  polygon. 
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PaOBLKM  XXXXV. 

To  make  a  Square  Equal  to  the  Sum  of  two  or  more  Given 

Squares. 

Let  ab  and  ac  be  the  sides  of  two ' 
•given  squares.  Draw  two  indefinite 
lines  AP9  AQy  at  right  angles  to  each 
other ;  in  wMch  place  the  sides  ab^ 
AC9  of  the  given  squares  ;  join  bc  ; 
then  a  square  described  on  bc  will  be 
equal  to  tlie  sum  of  tlie  two  squares  . 
described  on  ab  and  ac  (th.  34). 

In  the  juune  manner^  a  square  may  be  made  eqiial  to  the 
sum  of  the  three  or  niore  given  squares.  For,  if  ab^  ac^  ap, 
be  taken  as  the  sides  of  the  given  squares^  then,  making 
AB  =s  BC)  AD  =  AD)  and  drawing  de,  it  is  evident  that  the 
square  on  de  will  be  equal  to  the  sum  of  the  three  squares 
on  AB|  AC)  AD.    And  so  on  for  more  squares.. 
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P&OBLEM   XXXV. 

To  make  a  Square  Equal  to  the  Difference  of  two  Gives 

Squares. 

Let  AB  and  ac,  taken  in  the  same 
stnught  line,  be  equal  to  the  sides  of  the 
two  given  squares. — l^rom  the  centre  a, 
with  the  distance  ab,  describe  a  circle  ; 
and  make  cd  perpendicular  to  ab,  meet-  A  C  B 

ing  the  circumference  in  n :  so  shall  a  square  described  on  en 
be  equal  to  ad*— ac*,  or  ab"—ac*, as  required  (cor.  th.  34). 


PROBLEM  XXXVI. 

To  make  a  Triangle  Equal  to  a  Given  Quadrangle  abcd^ 

pBAW  the  diagonal  ac,  and  parallel 
to  it  DE,  meeting  ba  produced  at  b,  and 
join  CE  ;  then  will  the  triangle  ceb  be 
equal  to  the  given  quadrilateral  abcd. 

For,  the  two  triangles  ace,  acd,  be- 
ing on  the  same  base  ac,  and  between 
the  same  parallels  ac,  de,  are  equal  (th.  '^S) ;  tlierefore,  if 
ABC  be  added  to  each,  it  will  make  bce  equal  to  abcd  (ax.  2). 
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PKOBLBM  XXXVII. 

To  make  a  Triangle  Equal  to  a  Given  Pentagon  abcdk. 

Draw  da  and  db^  and  akio  bf, 
CO,  parallel  to  them,  meeting  ab  pro- 
duced at  F  and  o ;  then  draw  df  and 
DO ;  so  shall  the  triangle  dfo  be  equal 
to  the  given  pentagon  abcdb. 

For  the  triangle  DF  A  s  dea^  md 
the  triangle  dgb  s  dcb  (th.  35) ; 
therefore,b7  adding  dab  to  the  equals, 

the  sums  are  equal  (ax.  3),  that  is,  dab  -f  daf  -f  db0  ^  dab 
+  DAE  4- i>BG,<ir  the  triangle  BFO  =  to  the  penlagcMi  abcos. 


pboblbm  xxxtiie. 


To  make  a  Rectangle  Equal  to  a  Given  Triangle  abc. 

Bisect  the  base  ab  in  d  ;  then  raise 
DE  and  BF  perpendicular  to  ab,  and 
meeting  cf  parallel  to  ab,  atE  and  f  : 
so  shall  DF  be  the  rectangle  equal  to  the 
given  triangle  abc  (by  cor.  3>  th.  36). 


PROBLEM  ZXXIX. 


To  make  a  Square  Equal  to  a  Given  Rectangle  abcd. 


Produce  one  side  ab,  till  be  be 
equal  to  the  other  side  bc.  On  ab 
as  a  diameter  describe  a  circle,meet- 
ing  BC  produced  at  f  :  then  will  bf 
be  the  side  of  the  square  bfg'H, 
equal  to  the  given  rectangle  bd,  as 
required  ;  as  appears  by  cor.  th.  87, 
and  th.  77. 
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APPUCATION  OF  AIjGEBRA 

TO 

GEOMETRY. 
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HEN  it  is  proposed  to  resolvie  %  geometrical  problem 
ii%«bndcallyf  pr  hj  algebnh  it  is  proper^  in  the  first  piace, 
<o  draw  %  figure  that  i^bail  represent  tlie  several  parts  or  con- 
4itions  of  the  problem^  and  to  sunpose  that  figure  to  be  the 
<ru0  one.  Tbent  having  ponsidered  attentively  the  nature  of 
the  fffobhnn,  the  figure  U  nemt  to  be  prepared  for  a  solution, 
if  «ecee8M7t  by  producing  or  drawing  such  lines  in  it  as  ap- 
pear most  conducive  to  that  end*  This  done)  the  usual  sym- 
bols or  letters,  for  known  and  unknown  quantities,  are  em- 
ployed to  denote  the  several  parts  of  the  figure,  both  the 
known  and  unknown  parts,  or  as  many  of  them  as  necessary, 
-as  also  such  unknown  line  or  lines  as  may  be  easiest  found, 
whether  required  or  not.  Then  proceed  to  the  operation, 
by  observing  the  relations  that  the  several  parts  of  the  figure 
^ave  to  each  other  ;  from  which,  and  the  proper  theorems  in 
the  foregoing  elements  of  geometry,  make  out  as  many  equa- 
tions independent  of  each  other,  as  there  are  unknown  quan- 
tities employed  in  them:  the  resolution  of  which  equations,  in 
the  same  manner  as  in  ai*tthmetical  problems,  will  determuie 
t)ie  unknown  quantitiesi  and  resolve  the  problem  proposed. 

As  no  general  rule  can  be  given  for  drawing  the  lines,  and 
seleciing  the  fittest  quantities  to  substitute  for,  so  as  always 
loTring  out  the  most  simple  conclusions,  because  different 
problems  require  different  modes  of  solution ;  the  best  way  tp 
gain  experience,  is  to  try  the  solution  of  the  same  problem 
iii  different  ways,  and  ^en  apply  that  which  succeeds  besti 
toother  cases  of  the  same  kind,  when  they  afterwards  occ&r. 
The  following  particttltf  Erections,  however,  may  be  of  soro« 
use. 

l*r,  In  preparmg  the  figiire,  by  drawing  lines,  let  them  be 
either  parallel  or  perpendicular  to  other  lines  ip  the  figuret 
or  so  as  to  form  similar  triangles.  And  if  an  angle  be  given, 
it  will  be  proper  to  let  the  perpendicular  be  o{Hx>site  to  that 
angle,  and  to  fiiU  from  onie  end  of  a  givep  linoi  if  possible. 

VoiL.I.  Bhb  ^'j 
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3</,  In  Belecting  the  quantities  proper  to  subalitute  for^ 
those  are  to  be  chosen,  whether  required  or  not^  which  lie 
nearest  the  known  or  given  parts  of  the  figure,  and  by  means 
of  which  the  next  adjacent  parts  may  be  expressed  by  addi- 
tion and  subtraction  only,  without  using  surds. 

3(f,  When  two  lines  or  quantities  are  alike  related  to  other 
parts  of  the  figure  or  problem,  the  best  way  is,  not  to  make 
use  of  either  of  them  separately,  but  to  substitute  for  their 
sum,  or  difference,  or  rectangle,  or  the  sum  of  their  alternate 
quotients,  or  for  some  line  or  lines,  in  the  figure,  to  which 
they  have  both  the  same  relation. 

4/A,  When  the  area,  or  the  perimeter,  of  a  figure,  is  given^ 
or  such  parts  of  it  as  have  only  a  remote  relation  to  the  parts 
required :  it  is  sometimes  of  use  to  assume  another  figure 
similar  to  the  proposed  one,  having  one  side  equal  to  unity,  or 
some  other  known  quantity.  For,  hence  the  other  parts  of  the 
figure  may  be  found,  by  the  known  proportions  of  the  like 
sides,  or  parts,  and  so  an  equation  be  obtained.  For  exam- 
ples, take  the  following  problems. 


PROBLEM  I. 

In  a  Right-arigled  Triangle^  having  given  the  Base  (Z)^  and  the 
Sum  of  the  Hyfiothenuse  and  Perfiendtcular  (9) ;  to  find 
both  these  two  Sides, 

Lbt  ABC  represent  the  proposed  triangle, 
right-angled  at  b.  Put  the  base  ab  =3=6, 
and  the  sum  ac  -f-  bc  of  the  hypothenuse 
and  perpendicular  =  9  =  • ;  also,  let  x  de- 
note the  hypothenuse  ac,  and  y  the  perpen- 
dicular bc. 

Then  by  tlie  question      -    -    -    x+y  =  », 
and  by  theorem  34,      -    -    -    jr*  ==  y »  +  6». 

By  transpos.  y  in  the  1st  equ.  gives  x  =  •  —  y. 

This  value  of  x  substi.  in  the  2d, 

gives      --. «*  —  3«y  -|-  yS  --.  y«  -}-  h*^ 

Taking  away  y  'on  both  sides  leaves «  >  —  2sy  =  6*j     * 

By  transpos.  2sy  and  6',  gives      «*  —  6'  =  2«y, 

•»  —  b^ 

And  dividing  by  2«,  gives  -    -    . =  y  =:  4  =  bc. 

Hence  x  =  «— y=  5  =  ac. 

N-  B.    In  this  solution,  and  the  following  ones,  the  nota- 
tion is  made  by  using  as  many  unknown  letters,  x  and  y,  as 

there 
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• 

there  are  unknown  sides  of  the  triangle^  a  separate  letter  for 
each  ;  in  preference  to  using  only  one  unknown  letter  for  one 
aide,  and  expressing  the  other  unknown  side  in  terms  of  that 
letter  atid  the  given  sum  or  difference  of  the  sides  ;  though 
this  latter  way  would  render  the  solution  shorter  and  sooner ; 
because  the  former  way  gives  occasion  for  more  and  better 
l»racdce  in  reducing  equations,  which  is  the  very  end  aojd  rea- 
son for  which  these  problems  are  given  at  all. 


PROBLEM  XI. 


Jn  a  Right^ngled  Triangle^  having  given  the  ffyftothenuse 
(5)  ;  and  the  Sum  of  the  Base  and  Perfiendicular  (7) ;    to 
Jind  doth  these  tv>o  Sides, 

Let  ABC  represent  the  proposed  triangle,  right-angled  at 
B.  Put  the  given  hypothenuse  ac  =5  =  a,  and  the  sum 
AB  4-  Bc  of  the  base  and  perpendicular  3=  7  =  a  ^  also  letx 
denote  the  base  AB,and  y  the  perpendicular  bc. 

Then  by  the  question     -    -    -  x  +  y  =s  9 

•    and  by  theorem  34    -    -     -  x^  '\'y*  ^s^a^ 

By  transpos.  y  in  the  1st,  gives  x  s:  «  — -  y 

Bysttbstitu-thisvalu.  for  x,  gives  9^  —  2«y  -f  2ys  sc  a^ 

By  transposing  **,  gives     -     -  2y^  —  2»y  =s  a*  —  «» 

By  dividing  by  2,  gives      •    -  y»  —  «y  =  \a*  — }*' 

By  completing  the  square,  gives  y*— .#y-f-J«»  —  \a^  —  ^«« 

By  extracting  the  root,  gives      y  -^  {»  =  Vi^^—  i*' 

By  t]*ansposbg  |«, gives    •    -    y  =  ^«  ±  v^^a*— ^«^  s= 

4  and  3,  the  values  of  x  and  y. 


PROBLEM   III. 

Jna  Rectangle^  having  given  the  Diagonal  (10),  and  the  Peri- 
meter  J  or  Sum  of  all  the  Four  Sides  (28)  ;  tojbid  each  of  the 
Sides  severally. 

Let  abcd  be  the  proposed  rectangle  ; 

and  put  the  diagonal  ac  e=  16  =  </,  and 

half  the  perimeter  ab  +  bc  or  ad  +  i>c 

s=  14  =  a ;   also  put  one  side  ab  =  2:, 

fpA  the  other  side  bc  s=  y.    Hence^  by 

rig^t-angled 
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tif^ht-angled tmiiglet,      •    •    -    •    x*  +  p*  mad* 

And  by  the  quetdoii)        -     -    •     •    x    +y  t^u 

Thenb3rtr&fnpofliiigyillth«3d,givet  x    a&«-««y 

This  value  substituted  in  the  Itt,  gives  «•  —  3«y  -f  ty«  la  i^ 

Trunposiiig  a',  gives    -    -    Sy*  *•  %tf  ^  d*  .^a^ 

And  dividing  by  3,  giv«s     -    y'  —  ay  za  itf '  -«-  ^* 

fiy  txmipletiog  the  iqittre,  it  is  y*  —  ay  +  |«s  :%  |if «  «^  ^i 

And  extracting  the  root,  gives  y  —  j«  a  Vi^'  ~*  i^^* 

And  transposing  ^,  gives        f  ss  ^a  ±  \/^*— V*^ 
or  6,  the  values  of  x  and  y. 


=  • 


VE08LBK  tV. 

Having'  given  the  JSase  and  Perpendicular  af  any  Triangle  ; 
to  find  the  Side  qf  a  Square  In§cri6ed  in  the  %ame, 

Lbt  ABC  represent  the  given  triangle, 
and  BroH  its  inscribed  square*  Put  the 
base  AB  s  b^  the  perpendicular  cd  sc  a, 
and  the  side  of  the  square  op  or  gq  ss 
m  =  x;  then  will  ci  =;  en  -i-  dx  = 
a  —  jc. 

Then,  because  the  like  lines  b  the 
similar  triangles  abc,  gfc,  are  propor- 
tional (by  theor.  84,  Geom.),  ab  :  en  :  :  ob  :  ci,  that 
is,  6  :  a  : :  X  ;  a— -x.  Hence,  by  multiplying  extreme 
and  means,tt^  ^^bx  xs  ax,  and  transposing  Ajr,  gives  abs^  ax 

ab 
+  6x  ;  then  dividing  by  a  4.  6,  gives  x  =s  »  a-  ov 

or  OB  the  side  of  the  inscribed  square  ;  which  therefore  i» 
of  the  same  magnitude,  whatever  the  species  or  the  angles  of 
the  triangles  may  be, 

PROBLBH  v. 

In  an  Equilateral  Triangle^  having  given  the  lengthy  ^the 
three  PtrfieruHpular^j  drawn  from  a  teriain  Femt  wittwn^  am 
the  three  Sidet ;  to  determine  the  Sideo. 
Lbt  ABC  represent  the  equilateral  tri- 
angle, and  DE,  DF,  DO,  the  given  pcr- 

jiendicuUrs  from  the  point  ».     Draw  the 

lines  DA,  DB,  DC,  to  the  three  angular 

points ;  and  let  fall  the  perpendicular  ch 

on  the  base  ab.     Put  the  three  given  per- 

pendteulars  s>b  r=  a,  df  s&  ^,  do  «  r, 

ftpd  put  :ip  =  Ap  or  B^y  half  the  side  of 


TO  OEOMETRT^  tfS 

the  equSateral  triangle.  Then  is  ac  of  bc  as  Sx,  and  by 
right  angled  triangles  the  perpendicular  ca  ^  V^c^'—i^H* 

N«W)  skioe  the  area«r  space  of  a  rectangle,  ia  exprested 
by  the  product  of  the  base  and  height  (cor.  2,  th.  t)  QeoiD<)» 
and  that  a  triangle  is  equal  to  half  a  rectangle  of  equal  base 
and  height  (cor.  1,  th.  36),  it  follows  that, 
the  whole  triangle  abc  is  ae  ^ab  X  gh  ==  x  x  x^3  «=  x^V  h 
the  triangle  abd  =  ^ab  X  do  =s  x  x  c  s=  cx, 
the  triangle  bcb  »  |bc  X  bb  ss  x  x  «  gs  ext 
the  triangle  Ae»  a>  |ac  )c  ni  »  x  X  ^  »  ^jt. 

But  the  three  laat  triangles  make  up>  or  are  equal  tO|  tfie 
whole  former,  or  great  triangle  ; 

that  iS)  x^v^3  =>  ox  -f  Ax  +  c<r ;  hence,  dividing  by  x,  gives 
X  y^3  c=  a    -f  6    +  ^1  snd  dividing   by    ^  3,  gives 
a  +  b  +  c 
X  s  ,  half  the  side  of  the  triangle  sought 

.  Also,  since  the  whole  perpendicular  cfl  is  as  4P%/S|  it  ia 
therefore ss  a+  b  +  c.  That  is,  the  whole  perpendiculBr 
CH,  is  just  equal  to  the  sum  of  all  the  three  smaller  perpen- 
diculars DB  4-  B7  +  no  taken  together,  wherever  the  point 
n  is  situated. 


rBOBLBM  VI« 

Iv  a  Right-angled  Triangle,  having  given  the  Base  (3),  and 
the  Difference  between  the  Hypothenuse  and  Perpendicular 
(1) ;  to  find  both  these  two  Sides* 


YBOBXJIM  Vlf* 

III  a  Right-angled  Triangle^having  g^ven  the  Hypothenuse 
CS\  and  the  Difference  between  the  Base  and  Perpendicular 
O)  >  to  determine  both  these  two  Sides. 


PaOBLBtf  VIZI. 

Having  j^iven  the  Area,  or  Measure  of  the  Space,  of  a 
Rectangle,  inscribed  in  a  ^vw  TiWglo ;  to  deteraine  the 
Sides  of  the  Rectangk. 

FBOBLBM 
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PBOBLSM  IX. 


In  a  Triangle,  having  giyen  the  Ratio  of  the  two  Sides, 
together  with  both  the  Segnenta  of  the  Base,  made  by  a 
Ferp^ulicular  from  the  Vertical  Angle  ;  to  determine  the 
Sides  of  the  Triangle. 


FROBLBM  Z. 


In  a  Triangle,  having  given  the  Base,  the  Sum  of  the 
other  two  Sides,  and  the  Length  of  a  Line  drawn  from  the 
Vertical  Angle  to  the  Middle  of  the  Base ;  to  find  the  Sides 
of  the  Triangle. 


PBOBLBM   XI. 


In  a  Triangle,  having  given  the  two  Sides  about  the  Ver« 
ticai  Angle,  with  the  Line  bisecting  that  Angle,*and  terminat- 
ing in  the  Base  ;  to  find  the  Base. 


PBOBLBM  XII. 


To  determine  a  Right-angled  Triangle  ;  having  g^ven  the 
Lengths  of  two  Lines  drawn  from  the  acute  angles,  to  the 
Middle  of  the  opposite  Sides. 


PBOBLBM  xui. 


To  determine  a  Right- Angled  Triangle  ;  having  given  the 
Perimeter,  and  the  Radius  of  its  Inscribed  Circle. 


PBOBLBM  xiv. 


To  determine  a  Triangle;   having  given  the  Base  th^o 
Perpendicular,  and  the  Ratio  of  the  two  Sides* 


PBOBLBM  XV. 


To  determine  a  Right-angled  Triangle ;  having  given  the 
Bypothenuse^  and  the  Side  of  the  Inscribed  Square. 


PBOBLEM 
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PROBLXX  XVI* 


,  To  determine  the  Radii  of  three  Equal  Circles,  described 
in.a  given  Circle,  to  touch  each  other  and  also  the  Circumfer-- 
ence  of  the  given  Circle. 


PROBLEM  XVII. 


In  a  Right-angled  Triangle,  having  given  the  Perimeter^  or 
Sum  of  all  the  Sides,  and  the  Perpendicular  let  fall  from  the 
Right  Angle  on  the  Hypothenuse ;  to  determine  the  Trian« 
gle,  that  is,  its  Sides. 


PROBLEM  XVIII. 


To  determine  a  Right-angled  Triangle ;  hainng  given  the 
Hypothenuse,  and  the  Difference  of  two  lines  drawn  from 
the  two  acute  angles  to  the  Centre  of  the  Inscribed  Circle. 


PROBLEM  XIX. 


To  determine  a  Triangle  ;  haying  given  the  Base,  the  Pqr- 
pendicular,  and  the  Difference  of  the  two  other  Sides. 


PROBLEM  XX. 


To  determine  a  Triangle ;  having  given  the  Base,  the  Pe^' 
f^ndicular,  and  the  Rectangle  or  Product  of  the  two  Sides. 


PROBLEM  XXI. 


To  determine  a  Triangle ;  having  given  the  Lengths  of 
three  Lines  drawn  from  the  three  Angles,  to  the  Middle  of 
the  opposite  Sides. 


PROBLEM  XXII. 


Ts  a  Triangle,  having  given  all  the  three  Sides ;  to  find  the 
RiBidius  of  the  Inscribed  Circle- 


PMBJ.BM 


«> 


in  APPUCATIOM  OF  ALOEBRAi  kc 


paasLSK  xxm. 


To  determine  a  mghl^oigled  Triangle ;  kavliig  ^ren  the  J 

8ld*  of  the  Inscribed  Square,  and  tlie  Radius  of  the  Inacribed  \ 

Circle. 


pmOBLBX   XXIV. 


To  dBtermine  a  Triangle,  and  the  Radius  of  the  Inaciibed 
Circle  ;  having  given  the  Lengths  of  three  Lines  drawn  fiwn 
tlie  three  Angles,  to  the  Centre  of  that  Circle. 


9MQBLMM  XXV. 


To  detenniiie  a  Right-angled  Triangle ;  having  i^vci^the 
BEfp>tbeBiiae,aflhd  the  Radiuaof  the  Inscribed  Circle. 


PROBLEM   XXVI. 


To  determine  a  Triangle  ;  having  given  the  Base,  the  Line 
Usectfa^Ae  Vertiiud  Anglet  end  the  JDJaaieter  of  the  Cir- 
cwnscrmng  Civde. 


PLANE 
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I.  Plane  trigonometry  treats  of  the  rela- 
tions and  calculations  of  the  sides  and  angles  of  plane  tri- 
angles. 

3.  The  circumference  of  every  circle  ^as  before  observed 
In  Geom.  Def.  57)  is  supposed  to  be  divided  into  360  equal 
.parts,  called  Degrees ;  aho  each  degree  intQ  60  Minutes, 
each  minute  into  60  Seconds,  and  so  on.  Hence  a  semicircle 
contains  160  degrees,  and  a  quadrant  90  degrees* 

3.  The  measure  of  an  angle  (Def.  58,  Geom.)  is  an  arc 
of  any  circle  contained  between  the  two  lines  which  form 
that  angle,  the  angular  point  being  the  centre ;  and  it  is 
estimated  by  the  number  of  degrees  conuined  in  that  arc. 

Hence,  a  right  angle,  being  measured  by  a  quadrant,  or 
quarter  of  the  circle,  is  an  angle  of  90  degrees;  and  the 
sum  of  the  three  angles  of  every  triangle,  or  two  right 
angles,  is  ecjual  to  180  degrees.  Therefore,  in  aVight-angled 
triangle,  takmg  one  of  the  acute  angles  fi*om  90  degrees,, 
leaves  the  other  acute  angle ;  and  the  sum  of  the  two  angles,  in 
any  triangle,  taken  from  180  degrees,  leaves  the  third  angle  ; 
or  one  angfle  being  taken  from  1 80  degrees,  leaves  the  sum 
of  the  other  two  angles. 

4.  Degrees  are  marked  at  the  top  of  the  figure  with  a 
small  ^,  minutes  with', seconds  with  "y  and  so  on.  Thus 
57^  30'  12'',  denote 57  degrees  30  minutes  and  12  seconds. 

5.  The  Complement  of  an  arc,  is 
what  it  wants  of  a  quadrant  or  90*. 
Thus,  if  AD  be  a  quadrant,  then  bd  is 
the  complement  of  the  arc  ab  ;  and, 
reciprocally,  ab  is  the  compliment  of 
BD.  So  that,  if  AB  be  an  arc  of  50^, 
then  its  complement  bd  will  be  40^. 

6.  The  Supplement  of  an  arc,  is 
what  it  wants  of  a  semicircle,  or  1 80^. 
Thus,  if  adb  be  a  semicircle,  then  bde  is  the  supplement  of 
the  arc  ab  ;  and,  reciprocally,  ab  is  the  supplement  of  the 
arc  BDE.  So  that,  if  ab  be  an  arc  of  50^,  then  its  supple- 
ment bdb  will  be  130?. 
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7'  The  Sine,  or  Right  Sine,  of  an  arc,  is  the  line  drawn 
from  one  extremity  of  the  arc,  perpendicular  to  the  diameter 
which  passes- tbiyigli  the  other  extremitf.  Thus,  bv  is  the 
sine  of  the  arc  ab,  or  of  the  supplemental  arc  bdb.  Hence 
the  sine  (bt)  is  half  the  chonl  (bo)  of  the  double  arc  (bag). 

8.  The  Versed  Sine  of  mi  aiv,  it  the  part  of  the  diameter  in- 
tercepted between  Che  arc  and  its  sine.  So,  af  is  the  versed 
sine  of  the  arc  ab,  and  ep  the  versed  sine  of  the  arc  bob. 

9.  The  Tangent  of  an  arc,  is  a  line  tovching  the  circle  in 
one  extremity  of  that  arc,  continued  from  thence  to  meet  a 
line  drawn  from  the  centre  through  the  other  extremity ; 
which  last  line  is  called  the  Secant  of  the  same  arc.  Thus, 
AH  is  the  tangent,  and  cti  the  secant,  of  the  arc  ab.  Also, 
Bi  is  die  tangent,  and  ci  the  aecant,  of  the  snpplementai  arc 
bdb.  And  this  latter  tangent  and  secant  are  equal  to  tlie 
former,  but  are  accoimted  negative,  as  being  drawn  in  an 
opposite  or  contrary  direction  to  the  former. 

10.  The  Cosine,  Cotangent,  and  Cosecant,^  of  an  arci 
are  the  sine,  tangent,  and  secant  of  the  complement  of  that 
arc,  the  Co  being  only  a  contraction  of  the  word  comple- 
raent.  Thus,  the  arcs  ab,  bo,  being  the  complements  of 
each  other,  the  sine,  tangent,  or  secant  of  the  one  of  thesoi 
•is  the  cosine,  cotangent,  or  cosecant  af  the  other.    So,  BV, 

the  sine  of  ab,  is  the  cosine  of  bd  ;  and  bk,  the  sine  of 
BD,  is  the  cosipe  of  ab  :  in  like  manner,  ah,  the  tangent 
of  ab,  is  the  cotangent  of  bd  ;  and  dl,  the  tangent  of 
db,  is  the  cotangent  of  ab  :  also,  ch,  the  secant  of  ab^ 
is  the  cosecant  of  bd  ;  and  cl,  the  secant  of  bd,  is  the  co- 
secant of  AB. 

Corol.  Hence  several  remarkable  properties  easily  foli<»w 
from  these  definitions ;  as, 

UCy  That  an  arc  and  its  supplement  hare  the  same  sine,* 
tangent,  and  secant ;  but  the  two  latter,  the  tangent  and 
secant  arc  accounted  negative  when  the  arc  is  greater  than  a 
quadrant  or  90  degrees. 

2<2,  When  the  arc  is  0,  or  nothing,  the  sine  and  tangent 
are  nothing,  but  the  secant  is  then  the  radius  ca,  the  least  it 
can  be.  As  the  arc  increases  from  0,  the  sines,  tangents, 
and  secants,  all  proceed  increasing,  till  the  arc  becomes  a 
whole  quadrant  ad,  and  then  the  sine  is  the  greatest  it  can  be, 

being 
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being  the  radius  cd  of  the  circle  ;  and  both  the  tangent  and 
secant  are  infinite. 

d</,  Of  an  arc  aB|  the  versed  sine  af,  and  cosine  bk, 
or  CF)  togedier  make  up  the  radius  pA  of  the  circle.— -The 
nuUus  CMy  the  tangent  ah,  and  the  secant  cs,  form  a 
right-aogkd  tnangle  cah.  S»  alao  do  the  radius,  sine,  and 
cosine,  torm  another  right-angled  triangle  cbf  or  c»k.  Aft 
also  the  radiuS)  cotangent,  and  coMcanc,  another  right-angled 
triangle  cdl.  And  aU  these  rightoangled  triangles  ave  simi* 
l^r.  to  each  other. 

H.  The  sine,  tangent,  or 
secant  of  an  angie«  is  the  sincy 
tangent,  or  secant  of  the  arc 
hy  which  the  angle  is  mea- 
sured, or  of  the  degrees,  Sie«' 
in  the  same  arc  or  angle. 

13.  The  method  of  con- 
stnictingthe  scales  of  chords, 
sines,  tangents,  and  secants, 
iwuallf  engraven  ofi  instru- 
ments, lor  practieey  is  exhi- 
bited in  the  annexed  figure. 

13.  A  Trigonometrical 
Canon,  is  a  table  showing 
the  length  of  the  sine,  tan- 
gent,, and  secant,  to  every 
degree  and  minute  of  the  <§ 
quadi'ant,  with  respect  to  the 
radius,  which  is  expressed  by 
unity  or  1,  with  any  number 
of  cyphers.  The  logarithms 
of  these  sines,  tangents,  and 
secants,  are  also  ranged  in  the 
tables ;  and  these  are  most  commonly  used,  as  they  perform 
the  calculations  by  only  addition  and  subtraction,  instead 
of  the  multiplication  and  division  by  the  natural  sines, 
&c,  according  to  the  nature  of  logarithms.  Such  a  table  of 
log.  sines  and  tangents,  as  well  as  the  logs,  of  common  num- 
bers, are  placed  at  the  end  of  the  second  volume,  and  the  des- 
cription and  use  of  them  are  as  follow  ;  viz.  of  the  sines  and 
tangents;  and  the  other  table,  of  common  logs,  has  been 
already  explained. 


Des' 
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3e9crt/i$ion  of  the  Tabic  tf  Leg.  8ine9  and  Tangent m^ 


In  the  first  column  of  the  table  are  contained  all  the  arcs^ 
or  angles,  for  every  minute  in  the  quadrant,  viz*  from    1'  to 
45^,  descending  from  top  to  bottom  by  the  left  hand  side, 
and  then  returning  back  by  the  right-hand  side,  ascending 
from  bottom  to  top,  from  45*  to  90«  ;   the  degrees  bein^  set 
at  top  or  bottom,  and  tbe  minutes  in  the  column.    Then 
the  sines,  cosines,  tangents,  cotangents,  of  the  degrees  and 
minutes,  are  placed  on  the  same  lines  with  them,  and  in 
the  annexed  columns,  according  to  their  several  respective 
names  or  titles,  which  are  at  the  top  of  the  columns  for  tbe 
degrees  at  the  top,  but  at  the  bottom  of  the  columns  for  the 
degrees  at  the  bottom  of  the  leaves.    The  secants  and  cose-. 
omts  are  omitted  in  this  table,  because  they  are  so  easily 
found  from  the  sines  and  cosines ;  for,  of  every  arc  or  angle, 
the  sine  and  cosecant  together  make  up  SO  or  double  the  ra- 
dius, and  the  cosine  and  secant  together  make  up  the  same 
20  also.    Therefore,  if  a  secant  is  wanted,  we  have  only  to 
subtract  the  cosine  from  30  ;  or,  to  find  Uie  cosecant,  take 
the  sine  from  20.    And  the  best  way  to  perform  these  sub* 
tractions,  because  it.may  be  done  at  sight,  is  to  begin  at  the 
left  hand,  and  take  every  figure  from  9,  but  the  last  or  rigbt 
hand  figure  from   10,  prefixing  1,  for  10|  before  the  firs^ 
figure  of  the  remainder. 


PROBLEM  I. 


To  eotnfiute  the  Mitural  Sine  and  Cosine  of  a  Given  Arc, 

This  problem  is  resolved  after  various  ways.    One  of  these 
is  as  follows,  viz.  by  means  of  the  ratio  between  the  diameter 
and  circumference  of  a  circle,  together  with  the  known  series 
for  the  sine  and  cosine,  hereafter  demonstrated.    Thus,  the 
semicircumference  of  the  circle,  whose  radius  is   I,  being 
3141592653589793  &c,  the    proportion  will  tlierefore    be» 
as  the  number  of  degrees  or  minutes  in  the  semicircle, 
is  to  the  degrees  or  minutes  in  the  proposed  arc, 
so  is  3*14159265  &c,  to  the  length  of  the  said  arc. 
Thi9  length  of  the  are  being  denoted  by  the  letter  «  ;  and 

itA 


PROBLEMS.  381 

its  sine  and  cosine  by  s  and  e ;  then  will  these  two  be  express- 
ed by  the  two  following  series,  viz. 

a»  a*  a'' 

«  =  a  «-  -—  +  ■  —  — _— .  ^  kc. 

2.3        9.3.4.5         3.3.4.5.^.7 

a*         a*  a"* 

6       130       5040 
a«        a*  «• 

ess  1  ^««if  ... ■+fcc. 

3       3.3.4        3.3,4.5.6 
a*      a*         fl* 

=.!-:—+ -+&C. 

3       34        730 

Exam.  1.  If  it  be  required  tofindthe*sine  and' cosine  of 
one  minute.  Then  the  number  of  minutes  in  180*  ^^ 
10800,  it  will  be  first,  as  10800  :  1  :  :  $'14159365  8cc  : 
*000290888308665  as  the  length^  of  an  arc  of  one  minute. 
Therelbrey  in  this  case, 

a  s:  -0003908883 

andl«»  =  -000000000004  8cc. 
the  diff.  IS  «  =  -0003908883  the  sine  of  1  minute. 
Also,  from      1. 

take  ^s  =  0*0000000433079  8cc, 
leave  c  =    -9999999577  the  cosine  of  I  minute. 

£xAM.  3.  For  the  sine  and  cosine  of  5  degrees. 
Here,  as  UO*"  i  S^  z  :  3-14159265  kc  :  •06736646  =?  a  the 
length  of  5  degrees.    Hence  a  =s->*08736646 

—  ja^  as    —  -00011076 

+  1-j,  a'    =  -00000004 

these  collected  give  «  ss  -087 15574  the  sbe  of  5*. 

And,  for  the  cosine,  1  ss  1- 

—    ^a»  =  —  -00380771 
+  ,i^a*  =        -00000241 

these  collected  give  c  =         -99619470  the  cosine  of  5^. 


^  After  the  same  manner,  the  sine  and  cosine  of  any  other 
arc  may  be  computed.  But  the  greater  the  arc  is  the  slower 
the  series  will  converge,  in  which  case  a  greater  number  of 
terms  must  be  taken,  to  bring  out  the  conclusion  to  the  same 
degree  of  exactness. 

Or, 
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Or>  having  found  the  siaei  the  cosine  will  be  found  iroai 
it,  by  the  property  of  the  rig^ht-angled  trianf>le  CBs,  yiz.  Ibe 

cosine  of  ==  \/  ©B'*  —  bf*>  or  c  =:  v^  I— .*2. 

There  are  also  oik«r  methods  of  constructing  the  cancn 
of  sines  and  cosines^  which,  for^brenty's  sake,  are  here 
omitted. 

PROBLBll  II. 

7b  comfiuie  the  TangmkU  mnd  8€€anf, 

The  sinos  and  cosines  being  known,  or  found  by  the 
foregoing  problem  ;  the  tangents  and  secants  will  be  easily 
found,  from  the  principle  of  .simikr  triangles,  in  the  follow- 
ing manner : 

>  In  the  first  figure)  where,  of  the  ate  ab,  bk  iaibe  sine, 
cv  or  BV  the  cosine,  hm  the  tangent,  .cm  the.  aecaBl,  n^ 
the  cotangent,  and  ci.  the  eoaecant,  the  mdins  being,  ca  or 
CB  or  en ;  the  tf^rea  siaailar  triangles  cfb,  gab,  cn&y  give  the 
following  proportions  : 

Utj  GF  :  FB  :  :  CA  :  AH  ;  whence  the  tangent  is  known, 
being  a  fourth  proportional  to  the  eosine,  sine,  and  radius. 

2<f,  CF  ;  CB  •  I  CA  :  CK ;  whence  the  secant  ti  known, 
being  a  third  proportional  to  the  cosine  and  radius. 

S</,  BF  :  FC  :  :  en  :  Di« ;  whence  liie cotangent  iaknown> 
being  a  fourth  proportioQal  to  the  sine,  eesine,  and  radius. 

4iA,  BF:Bc:xcn:cL;  whence  the  cosecant  is  known, 
being  a  third  proportional  to  the  sine  and  radius. 

As  for  the  U>g.  sines,  tangents,  and  secants,  in  the  tahlea» 
they  are  only  the  logarithms  of  the  natural  sines,  tangents, 
and  secants,  calculaibed  as  above. 


HAVING  given  an  idea  of  the  calculation  and  uae  of  sines, 
tangents,  and  secants,  we  may  now  proceed  to  resolve  ,the 
several  cases  of  Trigonometry  ;  previpua  to  which,  however, 
it  may  be  proper  to  add  a  few  preparatory  notes  and  observa- 
tions, as  below. 

Abif  1.  There  are  usually  three  methods  of  resolving  tri- 
angles, or  the  cases  of  trigonometry  ;  namely,  Geometrical 
Construction,  Arithmetical  Computution,  and  Instrumental 
Operation. 

In  thejmt  Methqd^  The  triangle  is  constructed,  by  making 
the  parts  of  the  given  magnitudes,  namely^  the  aides  {ram  a 
scale  of  equ^l  parts,  and  the  angles  from  a  scale  of  chords, 

or 
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or  by  some  other  instrument.  Then  measuring  ttie  un- 
known parts  by  the  same  scales  or  instruments,  the  solution 
win  be  obtained  near  the  truth. 

in  the  Second  Method^  Havitig  stated  the  terms  of  the  pro- 
portion according  to  the  proper  rule  or  theorem,  resolve  it 
like  any  other  proportion,  in  which  a  fourth  term  is  to  be 
found  from  three  given  terms,  by  multiplyhig  the  second 
and  third  together,  and  dividing  the  product  by  the  first,  in 
working  with  the  natural  numbers  ;  or,  in  working  with  the 
k>garithms,  add  the  logs,  of  the  second  and  third  terms  to- 
gether, and  from  the  sum  take  the  log.  of  the^  first  term ; 
then  the  natural  number  answering  to  the  remjunder  is  the 

fourth  term  sought. 

In  the  Third  Methody  Or  Instrumentally,  as  suppose  by  the 
log*,  lines  on  one  side  of  the  common  two-foot  Stales  j  Ex- 
tend the  Compasses  from  the  first  term,  to  the  second  ot 
third,  which  happens  to  be  of  the  same  kmd  with  it;  then 
that  extent  will  reach  ft-om  the  other  term  to  the  fourth 
term,  as  required,  taking  both  extents  towards  the  same  end 
of  the  scsde. 

J>rote  2.  Every  triangle  has  six  parts,  vii.  three  sides  and 
three  angles.  And  in  every  triangle,  or  case  in  trigonometry, 
there  must  be  given  three  of  these  parts,  to  find  the  other 
three.  Also,  of  the  three  parts  that  are  given,  one  of  them 
at  least  must  be  a  side;  because,  with  the  same  angles,  the 
sides  may  be  greater  or  less  in  any  proportion. 

M)te  3.  All  the  cases  in  trigonometry,  may  be  comprised' 
in  three  varieties  only  ;  viz. 

l«f,  When  a  side  and  its  opposite  angle  are  given. 

2rf,  When  two  sides  and  the  contained  angle  are  given. 

3rf,  When  the  three  sides  are  given.  » 

For  there  caiinot  possibly  be  more  than  these  three  varieties 
of  cases;  for  each  of  which  it  will  therefore  be  proper  to 
give  a  separate  theorem,  as  follows  : 


THEOREM   Is 

When  a  Side  and  Ufi  OfiJiosUe  Angle  are  two  of  the  Given  Part*. 

Then  the  unknown  parts  will  be  fotmd  by  this  theorem ; 
viz.  The  sides  of  the  triangle  have  the  same  proportion  to 
each  other,  as  the  sines  of  their  opposite  angles  have. 
That  is>  As  any  one  side. 

Is  to  the  sine  of  its  opposite  angle  ; 

So  is  any  other  side, 

To  the  sine  of  its  opposite  angle. 

JDemonMtr 
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DemofiBtr,  For,  let  abc  be  the  pro- 
posed triangle,  having  ab  the  greatest 
side,  and  ec  the  least.  Take  ad  ss 
BC,  considering  it  as  a  radius ';  and  let 
fall  the  perpendiculars  de,  cr,  which 
will  evidently  be  the  sines  of  the  an- 
gles A  and  B,  to  the  radius  ad  or  bc. 

Now  the  triangles  ads,  acF)  are  equiangular ;  they  therefore 
have  their  like  sides  proportionali  namely,  ac  :  cf  :  :  ad 
or  bc  :  DE ;  that  is,  the  side  ac  is  to  the  sine  of  its  opposite 
angle  b,  as  the  side  bc  is  to  tlie  sine  of  its  opposite  angle  a. 

J^ote  I.  In  practice,  to  find  an  angle,  begin  the  proportion 
with  a  side  opposite  to  a  given  angle.  And  to  find  a  side* 
begin  with  an  angle  opposite  to  a  given  side. 

J^ote  3.  An  angle  found  by  this  rule  is  ambiguous,  or  un- 
certain whether  it  be  acute  or  obtuse,  unless  it  be  a  right 
angle,  or  unless  its  magnitude  be  such  as  to  prevent  the 
ambiguity ;  because  the  sine  answers  to  two  angles,  which 
are  supplements  to  each  other ;  and  accordingly  the  geotnc*> 
trical  construction  forms  two  triangles  with  the  same  parts 
that  are  given,  as  in  the  eXfunple  below  ;  and  when  there  is 
no  restriction  or  limitation  included  in  the  question,  either  of 
them  may  be  taken.  The  number  of  degrees  in  the  table, 
answering  to  the  sine,  is  the  acute  angle ;  but  if  the  angle  be 
obtuse,  subtract  those  degrees  from  180^,  and  the  i^mainder 
will  be  the  obtuse  angle.  When  a  given  angle  is  obtuse,  or 
a  right  one,  there  can  be  no  ambiguity  ;  for  then  neither  of 
the  other  angles  can  be  obtuse,  and  the  geometrical  construc- 
tion wiU  form  only  one  triangle. 


EXAMPLE   I. 


In  the  plane  triangle  abc, 

1AB  345  yards 
Bc  233  yards 
^  Asr^^ac 
the  other  paitB. 


I.  Geometrically. 

Draw  an  indefinite  line ;  on  which  set  off  ab  =s  345 
from  some  convenient  scale  of  equal  parts. — Make  the  angle 
A  =  37^4. — ^With  a  radius  of  232,  taken  from  the  same 
scale  of  equal  parts,  and  centre  b,  ctx>58  ac  in  the  two 
points  c,  c«— Lastly,  join  nc^  bc,  and  the  figure  is  con- 
structed, 
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structcd,  which  gives  two  triangles,  and  showing  that  the 
case  is  ambiguous. 

Then,  the  sides  ac  measured  by  the  scale  of  equal  partSi 
and  the  angles  b  and  c  measured  by  the  line  of  chords,  or 
other  instrument,  will  be  found  to  be  nearly  as  below ;  yiz, 
AC  174  ^  b27o  ^  c  115*»|. 

ot37^\  or   78  i  or      64  f. 

3.  Arithmetically, 

First,  to  find  the  angles  at  c. 

As  side          bc  332            «         .  log.  2*365488 

To  sin.  op.  Z.A  37*^  20'     -        -  9-782796 

So  side          AB  345            -         -  2-537819 

So  sin.  op.    i^c  \\5^  '6'    or  64^  24'     9«955l27 

add       Z.A      37    20           37  20 

the  sum  152     56  or  101  44 

taken  from  180    00        180  00 

leaves   ^b  27     04   or   78  16 

Then,  to  find  the  side  ac.  . 

As  sine         ^a    37«  20'         -        .  log.  9-782796 
To  op.  side  BC  232  ->         -  2-365488 

So  sin.     ZB     $  f '  ^*'        '         -  ^*^5»^^'^ 

-^        J  78      16  .         -  9-990829 

To  Op.  side  AC       17407  -         -  2240729 

OP      374-56  -         -  2-573521 

3.  Inatrwnentally, 

In  the  first  proportion. — Extend  the  compasses  from  232 
to  345  on  the  line  of  numbers;  then  that  extent  will 
i^ach,  on  the  sines,  from  37**^  to  64<>  J,  the  angle  c. 

37' 

reach, _.^  .„.^  ^.  ..«„.„ 

the  two  values  of  the  side  ac. 

EXAMPLE  II. 

In  the  plane  triangle  abc> 


r  AB  365  poles  r  Z 

Given -{  ^a     57«  12'         Ans.  <     a 
L  Z.B     24     45  t     B 


Required  the  other  parts. 
Vol.  L  *^DDfl 


C         98»  3' 
AC        154-33 
BC       309*86 


EXAMPLE 
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XXAJCFLB 

in. 

In  the  plane  triangle  abc, 

C   AC     120  feet 
Given  ^      bc     113  feet 

1 

Ana. 

r  ZB     64°  35' 

k  or     115    35 

;  Zc     57    57                              < 

^  Z.A     57»  38'   . 
Requii^d  the  other  parte. 

\  or        7      7 
1  AB  112*6    feet 
^  OP      16  47  feet. 

THEORBM 

II* 

fV/icn  two  Sides  and  their  Contained  Angle  are  given. 

First  add  the  two  given  sides  together^  to  get  their  sum> 
and  subtract  thenii  to  get  their  difference.  Next  subtract 
the  given  angle  from  180^,  or  two  right  angles,  and  the  re- 
mainder will  be  the  sum  of  the  two  other  angles ;  then  divide 
that  by  3,  \>hich  wil!  give  the  half  sum  of  the  said  unknown 
angles.     Then  say, 

As  the  sum  of  the  two  given  sides, 

Is  to  the  difference  of  the  same  sides ; 

So  is  the  tang,  of  half  the  sum  of  their  op.  angles. 

To  the  tang,  of  half  the  diff.  of  the  same  angles. 

Then  add  the  half  difference  of  the  angles,  so  found,  t* 
their  half  sum,  and  it  will  give  the  greater  angle,  and  sub- 
tracting the  same  will  leave  the  less  angle  ;  because  the  half 
sum  of  any  two  qaantitie^  increased  by  their  half  difference^ 
gives  the  greater,  and  diminished  by  it  gives  the  less. 

Then  all  the  angles  being  now  known,  the  unknown  side 
will  be  found  by  the  former  theorem. 

JVotc  Instead  of  the  tangent  of  the  half  sum  of  the  un- 
known angles,  in  the  third  term  of  the  proportion,  may  be 
used  the  cotangent  of  half  the  given  angle,  which  is  the 
same  thing. 

^  Demonat,  Let  abc  be  the  proposed 
triangle,  having  the  two  given  sides 
Ac,^c,  including  the  given  angle  e. 
With  the  centre  c,  and  radius  ca, 
the  less  of  these  two  sides,  describe 
a  semicircle,  meeting  the  other  side 
BC  produced  in  d,  e,  and  the  un- 
known dde  AB  in  a,  g.  Join  ae, 
AD,  CO,  and  draw  bf  parallel  to  ae. 

Then  BE  is  the  sum  of  the  two  given  sides  ac,  cb,  or  of 
EC,  CB ;  and  bd  is  the  difference  of  the  same  two  given  sides 

Ae« 
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AC,  BC9  or  of  CD}  CB.  Also,  the  external  angle  acx,  is  equal 
to  the  given  sum  of  tlie  two  internal  angles  cas,  cba  ;  out 
the  angle  adE)  at  the  cii*cumferencef  is  equal  to  half  ihe 
angle  acb  at  the  centre ;  therefore  the  same  aagie  ade  is 
equal  to  half  the  given  sum  of  the  angles  cab,  cba.  Also, 
the  external  angle  a«c,  of  the  triangle  bcg,  is  equal  to  the 
sum  of  the  two  internal  angles  ocb,  gbc,  or  the  angle  ocb 
is-equal  to  the  difference  of  the  two  angles  agc,  obc  ;  but 
the  angle  cab  is  equid  to  the  said  angle  agc,  these  being  op- 
posite to  the  equal  sides  ac,  cg  ;  and  the  angle  dab,  at  the 
circumference}  is  equal  to  half  the  ang^e  dcg  at  the  centre ; 
therefore  the  angle  dab  is  equal  to  half  the  difference  of  the 
two  angles  cab,  cba  ;  of  which  it  has  bfeen  shown  that  ade  or 
CDA  is  the  half  sum. 

Now  the  angle  bab,  in  a  semicircle,  is  a  right  angle,  or  ae 
Is  perpendicular  to  ad  ;  and  df,  parallel  to  ae,  is  also  pei*- 
pendicular  to  ad  ;  consequently  ae  is  the  tangent  of  cda  the 
half  sum,  and  df  the  tangent  of  dab  the  half  difference  of 
the  angles,  to  the  sanve  radius  ad,  by  the  definition  of  a  tan- 
gent. But  the  tangents  ae,  df,  being  parallel,  it  will  be  as 
be  :  BD  :  :  AE  :  DF  ;  that  is,  as  the  sum  of  the  sides  is  to 
the  difference  of  the  sides,  so  is  the  tangent  of  half  the  sum 
of  the  opposite  angles,  to  the  tangent  of  half  their  dif* 
ference. 

EXAMPLE  1. 

In  the  plane  triangle  abc, 
C  AD  345  yards 
Given  <    ac  174*07  yards 
l  /LA,  Zf  20' 
Kequired  the  other  parts. 

1.  Geometrically^ 

Draw  AB  =r  345  from  a  scale  of  equal  parts.  Make  the 
angle  a  =  37«^  20^.  Set  off  ac  =  174  by  the  scale  of  equal 
parts.    Join  bc  ,  and  it  is  done. 

Then  the  other  parts  being  measured,  they  are  found  to  be 
iieai*lyas  follow;  viz.  the  side  bc  233  yards,  the  angle  b  27^, 
and  the  angle  c  1 15^  j-. 

2.  Arithmetically. 

The  side  AB    345  From         180<>  00' 

the  aide   ac     174*07  take  ^  a      37   20 


their  sum        519*07  sum  of  c  aftd  b  142    40 

their  differ.     170*93  lialfsumofdo.    71   20 


As 
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As  8um  of  tides  AB,  AC,    -     -    519*07  log.     2'7U326 

To  diff.  of  sides  ab,  ac,     -    -     170*93  -         3  232818 

So  tang,  half  sum  ^  s  c  and  b     7 1  °  30'  -        10*47 )  398 

To  tang,  half  diff.  ^  ^  c  and  b     44     16  -         9*988890 

these  added  give  ^  c  1 15     36 

and  sublr.     give  ^  b    37       4 
Then^  by  the  former  theorem^ 

As  sin.  Z  G  1 15<»  36'  or  64<'  34'          -  log.  9*955136 
To  its  op.  side  AB  345        «...      3*537819 

So  ain.of  Z  A  37<»  30'         •         .         .  9*783796 

To  its  op.  side  BC  333         ...  3*365489t 

3.  Inftrumentalfy. 

In  the  first  proportion.— Extend  the  compasses  from  519 
to  171,  on  the  line  of  numbers;  then  that  extent  vrill  reach^ 
on  the  tangents,  from  71^^  (the  contrary  way,  because  the 
tangents  are  set  back  again  from  45^)  a  little  beyond  45, 
which  being  set  so  &r  back  from  45,  &lls  upon  44^|,  the 
fourth  term. 

In  the  second  proportion.— Extend  from  64^^  to  37^4^  on 
the  sines ;  then  that  extent  will  reach  on  the  numbers,  from 
345  to  333,  the  fourth  term  sought. 

EXAMPLE    II. 

In  the  plane  triai^le  abc, 

f   AB  365  poles  r  Bc  309  86 

Given ^    ac   1 54*33  Ans.  <  Zb  24<»  45' 

t  Za  57<'  12'  LZc  98       3 

Required  the  other  parts. 

KXAMPLK  III. 

In  the  plane  triangle  abc, 


f  AC  120  yards  f  aj 

Given  <    bc  113  yaixls  Ans.<  Z 

IZC  57«  57'  (^Z 


AB  113*6 

A  57^  28 

^  _  _  _b  64  35 

Required  the  other  parts. 

THEOREM  III. 


When  the  Three  Side*  qfa  Triangle  are  given. 

First,  let  &11  a  perpendicular  from  the  greatest  angle  on 
the  opposite  sine,  or  base,  dividing  it  into  two  segments,  and 
the  whole  triangle  into  two  right-angled  triangles  :  then  the 
proportion  will  he, 

As 
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As  the  bttae,  or  sums  of  the  segments) 
la  to  the  sum  of  the  other  two  sides  ^ 
So  is  the  difference  of  those  sides, 
To  the  diff.  of  the  segments  of  the  base. 
Then  take  half  this  difference  of  the  segments,  and  add  it 
to  the  half  sum,  or  the  half  base,  for  the  greater  segment; 
and  subtract  the  same  for  the  less  segment. 

Hence,  in  each  of  the  two  right-angled  triangles,  there 
will  be  known  two  sides,  and  the  right  angle  opposite  to  one 
of  them ;  consequently  the  other  angles  will  be  found  hy  the 
first  theorem. 

Demonstr,  By  theor.  35,  Geom.  the  rectangle  of  the 
sum  and  difference  of  the  two  sides,  is  equal  to  the  rec- 
tangle of  the  sum  and  difference  of  the  two  segments. 
Therefore,  by  forming  the  sides  of  these  rectangles  into  a 
proportion  by  theor.  76,  Geometry,  it  will  appear  that  the 
stuns  and  differences  are  propordonal  as  in  this  theorem. 


SXAMPLB   I. 

In  tHI^pIane  triangle  abc, 

^ .  Tab  345 yards 

Given    J    .  _  «„rt  ^ 

the  sides 


DC  .1.1  iongic 
r  AB  345 

<  AC  232 
I  BC   174- 


To  find  tlie  angles. 


07 

ins 


1.  Geometrically. 

Draw  the  base  ab  =  345  by  a  scale  of  equal  parts. 
With  rsdius  332,  and  centre  a,  describe  an  arc ;  and  with 
radius  174,  and  centre  b,  describe  another  arc,  cutting  the 
former  in  c.    Join  ac,  bc,  and  it  is  done. 

Then,  by  measuring  the  angles,  they  will  be  found  to  be 
nearly  as  follows,  viz. 

Z.A  27%  /.b  37*|,  and  ^c  115<^^. 

2.  ArUhmetically, 

Having  let  fall  the  perpendicular  cp,  it  will  be, 
Ab  the  base  ab  :  ac  +  bg  : :  ac  —  bc  :  ap  —  bp, 
that  is,  as  345  :  406*07  :  :  67*93  :  68*18  =  ap  — BP. 
its  half  is         -  34*09 

the  haU  base  is  172-50 

the  sum  of  these  is    206*59  ^  ap 
and  their  diff.  is         138*41  «  bp 

Then, 
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Theni  in  the  triangle  apc,  right-angled  at  p. 

As  the  side  ac  -  •  S33  -  log.  3*365488 
To  sin.  op  ^p  -  -  90*  -  -  10*000000 
So  is  the  side  ap  -  -  206*59  -  -  3*3)5109 
To  sin.  op.  ^  AC  p  -  -  620  56'  -  9*949621 
Which  taken  from  -  90  00 
leaves  the  Za  27.  04 

• 
Again,  in  the  triangle  bpc,  right-angled  at  p. 

As  the  side    bc     -    -  174-07  •  log.  2*340734 

To  sin.  op.    ,Zr     -    *•      ^0*  -  -     10*000000 

Soi&side        bp     -     •  138*41  -  -       3*l4ll68 

Toun.Op^^BCP    -     -  52*  40'  -  -       9*900444 

which  taken  from  -  90  •  00 

leaves  the  ^b  37  30 

Alsoythe  Zacp  62»  56' 

added  to  Z^cp   52     40 

gives  the  whole  Zacb11536  ^ 

So  that  all  the  three  angles  are  as  follow^  vi:^. 

the  Z  A  27*  4';  the  ^b  37«  20';  the  ^c  115»  36'. 

3.  In9trumentaUy. 

In  the  first  proportion. — Extend  the  compasses  from  345 
to  406,  on  the  line  of  numbers;  then  that  extent  wDl  reach, 
on  the  same  line,  from  58  to  68*2  nearlv,  which  is  the  dif- 
ference of  the  segments  of  the  base. 

In  the  second  proportion. — ^Extend  from  232  to  206J,  on 
the  line  of  numbers  ;  then  thj^t  extent  will  i^ach,  on  the 
sines,  from  90*^  to  63*'. 

In  the  third  proportion. — Extend  from  174  to  138}  ;  then 
that  extent  will  reach  from  90«  to  52«|  on  the  sines, 

SXAMPLE  u* 

In  the  plane  triangle  abc. 

Given  f  "  ?f  f  P^l«» 
the  sides!  ^"^  ****^^ 

To  find  the  angles, 

examplc 
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$91 


KXAMPLS  III. 


In  the  plane  triangle  abc, 
^.        r  AB  190 

.^.     Z^^'i    AC  1126 
thcsides-j^   BC112 

To  find  the  angles. 


Ans. 


ABC) 

r  Za  57 

<  ZB5r 

I  Zc64 


•38' 
57 
35 


The  three  foregoing  theorems  include  all  the  cases  of 
plane  triangles,  both  right-angled  and  oblique.  But  there 
are  other  theorems  suited  to  some  particular  forms  of  trian-^ 
gles,  which  are  sometimes  more  expeditious*  in  their  use 
than  the  general  ones  ;  one  of  which,  as  the  case  for  which  i^ 
serves  so  frequently  occurs,  may  be  here  taken,  as  follows  : 
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When  a  Triangle  u  Right-angled  ;  any  of  the  unknown  fiarts 
may  be  found  by  the  following  firofiortivn^  :  viz. 


As  ridlus 

Is  to  either  leg  of  the  triangle ; 

So  is  tang,  of  its  adjacent  angle, 

To  its  opposite  leg ; 

And  so  is  secant  of  the  same  angle. 

To  the  hypothenuse. 

Demonatr.  ab  being  the  given  leg,  in  the 
right-angled  triangle  abc  ;  with  the  centre 
A,  and  any  assumed  radius  ad,  describe  an 
arc  DB,  and  draw  nr  perpendicular  to  ab, 
or  parallel  to  bc.  Then  it  is  evident,  from 
the  definitions,  that  df  is  the  tangent,  and 
AF  the  secant  of  the  arc  ns,  or  of  the  an- 
gle A  which  is  measured  by  that  arc,  to  the  radius  ad.  Then> 
because  of  the  parallels  bc,  df,  it  will  be,  -  -  -  -  as 
AD  :  AB  :  :  DF  :  BC  and  :  :  af  :  ac,  which  b  the  same  a? 
the  theorem  is  in  words. 

J\rote»  The  radius  is  equal,  either  to  the  sine  of  90*,  or  the 
tangent  of  45<> ;  and  is  expressed  by  1,  in  a  table  of  natural 
sines,  or  by  10  in  the  log.  sines. 

EXAMPLE  'Z. 

In  the  right^ngled  triangle  abc, 
Givet.  J  2*  5;f//,  ^^^  I  To  find  AC  and  bc. 

1.  Ge9metric^ly . 
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h  Geometrically, 

Make  ab  =  162  equal  parts,  and  the  aogle  a  s  SS""  7'  48" ; 
then  raise  the  perpendicular  bc,  meeting  ac  in  c.  So  shall 
AC  measure  2709  and  bc  216. 


As  radius 
To  leg.  AB 
So  tang.  Za 
To  leg.  BC 
So  secant  ^k 
To  hyp.  AC 


2.  Arithmetically* 

.            • 

log. 

lO-OOOOOO 

162 

2*209515 

530  7/  ^g// 

- 

10  124937 

216 

-  . 

2*334452 

53*  V  48" 

- 

10*221848 

270 

- 

2-431363 

3.  InstrumentaUy, 


Extend  the  compasses  from  45^  to  52^^^  on  the  tangents. 
Thentliat  extent  will  reach  from  162  to  216  on  the  line  of 


numoers. 


KXAMPLB  II. 


In  the  right-angled  ti*iangle  abC) 
^.        CthelegAB»80  a ««  5  ^c  392-0146 

^'^^"  ^  the  Z  A  62*  40'  ^^^'  I  BC  348-2464 

To  find  the  other  two  sides. 

JVbte,  There  is  sometimes  given  another  method  for  right- 
angled  triangles,  which  is  this : 

ABC  being  such  a  triangle,  make  one 
leg  AB  radius ;  that  is,  with  centre  Af 
and  distance  ab,  describe  an  arc  bf. 
Then  it  is  evident  that  the  other  leg  bc 
represents  the  tangent,  and  the  hypo- 
thenuse  ac  the  secant,  of  the  arc  bf,  or 
of  the  angle  a. 

In  like  manner,  if  the  leg  bc  be  made 
radius  ;  then  the  other  leg  ab  will  re- 
present the  tangent,  and  the  hypothenuse  ac  th6  secant,  of 
the  arc  bg  or  angle  c. 

But  if  the  hypothenuse  be  made  radius ;  then  each  leg 
will  represent  the  sine  of  its  opposite  angle  ;  namely,  the  leg 
AB  the  sine  of  the  arc  ab  or  angle  c,  and  the  leg  bc  the  sine 
of  the  arc  en  or  angle  a. 

Then  the  general  rule  for  all  these,  cases  is  this,  namely, 
that  the  sides  of  the  triangle  bear  to  each  other  the  same  pro- 
portion as  the  parts  which  they  represent. 

And  this  is  called)  Making  every  side  radius. 

A^ote 
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/iote  3,  When  there  are  given  two  sides  of  a  right-angled 
triangle,  to  ^nd  the  third  side  %  this  is  to  be  found  by  the 
t>ropert7  of  tihe  squares  of  the  sides,  in  theoreiyi  34,  Geom- 
viz.  that  the  square  of  the  bypothenune,  or  k^igest  side,  is 
equal  to  both  the  squares  pf  ihe  two  other  sides  together. 
Therefore,  to  find  the  longest  side,  add  the  squares  of  the 
two  shorter  sides  together,  and  extraet  the  square  root  of 
that  sum ;  but  to  find  one  of  the  shorter  sides,  subtract  the 
one  square  from  the  other,  and  e&tract  the  root  of  the  re* 
iBftinder. 


OF  HEIGHTS  AND  DISTANCES,  kc. 

BY  the  mensuration  and  protraction  of  lines  and  angleS^ 
are  determined  the  lengths,  heights,  depths,  and  distances  of 
bodies  or  objects. 

Accessible  lines  are  measured  by  applying  to  them  some 
certain  measure  a  number  of  times,  as  an  inch,  or  foot,  or 
yard.    But  inaccessible  lines  must  be  measured  hy  taking 
angles,  or  by  such-like  method,  drawn  from  the  principles  of   ^ 
geometry. 

When  instruments  are  used  for  taking  the  magnitude  of' 
tiie  angles  in  degrees,  the  lines  are  then  calculated  by  trigo- 
nometry ;  in  the  other  methods,  the  lines  are  calculated  from 
the  principle  of  similar  triangles,  or  some  other  geometrical 
property,  without  regard  to  the  measure  of  the  angles. 

Angles  of  elevation,  or  of  depression,  are  usually  taken 
either  with  a  theodolite,  or  with  a  quadrant,  divided  into 
degrees  and  midutes,  and  furnished  with  a  plummet  suspend- 
ed from  the  centre,  and  two  open  sights  fixed  on  one  of  the 
radii,  or  else  with  telescopic  sights. 


To  take  an  An^le  of  Altitude  and  Deftrewon  v>ith  the  Quadrant » 

Let  A.  he  any  object,  as  the  sun, 
moon,  or  a  star,  or  the  top  of  a 
tower,  or  hill,  or  other  eminence  : 
and  let  it  be  required  to  find  the 
measure  of  the  angle  abc,  which  a 
line  drawn  from  the  object  makes 
sJx>ve  the  horizontal  line  bc 

Place  the  centre  of  the  quadrant  H 

in  the  angular  point;  and  move  it  | 

Vol.  I.  E  e  e  round 


<sr 
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round  there  aa  a  centre)  till  with  ooe  eye  at  d,  the  other 
bebgshut,  yoo  perceive  the  objeet  a  through  theughts} 
then  will  the  arc  oh  of  the  quadrant,  cut  off  by  the  plumb- 
line  BH,  by  the  nieatore  of  the  angle  abc  as  required. 

The  angle  abc  of  depression  ^         -o  ^ 

any  object  ▲,  below  the  horisoatal  —  ^ 

line  BCy  is  taken  in  the  same  man« 
except  that  here  the  eye  is  ap- 


ner ,  ^ 

plied  to  this  centre,  and  the  measure 
of  the  angle  is  the  arc  oh,  on  the 
other  side  of  the  plumb-line. 

The  following  examples  are  to  be  constructed  and  calcu- 
lated by  the  foregoing  methods,  treated  of  in  Trigonometryv 

XXAMrLS   I. 

m 

Having  n»easured  a  distance  of  900  feet,  in  a  direct  ho- 
rizontal line,  from  the  bottom  of  a  steeple,  the  angle  of 
elevation  of  its  top,  uken  at  that  distance,  was  found  to  be 
47^  Zo' ;  from  hence  it  is  required  to  find  the  height  of  the 
steeple. 

CofutrucUon. 

Draw  an  indefinite  line ;  on  which  set  off  ac  s=  300  equal 
parts  for  the  measured  distance.  Erect  the  indefinite  per- 
peiidicular  ab  ;  and  draw  cb  so  as  to  make  the  angle  c  = 
470  30',  the  angle  of  elevation  ;  and  it  is  done.  Then  ab» 
measured  on  the  scale  of  equal  parts,  is  nearly  218^. 


As  radius 
To  AC  200 

So  tang.  Z  c  47®  30' 
To  ab  318*26  required 


Caicuiation^ 

1 0000000 
2301030 

10*037948 
2-338978 


BXAMFLE  II. 

What  was  the  perpendicular  height  of  a  cloud,  or  of  a 
balloon,  when  its  angles  of  elevation  were  35^  and  64^,  as 
takeaby  two  observers,  at  the  same  time,  both  on  the  same 
side  of  it)  and  in  the  same  vertical  plane ;  the  distance  be- 
tween them  being  half  a  mile  or  880  yards.  And  what  was 
hs  distance  from  the  sa*d  two  observers  ? 

Construction. 


AifD  DISTANCES. 


39^ 


Draw.  «n  indefinite  ground  line,  on  which  'set  off  the 
given  distance  ab  =3  8ao  \  then  a  and  b  are  the  places  of 
the  observers.  Make  the  angle  a  =35%  and  the  angle 
^^  ^4,"  >  then  th^  intersecd^m  of  the  lines  at  c  will  be  the 
plaqp  of  the  ballomi :  whence  the  perpendicular  cd>  being  let 
M\j  will  be  its  perpendicular  height.  Then  by  measure* 
mentare  found  the  distances  and  height  nearly  as  follow, 
viz.  AC  1631,  BC  1041,  nc  936. 

Oalddation, 


First,  from  Z.  b 
take  Z  A 
leaves  Z  acb 


Then  in  the  triangle  abc, 
As  sin.  Z  ACB         29® 
To  op.  side  ab      680 
So  sin.  jC  a  35* 

To  op.  side  bc    1041*125     - 

As  sin.  Z  ACB         29* 
To  Op.  side  ab        880 
Sosin.  ZB  116*0P  64<» 
To  op.  side  ac  1631-443 


And  in  the  triangle  bcd, 

Assin.Z'B  90^ 

To  op.  side  bo  104 1 '  1 25     - 

So  sin.  Z  B  64<> 

To  op.  side  cd  935*757     * 


9-685571 
2*944483 
9-758591 

3-017503 

9*68557! 
2*944483 
9-953660 
3-212572 


10-000000 
3-017503 
9*953660 
2-971163 


XXAMFLE  HI. 

Having  to  find  the  height  of  an  obelisk  standing  on  the 
jtopof  a  dectivity,  I  first  measured  from  its  bottom  a  distance 
of  40  feetf  and  there  found  the  angle,  formed  by  the  oblique 
plane  and  a  line  imagined  to  go  to  the  top  of  the  ob^isk, 
4\^;  but  after  measuring  on  in  the  same  direction  60  feet 
fimher,  the  like  angle  was  only  23<>  45'.  What  then  was 
the  height  of  the  obelisk  ? 

Construe  ticn* 
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Draw  an  indefinite  line  fbr  the  tloping  ptane  or  deelinty^, 
in  which  assume  any  point  a  for  the  b^tom  of  the  oheUsk^. 
from  which  set  off  the  dbtance  Ae  ^  40«  and  again 
CD  c=  60  equal  parts.  Then  make  the  angle  c  =&  41^,  and 
the  angle  o  3=  S3«  45' ;  and  the  point  b  where  the  two  lipes 
meet  will  be  the  top  of  the  obelisk.  Therefore  aB|  joined* 
will  be  its  height. 


Caicuiation^ 


Prom  the  if  c  41*  00' 
take  the  ^  D  33  45 
leaves  the  ^  dec     17     15 


Then  in  the  triangle  dec, 

Assin.^  DEC  1T«  15' 
To  op.  side  t>c  60    • 
So  sin.  ^  n      33    45 
To  op.  side  CE  81*488 


And  in  the  triangle  abc, 
As  sum  of  sides  c  b,  c  a         1 3 1  *488 
To  difr.  of  sides  cb^  c  a 
80  tang,  half  sum  ^^  s  a^  e 
To  tang,  half  diff.  Z  s  a,  b 


41-488 
69  «>  30* 
43     34| 


9-473086 
1-778151 

9-605033 
1  -9 1 1097 


3*084533 

1*617933 

10*437269 

9-960658 


9*658384 
1*603066 
9*816943 
1*760719 


the  diff.  of  these  is  Z  c  b  a  37      5| 

Lastlyi  as  sin.  Z.  cea  37*^  5'^ 
To  op.  side  ca  40  -        - 

So  sin.  Z  c        -        41 '^  0'         -        ^ 
To  op.  side  ae  57*633 

bxamvlb  it. 

Wanting  to  know  the  distance  between  two  inaccessible 
trees,  or  other  objects,  from  the  top  of  a  tower  130  feet 
high,  which  lay  in  the  same  right  line  with  the  two  objects^ 
I  took  the  angles  formed  by  the  perpendicular  wall  and  linea 
conceived  to  be  drawn  from  the  top  of  the  tower  €0  the 
bouom  of  each  tree,  and  icmnd  them  to  be  33<*  aod  64''^. 
What  then  may  be  the  distance  between  the  two  objects  ? 

CarutrucHon*- 


AND  Dlit  ANCES. 


9W 


Construction. 


Draw  the  indefinite  ground  line 
BB»  and  perpendicular  to  it  ha  = 
120  equal  paits.  Then  draW  the 
two  lines  ac^  ad,  making  the  two 
angles  bac,  bad,  equal  to  the 
given  angles  33*^  and  64«f.  So 
shall  c  and  D  be  the  places  of  the 
two  objects. 

Calculation* 


First,  in  the  right-angled  triangle  abc, 
As  radius  -        -        ^        -        .  10*000000 

ToAB  -     120        .         *         -  3-079181 

Sotang.  ^  BAC      33«      .        -         .  9'8l35ir 

ToBC  -77-939       ...  1-^91698 


Then  in  the  right-angled  triangle  ABDf 
As  radius         .        .        -        .        . 
ToAB      -         -        -    120 
Sotang.ZBAD-  64^4    - 

ToBD  -  r  351*585 
From  which  take  bC  77*939 
leayes  the  dist.  cd  173*656  as  reqmred. 


10-000000 
2-079181 

10-331504 
3-400685 


EXAMPLE  V. 

Bemg  on  the  side  of  a  river,. and  wanting  to  know  the 
dbtance  to  a  house  which  was  seen  on  the  other  side,  I  mea- 
sured 300  yards  in  a  straight  line  by  the  side  of  the  river  ; 
and  then,  at  each  end  of  this  line  of  distance,  took  the  hori* 
cental  angle  formed  between  the  house  and  the  other  end  of 
the  tine  ;  which  angles  were,  the  one  of  them  68^  2',  and 
the  other  73^  l5^  What  then  were  the  distances  from  each 
end  to  the  house  ? 

Construction, 

Draw  the  line  ab  a  800  equal  parts.  Then  draw  ac  so 
as  to  mak«  th^  angle  a  =  68^  3^  and  bc  to  make  the  angle 
B  =  730  1 5^  So  shall  the  point  c  be  the  place  of  the  house 
required^ 

OOculation. 
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Calculation. 


To  the  given  ^  a 
•dd  the  ^iven  ^  b 
then  their  sum 
being  taken  from 
leaves  Uie  third  Z,c 

Hence,  Asun.  ^c 
To  op.  side  ab 
So  sin.  /.  A 
To  op.  side  bc 

And}  As  sin.  ^  c 
To  op.  side  ab 
So  sin.  Z  B 
To  op.  side  ac 


68^ 

73 
141 
180 

38 


2' 
15 
\7 

0 
43 


380 

200 

68» 
296-54 
SS*'  43' 
200 

ra*'  15' 

306-19 


43' 


2'     . 


9-796206 

2-301030 

9-967268 

2-472092 

9*796206 

2-301030 

9-981171 

2-485995 


k  Exam.  vi.  From  the  edg;e  of  a  ditch,  of  36  feet  wide, 
'iunrouhding  a  fort,  having  taken  the  angle  of  elevation  of 
the  top  of  the  wall,  it  was  found  to  be  62<»  40^ :  required  the 
height  of  the  wall,  and  the  length  of  a  ladder  to  reach  from 
mysgitkmtothetopof  it?  ^^^^  ^height  of  wall  69-64^ 

{^ladder,  78*4  feet 

Exam.  viz.  Required  the  length  of  a  shear,  which  being 
to  strut  1 1  feet  from  the  upright  of  a  building,  will  support  a 
jamb  23  feet  10  inches  from  the  ground  ? 

Ans.  26  feet  3  inches. 

Exam.  viii.  A  ladder,  40  feet  long,  can  be  so  planted, 
that  it  shall  reach  a  window  33  feet  from  the  ground,  on  one 
side  of  the  street ;  and  bf  turning  it  over,  without  moving 
the  foot  out  of  its  place,  it  will  do  the  same  by  a  window 
21  feet  high,  on  the  other  side  :  required  the  breadth  of  the 
street  ?  Ans.  56*649  feet. 

Exam.  ix.  A  maypole,  whose  top  was  broken  off  by  a 
blast  of  wind,  struck  the  ground  at  15  feet  distance  from  the 
foot  of  the  pole :  what  was  the  height  of  the  whole  maypole, 
supposing  the  broken  piece  to  measure  39  feet  in  length  \ 

Ans.  75  feet. 

Exam.  x.  At  170  feet  distance  from  the  bottom  of  a 
lower,  the  angle  of  its  elevation  was  found  to  be  52^  30' : 
requ&red  the  altitude  of  the  tower  ?  Ans.  22 1  -55  feet. 

Exam.  xi.  From  the  top  of  a  tower,  by  the  sea-side,  of 
]  43  feet  high,  it  was  observed  that  the  angle  of  depression 
of  a  ship's  bottom,  then  at  anchor,  measured  35^;  what  then 
was  the  ship's  distance  from  the  bottom  of  the  waU  ? 

Ans.  204*22  feet. 
Exam: 


'    AND  DISTANCES.  3»9 

Exam,  xxi.  What  is  the  perpe^cular  height  of  a  hill ; 
its  angle  of  elevation,  taken  at  the  bottom  of  it,  bemg  46^, 
and  300  yards  farther  off,  on  a  leyel  with  the  bottom,  the  angle 
was  31^  ?  Ans.  286*38  yards. 

Exam  xxu.  Wanting  to  know  the  height  of  an  inacces^ 
eible  tower ;  at  the  least  distance  from  it,  on  the  same  hori- 
zontal plane,  1  took  its  angle  of  elevation  equal  to  58^ ; 
then  going  300  feet  directly  from  it,  found  the  tngle  there  to 
be  only  33'  :  required  its  height,  and  my  distance  from  it  at 
the  first  station  ^  4      J  height     307-53 

^distance   192M5 

Exam.  xiv.  Being  on  a  horizontal  plane,  and  wanting  to 
know  the  height  of  a  tower  placed  on  the  tpp  of  an  inac- 
cessible hill  $  I  took  the  angle  of  elevation  of  the  top  of  the 
hill  40<',  and  of  the  top  of  the  tower  51^  ;  then  measuring 
in  a  line  directly  from  it  to  the  disunce  of  300  feet  &rther, 
I  found  the  angle  to  the  top  of  the  tower  to  be  SS**  45-. 
What  then  is  the  height  of  the  tower  ? 

Ans.  93*33148  feet, 

Exam.  xv.  From  a  window  near  the  bottom  of  a  house, 
which  seemed  to  be  on  a  level  with  the  bottom  of  a  steeple^ 
I  took  the  angle  of  elevation  of  the  top  of  the  steeple  equal 
40^;  then  from  another  window,  18  feet  directly  above  the 
former,  the  like  angle  was  37'  30' :  what  then  is  the  height 
and  distance  of  the  steeple  ?  ^      C  height      3 1 0*44 

^distance    350-79 

Exam,  xvi*  Wanting  to  know  the  height  of,  .  and  my 
distance  from,  an  object  on  the  other  side  of  a  river,  which 
seemed  to  be  on  a  level  with  the  place  where  I  stood,  close 
by  the  side  of  the  river ;  and  not  having  room  to  measure 
backward,  on  the  same  plane,  ^because  of  the  immediate  rise 
of  the  bank,  I  placed  a  mai*k  were  I  stood,  and  measured 
in  a  direction  from  the  object,  up  the  ascending  ground  to 
the  distance  of  364  feet,  where  it  was  evident  that  I  was 
above  the  level  of  the  top  of  the  object ;  there  the  angles 
of  depression  wei-e  found  to  be,  viz.  of  the  mark  left  at  the 
river's  side  43',  of  the  bottom  of  the  object,  37',  and  of  its 
top  19'.  Required  then  the  height  of  the  object,  and  the 
distance  of  the  mark  from  its  bottom  ? 

Ans  S^«*e*»^        «^'26 
•^"^' ^  distance    150-5© 

Exam.  xvii.  If  the  height  of  the  mountain  called  the 
Peak  of  Tenerifie  be  Sj^jniles,  as  it  h  nearly,  and  the  angle 

taken 


/ 


/ 
I 


/ 


V  ^/ 


^ 
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tjak^  It  the  lop  of  it»  «a  firmed  between  »  ]^uinb*liiie  aaii  « 
line  ciM)ceivefi  to  toucb  the  earth  in  the  bori»iii,  or  fiuthest 
viuble  pointi  be  %7^  S,B' ;  it  is  required  from  these  to  de- 
terming  the  pw^tude  of  ^the  whole  earth,  and  the  utmost 
distance  that  can  be  seen  on  its  sur&ce  from  the  top  of  the 
mountaini  suppoaing  the  form  of  the  earth  to  be  perfectly* 

ExAK.  XTiii.  Two  ships  of  war,  intending  to  cannonade 
a  fbrt)  are,  by  the  shallowness  of  the  water,  kept  so  br 
from  it,  that  they  suspect  their  guns  cannot  reach  it  with 
effect.  In  order  dierefore  to  measure  the  distance,  they  se- 
parate from  each  other  a  quarter  of  a  mile,  or  440  yards ; 
then  each  ship  observes  and  meaaures  the  angle  which  the 
ether  ship  and  thefcMt  subtends,  which  angles  are  83^  45' 
and  95"*  IS'.  What  then  is  the  distance  between  each  ship 
9nd the  fen ^  An«  S ^«^28S  yards* 

£xAM.  XIX.  Being  on  the  side  of  a  river,  and  wanting  to 
know  the  distance  to  a  house  which  was  seen  at  a  distance  on 
the  other  side ;  I  measured  out  for  a  base  400  yards  in  a 
right  line  by  the  side  of  the  river,  and  found  that  the  two 
angles,  oqe  at  each  end  of  this  line,  subtoided  by  the  other 
end  and  the  house,  were  68*  2'  and  73"  15'.  What  then 
wai  the  distance  between  each  station  and  the  house  ? 

A«-  ^593-08  yards. 
^"'' J 6 1338 

Exam.  xx.  Wanting  to  know  the  breadth  of  a  river,  I 
measured  a  base  of  500  yards  in  a  straight  line  close  by  one 
side  of  it;  and  at  each  end  of  this  line  I  found  the  angles 
subtended  by  the  other  end  and  a  tree  close  to  the  bank  on 
the  otihier  side  of  the  river,  to  be  53**  and  79**  12'.  What  then 
was  the  perpendicular  breadth  of  the  river  ? 

Ans.  539'48  yards. 

Exam.  xxi.  Wanting  to  know  the  extent  of  a  piece  of 
water,  or  distance  between  two  headlands  ;  1  measured  fitwa 
each  of  them  to  a  certain  point  inland,  and  found  the  two 
cUstances  to  be  735  yards  and  840  yards ;  also  the  horison- 
tal  angle  subtended  between  these  two  lines  was  55*>  40^. 
What  then  was  the  distance  required  ?         Ans.  741-2  yards. 

Exam.  xxii.    A  point  of  land  was  observed,  by  a  ship  at 

9  sea,  to  beai'  east-by-south ;  and  after  sailing  north-east  12 
mileS)  it  was  found  to  bear  south-east-by-east.    It  is  required 

'  to 
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Id  determine  the  place  of  that  headland,  and  the  ship's  dis- 
tance from  it  at  the  last  observation  ?        Ans.  36*0738  miles. 

Exam,  xxixi.  Wanting  to  know  the  distance  between  a 
house  and  a  mill^  which  were  seen  at  a  distance  on  the  other 
^de  of  a  river)  I  measured  abase  line  along  the  side  where 
I  was,  of  600  yards,  and  at  each  end  of  it  took  the  angles 
subtended  by  the  other  end  and  the  house  and  mill,  which 
were  as  follow^  viz.  at  one  end  the  angles  were  5S^  30'  and 
95^  30'y  and  at  the  other  end  the  like  angles  were  53^  30'  and 
98^  45'.  What  then  was  tlie  distance  between  the  house  and 
mill  ?  Ans.  959-5866  yards. 

Exam.  xxiV«  Wanting  to  know  my  distance  from  an  in- 
accessible object  0,on  the  other  side  of  a  river;  and  having 
no  instrument  for  taking  angles,  but  only  a  chain  or  cord  for 
measuring  distances;  from  each  of  two  stations,  a  and  b,  which 
were  taken  at  500  yards  asunder,  I  measured  in  a  direct  line 
ftom  the  object  0  100  yards,  viz.  ac  and  bo  each  equal  to  100 
yards ;  also  the  diagonal  ai»  measured  550  yards,  and  the  di- 
agonal BC  560.  What  then  was  the  distance  of  the  object  0 
from  each,  station  a  and  b  I  ^^^  C  ao  536*35 

'  ^Bo  500*09 

• 

£kam.  XXV.  In  a  ^trison  besieged  are  three  temarkable 
objects.  A,  B,  c,  the  distances  of  which  from  each  other  are 
lliscovered  by  means  of  a  map  of  the  place,  and  are  as  foU 
Iqw,  viz.  AB  366^  AC  530,  bc  SST^  yards*  Now,  having  to 
erect  a  battery  against  it)  at  a  certain  spot  without  the  place, 
and  being  desirous  to  know  whether  the  distances  from  the 
three  objects  be  such,  as  that  they  may  from  thence  be  bat-* 
tered  with  effect,  I  took,  with  an  instrument,  the  horizontal 
angles  subtended  by  these  objects  from  my  station  s,  and 
foimd  them  to  be  as  follow,  tiz.  the  angle  asb  13^  30',  and 
the  angle  bsc  39^  50' ;  required  the  three  distances,  sa,sb,  sc  ; 
the  object  b  being  situated  nearest  to  me,  and  between  the 
two  others  a  and  el  f  sa  757*  1 4 

Ans.-j  SB  537*10 
/  sc  655*30 

Exam.  xxvt.  Required  the  same  as  m  the  last  example, 
when  the  object  b  is  the  farthest  from  my  statibn,  but  still 
seen  between  the  two  others  as  to  angular  posidon,  and  thosfe 
angles  oeing  thus,  the  angle  asb  33'^  45',  and  bso  33*  30', 
ulso  the  three  distances,  ab  ^0,  ac  800,  bc  400  yards  ? 

>  fsA    709| 

Ans.  4  SB  1043| 
I  sc     934 
Vol.  I.  F  f  f  MENSURATION 
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MENSURATION  OF  PLANES. 


THE  Area  of  any  plane  figure,  la  the  measure  of  the  space- 
contained  within  its  extremes  or  bounds  ;  without  any  regar4 
to  thickness. 

This  area,  or  the  content  of  the  plane  figure,  is  estimated 
by  the  number  of  little  squares  that  may  be  contained  in  it  f 
the  side  of  those  Kttle  measuring  squaws  being  an  inch,  a 
foot,  a  yard,  or  any  ether  fixed  quantity.  And  hence  the  Brem 
or  concent  is  said  to  be  so  many  aquare  inches,  or  square  feet, 
or  aquare  yards,  &c. 


Thus,  if  the  figure  to  be  measured  bo 
the  rectangle  abcd,  and  the  little  square 
s,  whose  side  is  one  inch,  be  the  mea- 
suring unit  proposed :  then  as  often  as 
the  said  little  square  is  contidned  in  the 
rectangle,  so  many  square  inches  the 
rectangle  is  said  to  contain,  whieh  in 
the  present  oase  is  13, 


□ 


B 

m 


raOBLSNT  I. 


Tojind  the  Area  of  any  Parallelogram  ;  whether  it  be  a  Square^ 
a  Rectangle^  a  Rhombusy  or  a  Rhomboid, 

Multiply  the  l^igth  br  the  perpendicular  breadth^    or 
height,  and  the  product  will  be  the  a^ca*. 

\  EXAMPLES^ 


*  The  tjnith  of  this  rule  is  prored  in  the  Geom.  theor.  81,  cor.  2. 

The  SAine  is  otbcrwiae  proved  thus :  Uft  the  foregoing^  rectigngle 
be  Ibe  figure  proposed ;  and  let  the  length  and  breadth  be  divided  into 
^veral  parts  cacd  equal  to  the  linear  measuring  onit«  being  here  4  ^r 
the  lengtH,  and  3  for  the  breadth  ;  and  let  the  opposite  points  of  divi- 
sion be  connected  by  right  lines.i— Then  it  is  evident  that  these  lines 
divide  the  rectangle  into  a  number  of  little  squares,  eadb  equal  to  the 
/iquiare  mcapuring  unit  e  ;  and  further,  tliat  the  number  of  these  little 
aquares,  or  the  area  of  the  figure,  is  equal  to  the  number  of  linear 
measuring  i^nits  in  the  length,  repeated  as  often  as  there  are  linear 

measuiting 
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BXAMPLtS. 

Ss.  1.  To  find  tike.  Area  of  a  parallelogi*aiii,  the  kngUi 
bemf  12*25,  and  height  8-5. 

1 2-25  length 
8*5  breadth 


612S 
&S0O 

104*435  area 


£x*  H.  To  End  the  area  of  a  square,  whose  side  is  35«2is 
ehiins.  Ahs.  i24aci*es,  1  i*ood,  I  perch. 

Ex.  3.  To  find  the  area  of  a  rectangular  board,  whose 
l^ttfi^th  is  Ht  foet,and  breadth  9  inches.  Ans.  9|  feet. 

Ex.  4.  To  find  the  content  of  a  ]^ece  of  hnd,  in  fbtm  of 
jA  rhombus,  its  length  being  6*30  ohains,  and  perpendicubt 
iieight  5-45»  Ans.  3  acres,  l  rood,  !r)  perches. 

Ex.  5.  To  find  the  number  of  square  yards  of  painting  in 

a  rhomboid)  whose  length  is  S7  feet,  and  breadth  5  feet  3 

•inches.  Ans.  2 1  ^  square  ya^s. 


TROBLBM  II. 


To  find  the  Area  ofn  Triangle. 

^  Ktms  I.  MuLTCPLT  thebaaebythe  perpendicular  height, 
4Uid  take  half  the  product  for  the  area*.  Or,  multiply  the 
•^e  of  these  dibieMions  by  hiif  the  other. 


mcMuring  units  in  the  breadth^  or  height;  that  U,  equal  to  the 
length  drawninto  the  heig^ht ;  which  here  is  4  X  3  or  12. 

And  it  is  proved  (Geom.  theor.  25,  cor.  2)«  that  any  oblique 
parallelogram  is  equiA  to  a  rectangle,  of  equal  length  and  perpen* 
dicutar  breadth.  Therefore  the  rule  is  general  for  all  paraUelogni»s 
whatever. 

*  The  truth  of  tlus  hde  is  evident*  because  any  txiang^le  is  tius 
Mt[  of  a  parslldlogram  of  equal  base  and  sltitude*  by  Geoai, 
thfior.  26. 

EXAMPLES. 
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Ex.  1.  To  find  the  arefi  of  a  tri^ngky  whoiie  ba«e  is  fits, 
and  perpendicular  height  530  linka  ? 

Here  625  x  260  ss  162S0O  square  links, 
or  equal  I  acre,  3  roods,  20  perches,  the  answer. 
Ex.  3.  How    inan^    square    yards  contains  the  triangle, 
-whose  base  is  40,  and  perpendicular  SO  feet  ? 

Alts.  66|  square  yardSr 
Ex.  3.  To  find  the  number  of  square  yards  in  a  trian^e^ 
whose  base  b  49  feet,  and  height  35^  feet  ^ 

Am- 68f|,  or  06*7361. 
px.  4.  To  find  the  area  of  a  triangle,  whose  base  is  |8  feet 
4  inches,  and  height  1 1  feet  10  inches  ? 

Ans.  108  feetf  5|  inches. 

RuLB  n.  When  two  sides  and  their  contained  angle  are 

given :  Multiply  the  two  given  sides  tpgetheri  and  take  half 

their  product :  Then  say,  as  radius  is  to  the  sine  of  the  given 

angle,  so  is  that  half  product)  to  the  area  of  the  triangle. 

Or,  multiply  that  half  product  by  the  nfitural  si]i6  of  thQ 
sfdd  angle,  for  the  ar^*. 

Ex.  I.  What  is  the  area  of  a  triangle,  whose  two  udes  ar? 
30  and  40,  and  their  contained  angle  38«  57'  f 

By  Maural  Mimbers.  By  LogarithfM* 
First  f  X  40  X  30  =  600, 

theni  1  :  600  :  :  <484046  sin.  38''  57'  log.  9*684887 

600  3*778151 


Answer      290*4376  the  area  answering  3*463038 

Ex.  3.  How  many  square  yards  contains  the  triangle,  of 
which  one  angle  is  45*,  and  its  containing  sides  25  and  31^ 
feet  ?  Ans.  20*86947. 


•  For,  let  AB,  AC,  be  the  two  given  sides, 
including  the  given  sneie  a.  Now  J  ab  X 
cp  is  the  area,  by  the  first  rale,  cp  being  the 


RULE  III. 


J 


^ 
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Role  II)«  Wiien  the  three' sides  are  given :  Add  all  the 
three  sides  together,  and  take  half  that  sum.  Next,  subtract 
each  ude  severally  from  the  said  half  sum,  obtaining  three 
remundera.  Then  multiply  the  said  half  sum  and  those 
three  remainders  all  together,  and  extract  the  square  root  of 
the  last  product,  for  the  area  of  the  triangle*. 


*  For,  let  ABC  be  the  given 
triutglc.      Draw  the  parallels 

AB,  BD,  meeting  the  two  sides 

AC,  CB,  produced.  In  d  and  e, 
and  making  cd  sar  cb,  and 
CB  aB  CA.  Also  draw  cvo  bi- 
secting pB  and  AB  perpendicu- 
larl/  in  r  and  c ;  and  fhx  pa- 
rallel to  the  side  ab,  meeting 
AC  in  B,  and  ae  produced  in  x. 

.Lastly,  witb  centre  h,  and  radi- 
us Hr,  describe  a  circle  meeting 

AC  produced  in  k  ;  which  will  pass  throngh  o,  because  o  is  a  right 

angle,  and  through  s,  because,'  by  means  of  the  parallels,  ai  «»  fb  ss 

9F,  therefore  hd  *  ha,  and  hp  =»  hi  ae  {ab. 

Hence  ha  or  bp  is  half  the  difference  of  the  sides  ac,  cb,   and 

Hc  "B  half  their .  sum  or  ss  {ac  4*  i^^  i  <dso  uk  s=  bz  =  {ir  or 

{ab;  conseq.  ok  =b  {ac  -|-  {cb  4  {ab  half  the  sum  a^  aU  the  three 

sides  of  the  triangle  abc,  or  ck  =s  {s,  calling  s  the  sum  of  those  three 

mdes.  Again  hk=hi  =b{ip  ={AB,or  kl  ss^ab;  theref.  cl=:ck— > 

KL  =  {a  —  AB,  and  ak  e=  ck  -^  ca  as  {a  —  ac,  and  al  »  pk  =s 

CK  —  CP  :=  {S  — CB. 

NofT,  by  the  first  rule,  ag  .  cc  s;  the  A  Acsy  and  ag  .  vc  =  the 
A  ABB,  theref.  ag  .  cf  =  A  acb.  Also  by  the  paraAels,  ac  : 
cc  : :  PF  or  lA :  cv,  theref.  ao  .  cf  s^(  a  acb^sc)  gg  .  iasscc  .  pr« 

CODSeq.  AG  .  CF  .  OG  .  PF  ^  A  *acb 

But  CG  .  CF  =s  CK  .  CL  =  {s,  {s  —  AB,  and  AG  .  PF  as  AK  .  AL 
x=:  Js  —  AC.  |8  —  BC  S  thCTef.   AG  .  CF  .  CG  .  PF   «=    A*    ACB  =S  jfi. 


.^9  —  AB«  j|s  —  AC  i^s  —  ac  is  the  square  of  the  areaof  the  trtangl^ 

ABC.     q.  B>  P< 

OlfAcrttfWf. 
Because  the  rectangle  ag  .  cf  s=  the  A   abo,  and  since   cg  : 

AG    :  :    cf  :  pf,    drawing  the    first  and  second  terms  into    cf, 

find  the  third  and  fourth  into  ag,  the  propor.  becomes  og  .  cf  : 

AG  .  cf  :  :  AG  .  GF  :  AG  .  PF,  Or  «G  •  CF  :  A  ABC  ;  :  A  ABC  :  BG .  PF, 

that  is,  the  A'  abc  is  a  me^  proportional  between  cg  .  gf  and 

i.6  •  SF,  Or  between  U.  U  — >  ab  and  U  —  Ait.  it  —  bc.       %.  b-  b. 

Ex.1. 


«M  MENSURATION 

Ex.  1 .  Td  find  die  «rea  of  the  triuigle  wliOM  tteee  aite 
«ro  te,  30)  4a 

so  4S  45  45 

SO  30  30  40 

40  —  —  i«* 

— *-  35  1st  rem.    15  9dreiii«       5  Sdrevu 

3)90  ^  .^  . 

45Balf  sum 

Then  45  X  35  X  15  X  5  ^  «43r5, 
The  root  oi  which  is  290*473f ,  the  area. 

Ex.  3.    How  iiitti7  squall  yards  of  plastering  are  in  a 
triaogtei  whose  sides  are  30, 40, 50  feet  i  Ans  66). 

Ex.  3.    How  many  acres,  &c.  contains  the  triangle^  whose 
sides  are  3569,  4900,  5035  links  ? 

Ana.  61  acres,  1  rood,  39  perches. 


nOBLXlf  If  I. 


TqJM  the  Jhtta  rf  c  Trvtattmd. 

Abd  together  the  two  parallel  sides ;  then  multiplx  their 
sum  by  the  perpendicular  breadth,  or  the  distance  between 
them  \  and  take  half  the  product  for  the  area.  By  Geom.. 
theor.  39. 

£z.  I.  In  a  trapezoid,  the  parallel  sides  are  750  and  1325« 
ittid  the  perpendicular  distance  between  them  1540  links;  txi 
&)d  the  area. 
1335 
750 

1975  X  770  a  153075  square  lii^  «  U  acr.  33  perc; 

Ex.  3.  Hli5W  many  sqtiire  toet  are  contained  in  the  plankg 
whose  length  is  13  feet  6  inches^  the  breadth  at  the  greater 
end  15  indies,  and  at  the  less  end  11  inches? 

Ans.  13^1  feet. 

Ex.  3.  In  tianurinj^  along  one  side  as  of  a  quadrangular 
field,  that  side,  and  the  twe  perpendiculars  let  &B  on  it  mm 
the  two  opptttte  comerv,  meaawred  as  Mew ;  required  the 
content 

Ar 
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AP  a>    tlOHnks  ' 
Aq,  «    745 

AB    =    1110 

cp  =     553 

S^  =     595 

Ana*  4  acres,  I  rood^  5*792  perches. 

fftOBLBM  IT. 

To  find  the  Areaofgny  Tritfitzium. 

Dvnv%  the  trapeziuiii  into  two  triangles  by  9  diagonal  ; 
then  find  the  areas  of  these  trianglesi  and  add  them  to^ 
gether. 

■ 

Orthi»»letlblltwoperpendieiilars  on  the  diagonal  from 
the  odier  two  opposite  angles ;  then  add  these  two  perpen- 
diculars together^  and  nivHiply  that  stun  by  the  diagonal, 
taking  half  the  product  for  the  area  of  the  trapezi^^l. 

Ex.  1.  To  find  the  area  of  the  trapemium,  whose  diagond 
is  43,  and  the  two  perpendiculars  on  it  16  and  18. 
Here  16  + 18  =s   34,  its  half  is  17. 
Then  42  X  17  =  714  the  area. 

Ex.  2.  Howmany  square  yards  of  pavin|f  aie  in  the  trft* 
pezdum,  whose  diagonai  |s  65  feet,  and  the  two  perpendicu- 
lars let  fell  on  it  28  and  53^  feet  ?  Ans.  329  j^  yardffr 

Ex.  3.  In  the  quadrangular  field  abcb,  on  account  of  ob« 
structions  there  could  only  be  taken  the  following  measures, 
Tis.  the  two  sides  bc  265  and  ad  220  yarda,the  diagonal 
AG  378,  and  the  two  distances  of  the  perpendiculars  from  the 
ends  of  the  diagonal^  namely,  ab  100,  and  cp  70  yards*. 
Acquired  the  construction  of  the  figure,  and  the  area  in  acres, 
when  4840  square  yards  make  an  acre  ? 

Ans.  17  acres,  2  roods,  21  perchea* 

Tojindthe  Arta  qfan  Irregutar  Polygon, 

Dbaw  diagonals  dividing  the  proposed  polygon  into  tra* 
jpeaums  apd  triangles.  Then  nod  the  areas  of  all  these 
separately,  end  add  them  together  for  the  content  of  the 
whole  polygon. 


40i  MENSURATIOM 

Example.  To  find  the  content  of  the.  irregular  BguK 
ABCDKFGA)  in  which  are  given  the  following  diagonaU  aiid 
perpendiculars :  namely,        ^ 

B 

AC  55 
FD  52 
oc  44 
om  13 
an  la 
GO    12 

sp     8 
2>q  23 

Ans.  isral  *' 

E 

"VeOBLBM   VI. 

Tojind  the  Area  qfa  Regular  Polygon. 

RuLB  I.  Multiply  the  perimeter  of  the  polygon,  or  sum 
«f  its  sides,  by  the  perpendicular  drawn  from  its  centre  on 
one  of  its  sides,  and  take  half  the  product  for  the  area*. 

Ex.  T.  To  find  the  area  of  the  regular  pentagon,  each  ude 
being  25  feet,  and  the  perpendicular  from  the  centre  on  each 
side  is  17-2047737. 

Here  25  X  ^  =^  i^^  is  the  perimeter. 

And   17-2047737  X  125  =  2150-5967125. 

Its  half  1075-298356  is  the  area  sought. 

> 

RvLB  II.  Square  the  side  of  the  polygon ;  then  multiply 
that  square  by  the  tabular  area,  or  multiplier  set  against  its 
name  in  this  following  table,  and  the  product  will  be  the 
areaf. 

No. 


*  This  is  only  in  effect  resolving  the  poWgon  into  as  many  equal 
triangles  as  it  has  sides,  by  drawing  lines  from  the  centre  to  all  the 
angles  ;  Uien  finding  their  areas,  and  adding  them  all  together. 

f  This  nile  is  founded  on  the  property*  that  like  polygons,  being 
similar  figures,  are  to  one  another  as  the  squares  of  their  like  sides  ; 
which  ii^roved  in  the  Geom.  theor.  89,  Now,  the  malttpliers  in 
the  table,  are  the  sreas  of  the  -respective  pofygons  to  the  side  1. 
Whence  the  rule  is  manifest 

Nott. 
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No.  of 
Sides. 

Names. 

Areas,  or 
Multipliers. 

S 

Trigon  .or  triangle 

0'433013r 

4 

Tetragon  or  square 

I -0000000 

5 

Pentagon 

1-7304774 

6 

Hexagon 

3*5980763 

7 

Heptagon 

3-6339134 

8 

Octagon 

4*8384371 

9 

Nonagon 

6-1818343     ' 

10 

Decagon 

7*6943088 

11 
13 

Undecagon 

9-3656399 

Dodeca&:on 

111961534 

Exam.  Taking  here  the  same  example  as  before,  namely, 
a  pentagon,  whose  side  is  35  feet. 

Then  35*  being  ±s:  635, 

And  iht  tabular  area  1*7304774  ; 

Theref.  1*7304774  x  635  =:  .1075*398375,  as  before. 

Ex.  3.  To  find  the  area  of  the  trigon,  or  equilateral  tri- 
angle, whose  side  is  20.  Aos*  173*30508* 

Ex.  3.  Tofindtheareaof  the  hexagon  whose  side  is  30. 

Ans.  1039*33048. 

Ex,  4.  To  find  the  arqa  of  an  octagon  whose  side  is  30. 

\  Ans.  1931*37084. 

Ex.  5.  To  find  the  area  of  a  decagon  whose  side  is  30. 

Ans.  3077*68352. 


Note.  The  areas  in  the  table^  to  each  aide  1» 
aaay  be  ooinputed  in  the  foUowipg  manner: 
'from  the  centre  c  of  the  polygon  draw  lines 
to  every  angle*  dividing  the  whole  figure  into 
as  many  emial  triangfes  as  the  polygon  has 
sides  I  and  let  a  bo  be  one  of  those  trianj^es, 
the    perpendicular    of    which   is    co.     Divide  ^r — t>~~-o 

360  degrees  by  the  number  of  sides  in  the  po-  -^     ^     •** 

\^^^f  the  quotient  pves  the  angle  at  the  centre  acb.  The  bait 
of  this  gives  the  an^  acd  ;  and  this  taken  from  90^,  leaves  the 
angle  cad.  Then  it  will  be,  us  radius  is  to  ad,  so  is  tanfi^.  angle 
CAD»tothe  perpendicular  en.  This  perpendicular,  •  multiplied  by 
the  half  base  ad,  g^ves  the  area  of  tne  triangle  abc;  which  being 
multiplied  by  the  number  of  the  triangles,  or  of  the  sideft  of  the  po- 
lygon, gives  its  wltole  aiest  as  in  Uie  table, 'for.  every  onp^,ofthe 
figures. 

Vol.  I,  G  g  g  problem 
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rKOSLBX  VII. 


ToJtndthtDiamtter  and  Chrcumfcrence  qf  any  Circle j  iht 

one  from  the  other. 


This  may  be  done  nearly  by  either  of  the  two 
proportions, 


Tiz.  As  7  is  to  32,  to  is  the  diametep  to  the  circumference. 
Or,  As  I  is  to  3^14169.501$  the  diameter  to  the  circum- 
ference*. 

Ex.  1.  To  find  the  circumference  of  the  circle  whose  dia* 
meter  is  20. 

By  the  first  rule,  as  7  :  32  : :  20  :  62|,  the  answer. 

Ex.   2. 


*  For,  let  ABCD  be  any  circle,  whose  centre 
11  £,x  and  let  ab,  bc  be  any  two  equal  arcs. 
Draw  the  several  chorda  as  in  the  figure,  and 
join  BE ;  also  draw  the  diameter  da,  which 
produce  to  F,  till  Bt-  be  equal  to  the  chord  b]>« 

Tlien  the  two  isosceles  triangiea  dbb,  dbf, 
are  equiangular,  because  iheyhave  the  angle  at 
B  common  ;  consequently  de  :  db  : :  db  :  df. 
dut  the  two  triangles  afB|  ocb  are  identical, 
or  equal  in  all  respects,  because  they  have  the 
angle  r  =  the  angle  bdc,  being  each  equal  to 
the  angle  At>B,  these  beii*g  subtended  by  the  _ 

equal  arcs  ab,  bc  ;  also  the  exterior  angle  fab  of  the  quadrangle 
ABCD,  is  equal  to  the  opposite  interior  angle  at  c  ;  and  the  two 
triangles  have  also  the  aide  b  v  sss  the  said  a  d-  ;  therefore  the  side  af 
is  also  equal  tu  the  side  dc.  Hence  the  proportion  above,Tis.  oe  :'db  : : 
DB :  pr  =:  DA  -4*  AF,  bocomes-DB :  DB : !  DB  :  2db  .4-  i>c.  Then,  by 
takingtfae  recUnglesoftlie  extremes  and  aieans«  it  is  db^  =s  2ds* 

J^  DB  .  DC 

Now,  if  the  radies  de  be  taken  ^  1,  this  expression   becomes 

DB*  «a  2^  4-  DC,  and  hence  the  root  db  «■  v'S  +  dc.  Thait  is, 
If  the  measure  of  the  supplemental  chord  of  any  are  be  increased  by 
tlie  number  2,  the  square  root  of  the  sum  witt  be  the  supplemental 
chord  of  half  that  arc. 

Now,  to  apply  this  to  the  calculation  of  the  circumference  of 
the  circle,  let  the  arc  AC  be  ulctn  equal  to  \  of  the  cuwumfe^ 
rence,  and  be  successively  bisected  by  the  above  theorem :  thas» 
the  chord  AC  of  ^  of  the  circumfenende,  is  the  side  of  tlie  in- 
scribed regular  hexagon.  End  is  therefore  equal  to  the  radius  aE 
or  1  :  heflce,  iiv  the  right-angled  triaogle  aco>  it  wiU  be  dc  = 
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Ex.  3.  If  the  circnm^rence  of  die  earth  be  SSOOO  miles, 
what  is  iu  diameter  ?  . 

~      Bj'  the   3d  rule,  as  3-1416  :  l  :  ;  35000  :  7957^  nearly 
the  diameter. 

NoTB  Bi  R.  Adbaik.  Having  applied  mf  new  theory  of 
noost  probable  values  to  ihedeterminBtioa  of  the  magnitude 
and  figure  of  the  eanh,  1  found  the  tnie  meao  diameter  df  the 
earth,  taken  as  a  globe,  to  be  791 8,-7  English  miles,  and  conse- 
quently,  its  circumference  34877-4  E.  miles,  and  a  degree  of 
a  great  circle  oqaaltoG9-t039  nuies. 


VAD*— Ac'^^^S'— !•  -»*/^=- 17320508076,  IhewqjplemenUl 
cliord  of  4  of  the  peripheiy. 

Then,  by  the  tbr^ctrin;  theorem,  by  alwavf  biaectUifr  Ae  area. 
and  adding  3  to  the  latt  iquare  root,  there  will  be  found  the  luppIC' 
nentAl  chorda  of  the  12tb,  the  34th,  the4Mi,  the  96tb,  &c.  pant  of 
the  periphery  ;  thua. 


v' 3-7320508076  =  1931851653s- 
V'3-93I8SI65S5  =  I'9e38a97337 
V3-9828897337  =  1-99S7178465 
V399sri78465  =  l-9989S9ir43 
V'3'9989291743  =  l-999733375f 
V'3-999732a75r  =  1-9999330678 
V3-9999330e7S  =  1'999»8336G9 
V'39999832669  = 


§■•3 


Since  then  It  U  fbnnd  that  3-9999833669  ij  the  iqiisre  of  the  lup- 
jifemental.chord  of  the  1536th  port  of  the  periphery,  let  tliis  lumbeF 
M  taken  from  4,  wtiieb  ia  the  aqoareof  the  diameter,  juid  the  reniun- 
der(NX)0(n67331wiUbetheiquareof  theehordof  the  lud  133Gth 
part  of  the  periphety,  *iid  coniequently  tlie  root  ^'t'OOOOlGTSSl  = 
0-00409Q6112  U  (he  length  of  that  chord  ;  thli  niimber  then  being 
muhiphed  by  1536,  f^vea  er'2Kil78K  for  the  perimeter  of  a  regular 
pd^an  of  1S36  side*  inacribed  in  the  <^rcle ;  which,  ai  the  aic&i  of 
the  polygon  neariy  coincide  with  the  circumference  of  the  circle,  inuit 
■lao  express  the  length  of  the  circumference  itself,  very  nearly. 

But  noir,  to  show  how  near  thla  determination 
is  to  the  tnithflet  Aq.F  =  0W4O9O6113 repreient 
one  side  of  luch  a  regular  polygon  of  I53S  sides. 
Mid  BBT  •  aide  of  another  similar  polygon  de- 
scribed about  the  circle  ;  and  from  the  centre  e 
tet  the  perpendicular  E(LB  be  drawn,  bisecting  af 
and  IT  in  ^and  a.  Then  since  Aq.  is  =  i\r  ^= 
0-00304530^6,  and  ba  =  1,  therefore  kh*  =  ba* 
—  AH*  = -9999958167,  and  consequently  its  root 
ipvea  ■«.=  9999979084;  then  fiecause  of  the 
parallels  at,  >t,  it  is  aq.:  aa  :  i  Ar  :  it  : :  as  the  " 

whole  inaciibed    perimeter:   to  the  circumscribed   one,  that  is, as 
.■99S99790S4  : 1  : :  6-3831788 :  S-2S319S0  the  perimeter  of  the  circum- 
Kiibed  polyKon>    Now,  the  circumference  of  the  circle  bcbg  greater 
,  ibtt 


/ 


t 


4lt  MENSURATION 


•  PKOBLBM  ¥111. 

Tojind  the  Length  qf  any  Arc  ^  a  Grtie* 

Multiply  the  decimal  0174S  by  the  degrees  in  tlie  gi^eii 
arc>  and  that  product  by  the  radius  of  the  circle)  for  the 
length  of  the  8^rc». 
• 

Ex.  I .    To  find  the  length  of  ui  aro  of  30  df  grees^  the 
radius  being  9  feet.  Ans.  4*7 1 1 5. 

Ex.  S.  To  find  the  length  of  an  arc  of  18^  10^  or  13«}, 
the  radius  being  1 0  feet.  Ans.  3*  1 23 1 . 


PROBLEM   IX. 

Tojind  the  Area  of  a  CircU\. 

RuLB  1.  Multiply  half  the  ciitumference  by  half  the 
diameter.  Or  multiply  the  whole  circumference  by  the 
whole  diameterjiand  tsike  j  of  the  prodi^ct. 

RVLE 


— p 


than  the  perimeter  of  the  inner  polygon,  but  less  than  that  of  the 
outer>  it  must  consequently  be  greater  thain  6*383 1788^ 

but  less  than  6'383193QU 
and  must  therefore  be  nearly  equal  \  their  sum.  or  6*2831854, 
which  in  fact  is  true  to  ^  last  figure,  which  should  be  a  3  instead 
of  the  4. 

Hence,  the  circumference  being  6*3831854  when  the  diameter  ia 
%  it  will  be  the  half  of  that,  or  3*1415927,  when  the  diameter  is  1» 
to  which  the  ratio  in  the  rule,  viz.  1  to  3*1416  is  very  near.  Also  the 
other  ratio  in  the  rule^  7  to  33  or  1  to  3-)  =  3*1428  &c.  is  anothet  near 
approximation. 

*  It  having  been  founds  in  the  demonstration  of  the  foregoing  prob- 
\ftxht  that  when  the  radius  of  a  circle  is  1,  the  length  of  tlie  whole  cir- 
eumference  is  6*2831854,  which  consists  of  360  degrees  ;  therefore  as 
360<^ :  6*3831854  wVx  '01745  &c.  the  length  of  ttie  arc  of  1  degree. 
Hence  the  decimal  "01745  multiplied  by  any  number  of  degrees,  wilt 
give  the  length  of  the  arc  of  those  degrees.  And  because  the  cir- 
cumferences and  arcs  are  in  proportion  as  the  diameters,  or  as  the 
radii  of  the  circles,  therefore  as  the  radius  1  is  to  any  other  radius  r, 
so  is  the  len^  of  the  arc  above  menttom^,  to  '01745  x  degrees  in  the 
arc  X  r,  which  is  the  length  of  that  arc,  as  in  the  rule. 

f  The  first  rule  is  proved  in  the  Geom.  theor.  94. 

And  the  3d  and  3d  rules  are  deduced  from  the  first  rule,  in  thi^ 
g^^j^r.— -By  that  rulei  ifc  *^  4  is  the  area,  when  d  deeates  the  diame- 
ter 
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RetB  II.  SquaM  the  ditmeter,  and  multiply  thai  square  hjr 
the  decimal  *7854,  for  the  area. 

Rule  III.  Square  the  circumference,  and  multiply  that 
aquare  by  the  decimal  '07958. 

Ex.  I.  To  find  the  area  of  a  circle  whoae  diameter  is  to,  and 
its  circumference  3 1*4 1 6. 


By  Rule  1. 
31r416 
10 

By  Rule  9. 
•78S4 

10«=       100 

By  Rul4  3. 
31*416 

31«416 

4)314*16 
78«54 

78'54 

986*965 
'0795« 

78-54 

So  that  the  area  is  78*54  by  all  the  three  rules. 

£x.  3.  To  find  the  area  of  a  circle,  whose  diameter  is  7, 
and  circumference  33.  Ans,  38^. 

Ex.  3.  How  many  square  yards  are  in  a  circle  whose  dia* 
meter  is  3\  feet  ?  Ans.  1-069. 

Ex.  4,  To  find  the  area  of  a  circle  whose  circurofei^nce  is 
12  feet.  Ana.  11*4595^ 

Vroblbm  X. 

To^Jind  the  Area  qfa  Circular  Ring^  or  of  the  Sfiace  included 
''betveen  the  Circumferences  of  two  Circles  s    t^    one  being 
contained  within  the  other* 

Take  the  difFerence  between  the  areas  of  the  two  circles, 
as  found  by  the  last  problem,  for  the  area  of  the  ring — Or, 


ter,  and  c  the  ciremBference.  But,  by  prob,  7>  c  is  ««  3*1416<//  there- 
fore the  said  area  dc^A»  becomes  d  X  3'1416(/  ^  4  »«  -7854/*» 
M'hich  gives  the  2d  rule.— Al«>y  by  the  same  prob.  7,  </is  »  c-f- 
3*1416 ;  therefore  i^^  the  same  first  area  die  ^  4,  becomes  c-?- 
31416  X  c  -r  4  »!  c>  ^  12-5664,  which  is  «  c«  X  07958,  by  taking 
the  reciprocal  of  12*5664^  or  changiiig  that  divisor  into  the  multiplier 
'07958 1  which  gives  the  dd  rule, 

C9f9l.  Hencey  the  areas  of  difTerent  circles  are  in  proportian  ta  one 
another,  as  the  square  of  their  diameters,  or  as  the  square  of  their 
c^cumferenccs  \  as  before  proved  in  the  Geom  theor,  93. 

which 
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the  tame  thtngy  subtract  the  square  of  the  lesa  ^o 
meter  from  the  square  of  the  greater,  and  multiply  their  dif* 
ference  by  '7854^— Or  UsUy,  multiply  the  sum  of  the  dia- 
meters by  the  difference  of  the  same,  and  that  product  by 
-7854;  which  is  still  the  same  thing,  because  the  product  of 
the  sum  and  difference  of  any  two  quamdties,  is  equal  to  the 
difference  of  their  squares. 

Ex.  I.  The  diameters  of  two  concentric  circles  being  10 
and  6,  required  the  area  of  the  ring  contained  between  their 
circumferences. 

Here  10  +  6  =s  16  the  sum,  and  10  — >  6  s  4  the  diff. 

Therefore  -7854  x    16  X  4  ss  -7854  X    64  »  50*2656, 

the  area. 

Ex.  2.    What  is  the  area  of  the  ring,  the  diameters  of 

whose  bounding  circles  are  10  and  30?  Ans.  335*63. 


PROBLXII   XI. 

Tojlnd  the  Area  of  the  Sector  of  a  Circle. 

Rule  I.  Multiplt  die  radius,  or  half  the  diameter,  by 
half  the  arc  of  the  sector,  for  the  area.  Or,  multiply  the 
whole  diameter  by  the  whole  arc  of  the  sector,  and  take  ^ 
of  the  product.  The  reason  of  which  is  the  same  as  for  tho 
first  rule  to  problem  9,  for  the  whole  circle. 

RuivK  II.  Compute  the  area  of  the  f^^^  circle :  then  say, 
as  360  is  to  the  degrees  in  the  arc  of  the  sector,  so  is  the 
area  of  the  whole  circle  to  the  area  of  the  sector. 

This  is  evident,  because  the  sector  is  proportional  to  the 
length  of  the  arc,  or  to  the  degrees  contained  in  it. 

Ex.  1.  To  find  the  arei^  of  a  circular  sector,  whose  arc 
contains  18  degrees ;  the  diameter  being  3  feet  ? 

1.  By  the  1st  Rule. 
First,  3-1416  X  3=  9*4348,  the  circumference. 
And  360 :  18  : :  9*4346  :  -47134,  the  length  of  the  arc. 
Then  -47134  x  3  -^  4  ==  1-41373  -ft-  4  =  -35343,  the  are^ 

3.  By  the  3d  Rule. 
First,  -7854  X  3*  =  70686,  the  area  of  the  whole  circle. 
Then,  as  360  :  1 8  : :  7*0686  :  •35343,  th^  area  of  the 
sector. 

Ex.  3.. 
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.  Ex.  2.  To  find  the  area  of  aaector,  *whoBe  radiua-is  10^ 

and  arc  30.  Ans.  100« 

Ex.  3.  Required  the  area  ofa  sector,  whose  radias  is  25, 

and  its  arc  containing  1 47^  29'.  Ans.  804-39e6r 


TROBLBH  XII.I 

To  find  the  Area  of  a  Segment  of  a  Circle. 

RuLS  t.  Find  the  area  of  the  sector  having  the  same  are 
with  the  segment,  by  the  last  probletn. 

Find  also  the  area  of  the  triangle,  formed  by  the  chord  of 
the  segment  and  the  two  radii  of  the  sector. 

Then  add  these  two  together  for  the  answer,  when  the 
segment  is  greater  than  a  semicircle  ;  or  subtract  them 
when  it  is  less  than  a  semicircle.^— As  is  evident  by  in- 
spection. 

Ex.  1.  To  find  the  area  of  the  segment  acbda,  its  chord 
AB  being  12,  and  the  radius  as  or  ck  10. 

First,  As  ae:  sm.  Z^    ^0®  :  :  ad  :  rfn. 

36®  52^1  =  36-87  degrees,  tlie  degrees  in  the 

Z  AEc  or  arc  ac.     Their    double,  73-74, 

are  the  degrees  in  the  whole  arc  acb. 

Now  •7a54  X  400=  314*16,  the  area  of 

the  whole  circle. 
Therefore  seo"":  73-74  :  i  314-16  :  64*3504,  area  of  the 
sector  acbb. 


Again,\/ AB»— AD«  =  V  100—36  =  ^  64  *=  8  ==   dib. 
Theref.  ad  x  db  =:  6  x  8  =  48,  the  ai*ea  of  the  trian- 
gle ABB. 
Hence  sector  acbe  —  triangle  abb  &=  16*3504,  area  of 

Seg.  ACBDA. 

Rule  II.  Divide  the  height  of  the  segment  by  the  diameter, 
and  find  the  quotient  in  the  column  of  heights  in^  the  follow- 
ing tablet :  Take  out  the  corresponding  area  in  the  next 
column  on  the  right  hand ;  and  multiply  it  by  the  square  of  the 
circle's  diameter,  for  the  area  of  the  segment*. 

#       *  Mte. 


,  *  The  truth  of  this  nde  depends  on   the   principle   of  similar 

plane  figures*  which  are  to  one  another    as    the   square   of  their 

iiice  linear  dimensions.    The  segments  in  the  t)ri4e  k^  those  of  a 

circle 


41A 


MENSUllATION 


^^ie.  When  (he  qiiotoit  it  aot  found  exactly  in  the  table^ 
proporiion  may  be  made  between  the  next  leas  and  greater 
area,  in  the  tame  naiiner  aiis  done  for  loearithmai  or  anr 
other  talile* 


Table  ofthe4UQ%  qf  Circular  Segments. 


Cm    8 

o  5b 


•01  -00133 
•02  -00375 
•03  -00687 
•04|-01054 
05  •01468 


06 
•07 
08 
09 


01934 
03417 

•03944 
03503 


101  •0408  8 


to 

•c 


'11-04701    -21 

13 '05339    '33 

13  -06000    -33 

14-06683    -34 

15  -07387   -25 

'16*08111    -36 

•17 -08853  I  "37 

'18  -09613  1*38 

•19  -10390  1-29 

•30-11182-30 


P   60 


• 

xi 

• 

60 

8«« 

ffi 

^1 

11990-31 
•138llJ-33 

136461-33 

14494 J -34 
•153541-35 

16336) -36 
-17109  J-37 

18002  !| -38 
•i8905|j-39 
•l98iriL40 


'20738 
3 1667 
33603 
33547 
34498 
25455 
36418 
37386 
38359 
39337 


41 
43 
43 
44 
45 
46 
47 
48 
49 
50 


30319 
31304 
33293 
33284 
34378 
35274 
361^73 
37270 
38270 
39270 


Ex.  2.    Taking  the  same  example  as  before,  in  which  are 
given  the  chord  A9  12,  and  the  radius  10,  or  diameter  30. 

And  having  found,  as  above,  de  =s  8 ;  then  cb  -.  de 
s  CD  cs  10  —  8  =ss  3.  Hence,  by  the  rule,  cd  -f-  cf  s=  3 
•4-  20  »  *1  the  tabular  height.  This  being  found  in  the 
first  column  of  the  table,  the  corresponding  tabular  area  is 
•04088.  Then  -04088  X  20*  :=  -04088  X  400  «-  16-352^ 
the  area,  nearly  the  same  as  bei<H«. 

». 

Ex.  3.    What  is  the  area  of  the  segment,  whose  height  i» 
18,  and  diameter  of  the  circle  50  I  Ans.  636«  375. 

Ex.  4.    Required  the  area  of  the  segment  whose  chord  is- 
1 6,  the  diameter  being  30  ?  Ans.  44-72S« 


lurcle  whose  diameter  is  1 ;  and  the  first  oolumn  QOBtauas  the 
correspooding  heights  or  versed  sines  dividied  by  the  dismeter. 
Thus  then,  the  area  of  the  aimilsr  8egpieiit»  taken  from  the  table> 
•nd  multiplied  by  the  squaie  of  the  diameter,  gins  the  area  of  the 
aVDcot  to  tbit  dismnler. 

mOBLEM 
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PROBLEM  XIIX. 

To  measure  long  Irregular  Figures* 

Take  or  measure  the  breadth  at  both  ends,  aiKd  at  se- 
Teral  places  at  equal  distances.  Then  add  together  all  these 
intermediate  breadths  and  half  the  two  extremes,  which 
sum  multiply  by  the  length*  and  divide  by  the  number  of 
parts  for  the  area*. 

JSTote.  If  the  perpendiculars  or  breadths  be  not  at  equal 
distances,  compute  all  the  parts  separately,  as  so  many  tra- 
pezoids, and  add  them  all  together  for  the  whole  area. 

Or  else,  add  all  the  perpendicular  breadths  together,  and 
•divide  their  sum  by  the  number  of  them  for  the  mean  In-eadth, 
to  multiply  by  the  length ;  which  will  give  the  whole  area, 
not  far  fvom  the  truth. 

Ex.  I.  The  breadths  of  an  irregular  figure,  at  five  equi- 
distant places,  being  8*2,  7*4,  9*2,  ro2,  8*6 ;  and  the  whole 
length  39  ;  required  the  area  ? 

8*2  35-2  sum. 

8-6  39 


2}  16*8  sum  of  the  < 

8-4  mean  of  the 
7-4 

10-2 

extremes, 
extremes. 

3168 
]056 

4)  1 372*8 

343*2  the  area. 

35*3  sum* 

Ex. 

A   E    0    I    B 


*  This  rule  is  made  out  m  follows  : 
—Let  A  BCD  be  the  irregular  piece; 
having  the  several  breadths  ad,  ef.  gh, 
IK,  Bc,  at  the  equal  distances  AK,  eg, 
GI9  IB.  Let  the  several  breadths  in  or- 
der be  denoted  by  the  corresponding  let- 
ters a»  6,  c,  d,  «,  and  the  whole  leneth 

AB  by  / ;  then  compute  the  areas  of  the  parts  into  which  the  figure  is 
divided  by  the  perpendicuUrs,  as  so  many  trapexoids,  by  prob.  3»  and 
add  them  all  together.    Thus,  the  sum  of  the  parU  is, 
n  4.  &  ^  ^c  c+rf  d  +  e 

-  X  AB+ X  BO  4 X  01  H X  i» 

2  2  2  2 

a+6  *+c  c+rf  rf+« 

^ XV+ X*/+ XJ/+ Xi^ 

2  2  2.2 

==  (Ja+A+ c  +  rf+ ie)  X  I' «(«»  +  *  +  «  +  *  V. 

You  I.  H  h  h  whjch 


I  I 
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Ex.  3.  The  length  of  «a  irregular  figure  being  84,  and  the 
breadths  at  six  equidistant  places  17*4»  30*69  14*2, 16*5,  30*1, 
34*4  i  what  is  the  area  ?  Ans.  1 550-64* 


PaOBLBUL  XXT. 

Tojind  the  Area  of  an  EMmU  or  Oval. 

Multiply  the  longest  diameter,  or  axis,  bjr  the  shortest ; 
then  multiply  the  product  hj  the  decimal  '7854,  for  the 
area.  As  appears  from  cor.  3|  theor.  3,  of  this  Ellipse^  in 
the  Conic  Sections. 

Ex.  1.  Required  the  area  of  an  ellipse  whose  two  axes 
are  70  and  50.  Ans.  3748*9« 

Ex.  3.  To  find  the  area  of  the  oval  whose  two  axes  are 
^4  and  18.  Ans.  3:^9*393Q. 


PROBLEM  XV. 

Tojind  the  Area  qfony  ElU/itic   Segment* 

FxHn  the  area  of  a  corresponding  circular  segment,  having 
the  same  height  and  the  same  vertical  axis  or  diameter.  Then 
aajr,  as  the  said  vertical  axis  is  to  the  other  axis,  parallel  to 
the  segment's  base,  so  is  the  area  of  the  circular  segment 
|>efore  found,  to  the  area  of  the  elliptic  segment  sought* 
This  rule  also  comes  from  cor.  2,  theor.  3  of  the  Ellipse. 

Otherwiie  thut.  Divide  the  height  of  the  segment  by  thp 
vertical  axis  of  the  ellipse;  and  find,  in  the  table  of  circular 
segments  to  prob.  13,  the  circular  segment  having  the  above 
quotient  for  its  versed  sine  :  itien  multiply  all  together,  this 
segment  and  the  two  axes  of  the  ellipse,  for  the  area. 

Ex.  I.  To  find  the  aroa  of  the  elliptic  segment,  whose 
height  is  20,  the  vertical  axis  bemg  70,  and  the  parallel 
axis  50. 


which  18  the  whole  area,  agreeing  with  the  rule  :  m  beings  tlie  arith- 
metical mean  between  the  extremes,  or  half  the  sum  of  them  both* 
and  4  the  number  of  the  parts.  And  the  same  for  any  other  number 
of  parts  whatever* 

Here 


OF  SOUOS*  419. 

Here  30  -s-  70  gi^es  '28|  the  quotient  or  veised  sine  ^  to   ' 
vAiich  in  the  table  answers  the  seg.  *  185 18 

then  70 


13-96360 
50. 


648*13000  the  area. 


Ex.  3.  Required  the  sirea  of  an  elliptic  segment,  cut  off 
parallel  to  the  shorter  axis;  the  height  being  10,  and  the 
two  axes  35  and  35.  Ans.  163*03. 

Ex.^.  To  find  the  area  of  the  elliptic  segment^  cut  off 
parallel  to  the  longer  axis  ;  the  height  being  5,  and  the  axes 
25  and  35.  Ans.  97-842S. 


VBOBX.XH  XVI. 

Tojind  the  Area  qfa  Parabola^  or  Ua  Segment. 

Multiply  the  basc^  by  the  perpendicular  height ;  then 
take  two-thirds  of  the  product  for  the  ai*ea.  As  is  prove.d 
in  theorem  17  of  the  Parabola,  in  the  Conic  Sections. 

Ex.  1.  To  find  the  area  of  a  parabola ;  the  height  being  3, 
and  the  base  13. 

Here  3  x  13  =>  34.    Then  |  of  34  «r  16,  is  the  area. 

,    Ex.  3.  Required  the  area  of  the  parabola,  whose  height 
IS  10,  and  its  base  16.  Ans.  IO64. 


MENSURATION  OF   SOLIDS. 

BY  the  Mensuration  of  Solids  are  determined  the  spaces 
included  by  contiguous  surfaces ;  and  the  sum  of  the  measures 
of  these  including  sur&ces,  is  the  whole  surface  or  superficies 
of  the  body. 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or 
content. 

Solids  are  measured  by  cubes,  whose  ^des  are  inches,  or 
feet,  or  yards,  &c.  And  hence  the  solidity  of  a  body  is  said 
to  be  so  many  cubic  inches,  feet,  yards,  &cl  as  will  fill  its* 
capi city  or  space,  ot  another  of  an  equal  magnitude. 

The 


430  MENSURATION 

The  least  tbtid  measure  is  the  cubic  inahy  ether  cviheB 
being  taken  from  it  accordiog  to  the  proportion  in  the  fol- 
lowing table»  which  is  formed  by  cubing  the  linear  pro* 
portions. 


Table  of  Cubic  or  SoUd  Metuuren. 

1738    cubic  inches  make  1  cubic  foot 

37    cubic  feet  -  1  cubic  yard 

166|  cubic  yards       -  1  cubic  pole 

64000    cubic  poles       -  1  cubic  forlong 

513    cubic  iurlongs  «  I  cubic  mile. 


PROBLEM   I. 

To  find  the  Sufierjiciee  of  a  Prim  or  Cylinder, 

Multiply  the  perimeter  of  one  end  of  the  prism  by  the 
length  or  height  of  the  solid,  and  tlie  product  will  be  the 
suitace  of  all  its  sides.    To  which  add  also  the  area  of  the 
twcf  ends  of  the  prism,  when  required*. 

Or,  compute  the  areas  of  all  the  sides  and  ends  separately^ 
and  add  them  all  together. 

Ex.  1.  To  find  the  sur£gico  of  a  cube,  the  length  of  each 
side  being20  feet.  Ans.  3400  feet. 

Ex.  2.  To  find  the  whole  surface  of  a  triangular  prism^ 
whose  length  b  30  feet,  and  each  side  of  its  end  or  base 
1 8  inches.  Ans.  9 1  -948  feet. 

Ex.  3.  To  find  the  convex  surface  of  a  round  prism,  or 
cylinder,  whose  length  is  20  feet,  and  the  diameter  of  its 
base  is  3  feet.  Ans.  135*664. 

Ex.  4.  What  must  be  paid  for  lining  a  rectangular  cistern 
with  lead,  at  3flf.  a  pound  weight,  the  thickness  of  the  lead 
being  such  as  to  weigh  71b.  for  each  square  foot  ot  surface  \ 
the  inside  dimensions  of  the  cistern  being  as  follow,  viz.  the 
length  3  feet  3  inches,  the  breadth  3  feet  8  inches,  and  depth 
3  ieet  6  inches  ?  Ans.  3/.  3«.  ]0^-</. 


•  The  truth  of  this  will  easily  appear,  by  considering  that  the 
Bides  of  any  prism  are  parallelograms,  whose  common  length  is  the 
same  as  the  length  of  the  solid,  and  their  breadths  taken  all  together 
makeup  the  perimeter  of  the  ends  of  the  same. 

And  the  xule  is  evidentJy  the  same  for  the  surface  of  a  cylinder. 

PROBLEM 
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PROBLKM  II. 


To  find  the  Surface  of  a  regular  Pyramid  or  Cone. 

Multiply  t^e  perimeter  of  the  baae  by  the  slant  height, 
or  perpendicular  from  the  vertex  on  a  side* of  the  base,  and 
half  the  product  will  evidently  be  the  surface  of  the  sides,  or 
the  sum  of  the  areas  of  alt  the  triangles  which  form  it.  To 
which  add  the  area  of  the  end, or  base,  if  requisite. 

Ex.  1 .  What  is  the  inclined  surface  of  a  triangular  pyra- 
mid, the  slant  height  being  20  feet,  and  each  side  of  the  base 
3  feet  ?  Ans.  90  feat. 

£x.  3.  Required  the  convex  surface  of  a  cone,  or  circular 
pyramid,  the  slant  height  being  50  feet,  and  the  diameter  of 
its  base  81  feet.  Ans.  667*59. 

PROBLEM   III. 

To  find  the  Surface  of  the  Frustum  of  a  regular  Pyramid  or 
Cone  f  being  the  lower  part  when  the  tojfi  U  cut  off  by  a 
filane  fiarallel  to  the  base, 

Ann  together  the  perimeters  of  the  two  ends,  and  multi- 
ply their  sum  by  the  slant  height,  taking  half  the  product  for 
the  answer. — As  is  evident,  because  the  sides  of  the  solid  are 
trapezoids,  having  the  opposite  sides  parallel. 

Ex.  K  How  many  square  feet  are  in  the  surface  of  the 
frustum  of  a  square  pyramid,  whose  slant  height  is  10  feet-; 
also,  each  side  of  the  bJEise  or  greater  end  being  3  feet  4  inches, 
and  each  side  of  the  less  end  2  feet  2  inches  ?     Ans.  1 10  feet. 

Ex.  2.  To  find  the  convex  sur&ce  of  the  frustum  of  a  cone, 
the  slant  height  of  the  frustum  being  12|  feet,  and  the  cir- 
cumferences of  the  two  ends  6  and  8*4  feet.        Ans.  90  feet. 

PROBLEM  IT. 

To  find  the  Solid  Content  qfany  Prism  or  Cylinder* 

FiNo  the  area  of  the  base,  or  end,  whatever  the  figure 
of  it  may  be  ;  and  multiply  it  by  the  length  of  the  prism  or 
cylinder,  for  the  solid  content*.  M>te, 


*  This  rule  appears  from  the  Geom.  theor.  110»  cor.  2.    The  tsme 
is  more  particidarly  showa  as  follows :  Let  the  annexed  rectangular 

parallelopipedua. 


4SUL 
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Mte.  For  a  cube»  take  the  cube  td  its  aide  bjr  multiplyiQi; 
thia  twice  by  itself;  and  for  a  paraUelopipedoo,  multiply  the 
lengthy  breadth  and  depth  all  together,  for  the  conteot. 


Ex. 
341 


\. 


To  find  the  tolid  content  of  a  cubet  whoae  ude  is 

Ana.  13824. 


Ex.  2.    How  many  cubic  feet  are  in  a  block  of  marble,  its 
length  being  3  feet  3  jnche%  breadth  2  feet  B  inches,  and 

Ana  24. 


thickness  2  feet  6  inches  ? 


Ex.  3.  How  many  gallons  of  water  will  the  cistern  con- 
tain, whose  dimensions  are  the  same  as  in  the  last  example, 
^hen  282  cubic  inchea  ^re  contained  in  one  gallon  ? 

Ans.  129  If 

'Ex.  4.  Required  the  solidity  of  a  triangular  prism,  whose 
length  is  10  feet^  and  the  three  sides  of  iu*triangidar  end  or 
base  are  3, 4, 5  feet  Ans.  60. 

Ex.  5.  Required  the  content  of  a  round  pillar,  or  cylinder, 
Whose  length  is  20  feet,  and  circumference  5  feet  6  inches. 

Ans.  48^1459  feet 


pandtelopipedon  be  the  tolid  tobemea* 
sured,  and  the  cube  p  the  lolid  measu- 
riag  unit,  its  side  being  1  inch,  or  1  foot, 
&c ;  slso»  let  the  length  and  breadth  of 
the  base  abcd,  and  also  the  height  ah, 
be  each  divided  into  spaces  equu  to  the 
length  of  the  base  of  the  cube  p,  name- 
ly, here  3  in  the  length  and  3  in  the 
breadth,  making  3  times  2  or  6  squares 
in  the  base  ac,  each  e^ual  to  the  base  of 
the  cube  p.    Hence  it  is  manifest  that  - 

the  parallelopipedon  will  contain   the  xL  B 

cube  p,  as  many  times  as  the  base  ac  contains  the  base  of  the  cube, 
repeated  as  often  as  the  height  ar  contains  the  height  of  the  cube. 
That  is,  the  content  of  any  parallelopipedon  is  found,  by  multiplying 
the  area  of  the  base  by  the  altitude  of  that  solid. 

And,  because  all  prisms  and  cylinders  are  equal  to  parallekipipe- 
4ons  of  equal  bases  and  altitudes,  by  Geom.  theor.  lOd,  it  Imlows 
that  the  rule  is  general  for  all  such  solids^  whatever  the  4gure  of  the 
base  may  be. 


fROBLEK 


« 

OF  SOLIDS.  4S» 

PROBLEM  ▼. 

To  JInd  the  Content  of  any  ^yra^midor  Cone. 

FiVB  the  area  of  the  base^  and  multiply  that  area  by  the 
perpendicular  height ;  then  take  f  of  the  product  for  the 
4;ontent*. 

Ex.  li  Required  the  soHdity  of  tibe  Bqoare  pymdidj  each 
6ide  of  its  base  being  30}  and  its  perpendicular  height  25. 

Ans.  7500« 

£x.  3.  To  find  the  content  of  a  triangular  pyramid,  whose 
perpendicular  height  is  aOj  and  each  side  of  the  base  3. 

Ans.  38*97 11/. 

Ex.  3.  To  find  the  content,  of  a  triangular  pyramid,  its 
height  being  14  feet  6  inchesi  and  the  three  sides  of  its  base 
5, 6,  7  feet.  Ans.  7 1  -0352. 

Ex.  4.  What  is  the  content  of  a  pentagonal  pyramid*  its 
iieight  being  12  foet>  and  each  side  of  its  base  2  feet  ? 

Ans.  27-^276. 

Ex.  5.  What  is  the  content  of  the  hexagonal  pyramidi 
vhose  height  is  6*4  feet  ^  and  each  ftide  of  its  base  6  inches  ? 

Ans.  1*38564  feet 

Ex.  6.  Required  the  content  of  a  cone,  its  height  being 
I0|  feet}  and  the  circumference  of  its  base  9  feet. 

Ans.  22*56093« 

FROBtEM  YI. 

Tojind  the  SoUdity  of  the  FruMtum  qfa  Cone  or  Pyramid. 

Add  into  one  sum,  the  areas  of  the  two  ends,  and  the 
mean  proxx>rtional  between  them :  and  take  \  of  that  sum 
for  a  mean  area ;  which  being  multiplied  by  the  perpendicu- 
lar height  or  length  of  the  frustum  will  give  its  contentf. 

JVbte. 


*  This  rule  follows  from  that  of  the  prism,  because  any  pyramid  is 
^  of  a  prism  of  equal  base  and  altitude ;  by  Geom.  theor.  115»  cor.  1 
and  2. 

f  Let  ABCD  be  any  pyramid,  of  which  bcdgpb  is  a  frustum, 
^ind  put  a>  for  the  area  of  the  base  bgd>  6'the  area  of  the  Uxj^ 


1 
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M>te.  This  general  rule  nu^  be  otherwise  expressed,  as 
Ibllows,  when  the  ends  of  the  frustum  are  circles  or  regular 
polygons.  In  this  latter  case,  square  one  side  of  each  poly- 
gon, and  also  multiply  the  one  side  by  the  other ;  add  ail 
these  three  products  together ;  then  multiply  their  sum  by 
the  tabular  area  proper  to  the  polygon,  and  take  one-third  of 
the  product  for  the  mean  area,  to  be  multiplied  by  the  lengthy 
to  give  the  solid  content  And  in  the  case  of  the  frustum 
of  a  cone,  the  ends  being  oircles,  square  the  diameter  or  the 
circumference  of  each  end,  and  also  multiphr  the  same  two 
dimensions  together  ;  then  take  the  sum  of  the  three  pro- 
ducts, and  multiply  it  by  the  proper  tabular  number,  viz.  by 
•7854  when  the  diameters  are  used,  or  by  '07958  in  using 
the  circumferences ;  then  taking  one-third  of  the  product, 
to  multiply  by  the  length,  for  the  content 

Ex.  1 .  To  find  the  number  of  solid  feet  in  a  piece  of 
timber,  whose  bases  are  squares,  each  side  of  the  greater  end 
being  15  inches,  and  each  side  of  the  less  end  6  inches  ;  alao^ 
the  length  or  perpendicular  altitude  24  feet.  Ans.  19|. 

Ex.  3.  Required  the  content  of  a  pentagonal  frustunHs 
whose  height  is  5  feet,  each  side  of  the  base  18  inches,  and 
each  side  of  the  top  or  less  end  6  inches.      Ans.  9*3 1935  feet. 


ZFG,  h  the  height  ib  of  the  frustum,  and  c  the 
beifi^ht  A I  of  the  top  part  above  it  Then 
€  +  A=  AH  is  the  height  of  the  whole  pyra- 
mid. 

Hence,  by  the  last  |)rob.  la*  (e  +  h)  is  the 
content  of  the  whole  pyramid  abgd,  and  ih*c 
the  content  of  the  top  part  Asrot  thermre 
the  difiRerence  <(a*  (c-4-A}— ^*e  is  ^  content 
of  the  frustum  bcoofb.  But  the  quanta^  c 
being  no  dimension  of  the  frustum,  it  must  be  ex-         £  ^ 

pelled  from  this  formula,  by  siUistituting  its  value,  found  in  the 
following  manner.  By  Geom.  thepr.  113, a^  :6*  ::{c+ hy  :  c«,  or 
uiA  '.:  e  +  h  :  c,  hence  (Geom.    th.  69)  a  — > 6 :  ^  : :  A :  c,  and 

6h  ah 


9 

a  —  A.' 

then    these  values   of  c  and  c  «(>   A  being   substituted  for  theai 
fa  the  expression  for  tlie  content  of  the  frustum,  gives  that  con- 

ah  AA  a^  —  A' 

tent  =  I  fl*  X |A«  X =7  i*  X  =  fA  X  {«* 

a— A  <i  —  A  a    —    A 

+  aA  -I-  A*)  ;  which  is  the  rule  above  given;  ab  being  the  mean  be- 
tween «»  and  A* » 

■ 

Ex.  3. 


Ol^  SOLIDS. 


^^ 


Wm*  S*  To.  inil  die  eontent  tii  a  conic  frostuim  Uie  alti- 
tude being  18,  the  greatest  diameter  8,  vnd  the  least  dia- 
meter 4.  An9*  527*7888. 

Ex.  4«  What  k  the  solkKty  c^  the  frustum  of  a  cone,  the 
altitude  being  ^S,  also  the  circumference  at  the  greater  end 
being  do,  and  at  the  less  end  10  ?  Ans.  464-3 16. 

Ex.  5.  If  a  cask,  whidi  is  two  equal  conic  frustums  joined 
together  at  the  bases,  have  its  bung  diameter  38  inches,  the 
head  diameter  30  inches,  and  length  40  inches ;  how  many 
gallons  ot  wine  will  it  hold.  Am.  79*06 1 3. 


9R0BLKM   Vir. 


ToJSnd  the  Surface  ^fa  SfaAerey  or  any  Se^mpnS. 

RvLx  1.  MVI.TIPLT  the  circumference  of  the  sphere 
by  its  diameter,  and  the  product  will  be  the  whole  surface 
ofit«i 

Rule  II« 


*  These  rules  come  from  the  following  theorems  for  the  sur- 
laeeofasphere^nz.  l*hat  the  said  sur&oe  it  equal  to  the  curve 
surface  ot  its  drcumscribing  cylinder ;  or  that  it  is  equal  to  4 
great  oiteles  of  the  same  fphere,  or  of  the  sane  diameter :  whidf 
are  thus  proved. 

Let  Ases  be  a  eyliiidWi  dtomDseribing 
the  tphcse  mvom ;  the  iirmcc  generated 
Iv  the  ffotatioa  of'*the  veetaagle  vsoh 
about  the  axis  at  diameter  fh  ;  and  the 
latter  by  the  solattoR  of  the  semieircle 
90B.  about  the  same  i^uaaUm  wwu  Draw 
two  linea  ki.»  uv,  perpendicular  to  the 
axis  intercepting  the  parts  i.]r,  op,  of  the 
eylMer  and  sphere  t  than  lilk  the  ring 
or  cylindric  sumee  geqerated  bv  the  ro- 
tation of  LVy  be  eqiuil  to  the  ni^  or  spberioal  aiorface  generate^ 
by  the  arc  op.  For  first*  suppose  the  parallels  kl  and  mm  to* 
be  indefinite^  near  together;  drawing  lo,  sad  aUo  oq.  parallel 
to  LV.  Then*  the  two  triangles  iico«  o^jr.  being  equiangular*  it 
is,  as  OP  :  oQ.or  i.iv ::  lo  or  kl  :  ao  : :  eircumferenoe  described 
by  kjl:  circumf.  deschl^ed  |y  KO;thereAire  the  rectangle  op  X 
circumf  of  x.o  is  equal  to  the  rectangle  ln  x  circumf.  of  Kui- 
that  is,  tbe  ring  described  by  op  on  the  sphere,  is  equal  to  the  ritig 
deKribed  by  ur  on  the  cyliadcp. 

Votl.  I  i  i  Ana 
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496.  MENSURATION 

Rots  11.  Square  the  diameter  and  multipljr  thai  aqoare 
by  3*1416)  for  the  surface. 

RuLB  III.  Square  the  circumference  ;  then  either  multi- 
ply that  square  by  the  decimal  'Sies^or  divide  ii  by  3*141 6| 
tor  the  sur&ce* 

J^ote,  For  the  surface  of  a  segment  or  frustum,  multiply 
the  whole  circumference  of  the  sphere  by  the  height  of  the 
'part  required. 

Ex.  1.  Required  the  convex  superficies  of  a  sphere,  whose 
diameter  is  7,  and  circumference  23.  Ans.  154. 

Ex.3.  Required  the  superficiesofaglobe,  whose  diameter 
is  34  inches.  Ans.  1 809*56 1 6. 

Ex.  S.  Required  the  area  of  the  whole  surfiekce  of  the 
earth,  its  diameter  being  7957^  miles,  and  its  circumference 
*35000  miles.  Ans.  196943750  sq.mUes. 

Ex.  4.  The  axis  of  a  sphere  being  43  inches,  what  is  the 
Qpnvex  superficies  of  the  segment  whose  height  is  9  inches  ? 

Ans.  1187*5348  inches. 

Ex.  5.  Required  the  convex  surface  of  a  spherical  cone, 
whose  breadth  or  height  is  3  feet,  and  cut  from  a  sphere  of 
12|  feet  diameter.  Ans.  78*54  feet. 


And  at  this  is  every  where  the  esse;  therefore  the  sttint  of  any 
correapondinf^  number  of  these  are  also  eaual  \  that  is,  the  whole 
surface  of  the  sphere,  described  by  the  whole  semicircle  pgh.  Is 
^ual  to  the  whole  curve  surface  of  the  cylinder,  described  by 
the  height  Bc;  as  well  as  the  surface  of  any  segment  described 
by  ro,  equal  to  the  surface  of  the  corresponding,  segment  descri* 
bed  by  bl. 

Cot»l.  1.  Hence  the  surface  of  the  sphere  is  equal  to  4  of  its  great 
circles,  or  equal  to  the  circumlerence  efcb,  or  of  ds,  multiplie<l  tly 
the  height  bo»  or  by  the  diameter  i-h. 

OfroiJ2 .  Hence  also,  the  surface  -  of  any  such  part  as  a  segment 
or  frustum,  or  zone,  is  equal  to  the  same  circumference  of  the  sphere, 
multiplied  by  the  height  of  the  said  part.  And  consequently  such 
spherical  curve  surfaces  are  to  one  auothet  in  the  same  proportion  as 
their  altitudes. 
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To  find  the  Solidity  of  a  Sfi/tere  or  Globe. 

Rule  I.  Mukiply;  the  surface  by  the  diameter,  and 
take  \  of  the  product  for  the  content*.  Or,  which  is  the 
same  thing,  multiply  the  square  of  the  diameter  by  the  cir* 
cumference,  and  take  ^  of  the  product 

&UL£  II.  Take  (the  cube  of  the  diameter,  and  multiply  it 
by  the  decimal  -5236,  for  the  content. 

Rule  III.  Cube  the  drcuipference,  and  multiply  by 
•01688. 

£z.  1.   To  find  the  content  of  a  sphere  whose  axis  is  13. 

Ans.  904*7808. 

Ex.  3.  To  find  the  solid  content  of  the  ^lobe  of  the  earth, 
fiuppMing  its  circumierence  4o  be  35000  miles. 

Ans.  363858149130  mile^. 

rROBLEM  XX. 


So  find  the  Solid  Content  of  a  Sfiherieal  Segment, 

t  RiTLE  I*    From  3. times  the  diameter  of    the  sphere 

take 

*  For,  put  d  « the  diameter,  e  le  the  circumferenoe,  and  t  =  the 
surfiM^e  of  the  sphere^  or  of  its  eieoaiiisctibiDg  cylinder :  also,  a  = 
the  number  3*1416. 

Then,  (  « is  =  the  base  of  the  cylinder,  or  one  great  circle  of  the 
sphere ;  and  d  is  the  height  of  the  cylinder ;  therefore  ids  is  the 
content  of  the  cylinder.    But  >  of  the  eylmder  is- the  sphere,  by  th.  1 17, 

Geom.  that  is,  ^of  (dEr,  or  Id^  is  the  sphere  ;  which  it  the  first  rule. 

AgMi,  beeanse  the  ^uriaoe  « is  =:s  ad*  ;  therefore  ^9  :=  |a/'  = 
'533&/3,  is  the  content,  as  in  the  ?d  rule.  Also  d  being  =:e^a  there- 
fore ^  ad^  =  -^c'-f.  a'b"  '01688,  the  3d  rule  for  the  content. 

t  By  coroL  3,  oftheor.117,  Geom.  it 
appears  that  the  spheric  segment  pfw,  is 
equal  tothedifierenee  between  the  cylinder 
ABLO,  and  the  conic  frustum  ABMq. 

But,  putting  d^  AB  oT  fh  the  diameter 
of  the  sphere  or  cyIinder,A^FK  the  height 
of  the  segment,  r=PK  the  radius  of  its 
base,  and  a=3-l416;  then  the  content  of 
the  cone  abi  is=  lad*  X  i  rt= Aatf' ; 
and  by  the  simUar  cones  abi,  ^x,  as 
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take  double  the  height  of  the  segment :  then  multiplf  the 
remainder  by  the  square  of  the  height)  and  the  prodiKt  hj^ 
the  decimal  '5386}  for  the  content. 

RuLK  IT.  To  3  tiroes  tfen  sqibat^  of  Hie  radius  of  the 

segment's  base,  add  the  square  of  its  height ;  then  m«ltipl]f 

the  sum  by  the  height,  and  the  product  by  '5S86,  for  ^ 
content 

Ex.  1.  Tb  'find  the  content  of  «  spherical  segmeat,  of  9 
feet  in  height,  cut  from  a  sphere  of  B  feet  diameter. 

Ans.  41*888. 

Ex.  2.  What  is  the  solidity  of  the  segment  of  a  sphere* 
its  height  being  9,  and  the  diameter  of  its  base  SO  ? 

Ans.  17f5-«d44, 


Mte.  The  general  mles  fsr  neasurtfig  all  sorts  of  figures 
haVing  been  now  deHvered,  we  may  next  proceed  to  apply 
them  totibe  seToral  practical  uses  hi  life,  as  fbll9ws. 


n'  :  xi*  :  :  ti^  'A«rf'  X  (Hzi*)***  the  cone  qui  ;  therefote 

the  cone  asi  —  the  cone  tiui^^jad  —  ^jod  X  (     w    )  ■« 

iW*JU-ia^'+^*  is—the  osMcfrasSB  A»ii% 

An4  \md^h  is —the  cyllndv  mm. 

Then  the  difierence  of  these  two  is  iadk*  ^  jdb^  «.  ^uh*  x 
|[3ir—  3ft}»  fiv  Uie  spherie  segmeat  -wrm  i  which  is -the  frst  rute. 

Again,  because  pk*  «»  rx  X  xv  fosr.  to  theor.  6^«  ISeom.^  or  rs 

a»  A <i/ -^  A),  tlieteibfe i/«r  —  +  hp  mA  2d  •^SA  — «»>  -f  ^  -p 

3r«+A« 

■■■    ;  which  being  substitated  in  the  fomerndr«  it  becomes 

3r«  +  AS 
|aA»  K "«  fiA*  x(9^*^  A*),ivhidii8the^nile. 

^offf.  By  sttbtrsctinga  fmientlhnn  m  half  sphere,  or  from  snolber 
segment,  the  ceotent  or  any  InistiAi  or  sone  nfty  be  found.  ' 


LAND 
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LAND  SURVEYING. 

SECTION  I. 

OB8CMPTI0IC  AKD  USB  €IF  THg  INSTRUMENTS. 

1.  or  THK    CHAIN. 

LAND  is  mc^Bur^d  with  a  pb»m,  called  Gunter'n  ChaiA, 
from  its  inveoUM*,  tihekyagth  of  which  is  4  poles,  or  22  yards, 
or  66  ioeit.  It  coasists  of  100  «qual  Unks ;  ami  the  length 
of  each  link  ia  therefore  -^  of  a  yard,  or  ^^^  of  a  footf  or 
7-92  inches. 

Laaod  is  esUmaled  in  acres,  roods,  and  perches.  An  acre 
is  equal  to  10  aqfiMire  chaias,«r  as  much  as  10  chains  in  length 
and  t  chain  in  breadth.  Or,  in  ^ards  it  is  320  x  22  =  4840 
aqnare  jarda.  Or,  in  polea,  it  is  40  ic  <*  ««  160  square  poles. 
Oti  in  Kiika,  it  ia  1000  x  KH)  «  100000  nquare  Mnfca :  these 
being  all  the  saase  qoantkf. 

Also,  an  acre  is  dinded  into  4  parts  called  roods,  and  a 
rood  into  40  psfrts  cidM  perches,  which  are  square  poles,  or 
the  square  of  a  pole  of  s|  yards  long,  or  the  square  of  \  of  a 
chain,  or  cCliS  links,  vUch  is  625  square  links.  So  that  the 
divisions  of  bad  meoittre,  will  be  thus  t 

625  sq.  links  =s  1  pole  or  perch 
•40  perches  ■■  1  rood 
4  roods      c=  1  acre. 
Thelenrthiof  lines,  measured  with  a  ciiaui,  ere  bestect 
down  In  uaks  as  integers,  every  chain  in  length  bemg  100 
tinks .;  and  not  in  ohak»  and  ^kcimab.    Therefore,  efter  the 
Content  is  fbund,  it  mU  be  in  square  Unks  ;  then  cut  off  five 
of  the  figures  -on  the  rigbt4iand  for  decimals,  and  the  rest 
win  be  acres.    These  decimals  are  then  snultiplied  by  4  for 
roods,  and  the  decimals  of -these  again  by  40  for  perches. 
Exam.  Suppose  the  lengthcf  a  rectanguiar  piece  of  ground 
"    he  792  Hnks,  and  its  hreadth  86i  ;  to  find  ^e  area  in  acres, 
foods,  and'perdhes* 

r9S  3^04920 

395  4 


6H)4990 


•19990 
40 

7^7300 


Ans.  3  acres,  0  roods,  7  perches*  3.  or 
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2.   OV   THE  Thhin   TABLE. 

This  in^trumeDt  consists  of  a  plain  rectangular  boardf  ol 
any  coDTenient  size :  the  centre  of  which,  when  used,  is  fixed 
by  means  of  screws  to  a  three-legged  stand,  having  a  ball 
and  socket^  or  other  jointy  at  the  top^  by  means  of  Vhich, 
when  the  legs  are  fixed  on  the  ground,  the  table  is  inclined 
in  any  direction. 

To  the  table  belong  various  parts,  as  follow* 

1.  A  frame  of  wood,  made  (o  fit  round  its  edgesn  and  to 
be  taken  off,  for  the  convenience  of  putting  a  sheet  of  paper 
on  the  table.  One  side  of  this  frame  is  usually  divided  into 
equal  parts,  for  drawing  Imes  across  the  table,  parallel  or 
perpendicular  to  the  sides ;  and  the  other  side  of  the  frame 
is  divided  into  360  degrees,  to  a  centre  in  the  middle  of  the 
table  ;  by  means  of  which  the  table  may  be  used  as  a  theo* 
dolite,  &c. 

2.  A  magnetic  needle  and  compass,  either  screwed  into 
the  side  of  the  table,  or  fixed  beneath  its  centre,  to  point  out 
the  directions,  and  to  be  a  check  on  the  sights. 

3.  An  index,  which  is  a  brass  two*foot  scale,  with  either  a 
small  telescope,  or  open  sights  set  perpendicularly  on  the 
ends.  These  sights  and  one  edge  of  the  index  are  in  the  same 
plane,  and  that  is  called  the  fiducial  edge  of  the  index. 

To  use  this  instrument,  take  a  sheet  of  paper  wliich  will 
cover  it,  and  wet  it  to  make  it  expand  ;  then  spread  it  fiat  on 
the  table,  pressing  down  the  frame  on  the  edges,  to  stretch 
it  and  keep  it  fixed  there  ;  and  when  the  paper  is  become 
dry,  it  will,  by  contracting  again,  stretch  itself  smooth  and 
fiat  from  any  cramps  and  unevenness.  On  this  paper  is  to 
be  drawn  the  plan  or  form  of  the  thing  measured. 

Thus,  begin  at  any  proper  part  of  the  ground,  and  make  a 
point  on  a  convenient  part  of  the  paper  or  table,  to  repre*' 
sent  that  place  on  the  ground ;  then  fix  in  that  point  one 
leg  of  the  compasses*  or  a  fine  steel  pin,  and  apply  to  it 
the  fiducial  edge  of  the  index,  moving  it  round  till  through 
the  sights  you  perceive  some  remarkable  object,  as  the  comer 
of  a  field,  &c  ;  and  from  the  station-point  draw  a  line  with 
the  point  of  the  compas^s  along  the  fiducial  edge  of  the  in« 
dex,  which  is  called  setting  or  taking  the  object :  then  set 
another  object  or  comer,  and  draw  its  line ;  do  the  same  by 
another ;  and  so  on,  till  as  many  objects  are  taken  as  may  be 
thought  fit.  Then  measure  from  the  station  towards  as  many 
of  the  objects  as  may  be  necessary,  but  not  more,  taking  the 
requisite  offsets  to  comers  or  crooks  in  the  hedges,  laying 
the  measures  down  on  their  respective  lines  on  the  table. 

Thea 
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Then  at  any  convenient  place  n^easufed  tcs  fix  the  table  in 
the  sane  position^  and  set  the  objects  which  appear  from  that 
place ;  and  sc  on,  aa  before.  And  thus  continue  till  the 
work  is  finished,  measuring  such  lines  only  as  are  necessary, 
and  determining  as  many  as  may  be  by  intersecting  lines  of- 
direction  drawn  from  different  stations. 

Ofahifting  the  Pafier  on  ihe  Plain  Table. 

When  one  paper  is  full,  and  there  is  occasion  for  more ; 
dtaw  a  line  in  any  manner  through  the  farthest  ix>int  of  the 
last  station  line,  to  which  the  work  can  be  conveniently  laid 
down  ;  then  take  the  sheet  off  the  table,  and  fix  another  on, 
drawing  aline  over  it, in  a  part  the  most  convenient  for  the 
rest  of  Uie  work ;  then  ibid  or  cut  the  old  sheet  by  the  lino 
drawn  on  it,,  applying  the  edge  to  the  line  on  the  new  sheet, 
and,  as  they  lie  in  that  position,  continue  the  last  statiiHi  line 
on  the  new  paper,  placiog  on  it  the  rest  of  the  measure,  be« 
ginning  at  where  the  old  sheet  left  off*.  And  so  9n  from 
sheet  to  sheet. 

When  the  work  is  done,  and  you  would  fasten  all  the 
sheets  together  into  one  piece,  or  rough  plan^  the  aforesaid 
lines  are  to  be  accurately  joined  together,  in  die  same  man- 
ner as  when  the  lines  were  transferred  from  the  old  sheets  to 
the  new  ones.  But  it  is  to  be*  noted,  that  if  the  said  joiningf 
lines,  on  the  old  and.  new  sheets,  have  not  the  same  incl>> 
nation  to  the  side  of  the  table,  the  needle  will  not  point  to 
the  original  degree,  when  the  table  is  rectified  ;  and  if  the 
needle  be  required  to  respect  still  the  same  degree  of  the 
compass,  the  easiest  way  of  drawing  the  lines  in  the  same  po- 
sition, is  to  draw  them  Ixyth  parallel  to  the  same  sides  of  the 
table,  by  means  of  the  equal  diviuons  marked  on  the  other 
two  aides. 

3.  OF   THE   THEODOLITE. 

The  theodolite  b  a  brazen  circular  ring,  divided  into  360 
degrees,  8cc,  and  having  an  index  with  sights,  or  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable  ; 
also  a  compass  fixed  to  the  centre,  to  point  out  courses  and 
check  the  sights;*  the  whole  being  fixed  by  the  centre  on  a, 
Qland  of  a  convenient  height  for  use. 

•^  In  using  this  instrument,  an  exact  account,  or  field-book^ 
of  all  measures  and  things  necessary  to  be  remarked  in  the 
plan,  must  be  kept,  from  which  to  make  out  the  plan  on  re- 
turmng  home  from  the  ground. 

Be^in  at  such  part  of  the  ground,  and  measure  in  such 
^rections  as  are  judged  most  convenient ;  taking  angles  or 
directions  to  robjects,  and  measuring  such  distances  as  appear 

necessary," 
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MceMtrjf}  under  th4  umB  rescHeiSons  a»  in  the  use  of  ^e 
^801  table.  And  itk  mSM  toftitdie  elieodolkeiiitlieofi- 
0f«l  poridon  at  eirery  otatioOf  bf  iiieaAt  of  fore  nd  beeh 
ebjecis,  and  the  compaaa,  eacactlf  aa  in  uaing  the  plain  table ; 
#egi6tering  the  number  ef  degrees  cut  off  faf  the  index  irfaen 
..directed  to  each  object;  and^  at  any  atationi  pte/cinf^  the 
index  at  the  aame  degree  as  vhea  the  diiectioo  towards  that 
etation  was  taken  from  the  last  preceding  one,  to  fix  the 
Aeodolita  there  in  the  eiigkial  poaidon. 

The  beat  method  of  kylog  down  tlie  aforesaid  fines  ef 
d&recti<sh  ia  to  descnbe  a  pretty  large  circle  ;  dien  <}«i«ter 
It,  andkyon  it  the  serenii  nmnberaef  degrees  cut  off' bf 
tlie  index  in  each  direction^  and  drawing  lines  from  tti 
centre  to  all  these  marked  points  in  the  cirde.  Then,  by 
aaeans  of  a  parallel  ruler,  draw  from  station  to  station,  Unes 
pHulM  lo  the  aforesaid  fiBca  drawn  from  the  ce9ti«  to  ^e 
respective  pums  in  die  drcumibreace. 

4.  or  THS  CROSS. 

Tbs  cross  coBMSta  of  two  pair  of  wghta  aet  at  right  angleir 
to  each  Other,  en  a  stair  haWojg  a  aharp  paint  at  the  boCMif 
to  fix  in  the  ground. 

The  crosa  is  very  useful  to  Bienaare  small  and  crooked  pteeee 
of  ground.  The  aaethod  is,  to  measure  a  base  or  chi<^  Une^ 
uaually  in  the  longest  direction  of  the  piece,  from  comer  to 
comer;  and  while  mensuringitt  finding  thn  places  where 
perpendiculars  would  fall  on  thia  line,  from  the  aeveml  cor* 
■era  and  bends  in  the  boundary  of  the  piece,  wMi  the  crosa, 
by  fixing  it,  by  trials,  on  auch  parts  (rf  the  line,  as  chat 
through  one  pair  of  the  sights  both  ends  of  the  line  vamf 
appear,  and  through  the  oilier  pair  the  corresponding  bends 
or  comers;  and  then  measuring  the  lengths  of  the  uiA  pee- 
pendiculars. 

REMAaXS. 

Besides  the  fore«menti<Aed  instramentsy  which  ate  aaoit 
commonly  used,  there  are  some  others  ;  as, 

The  pierambulator,  used  for  measuiing  roads,  and  other 
great  distances,  level  ground,  and  by  the  sidea  of  riven, 
ft  has  a  wheel  of  8^  feet,  or  half  a  pole,  in  oircumferenoe, 
b^  the  turning  of  which  the  machiocfoea  fbrwurd :  and  the 
distance  measured  is  pointed  out  by  an  index,  whieh  ia  nsaved 
round  by  clock  work. 

Levels,  with  telescopic  or  other  aighta,  are  uaed  to  find  the 
level  between  place  and  place,  or  how  much  one  place  ia 
higher  or  lower  than  another.  And  inmeasuring  my  alopuig 
or  oblique  line,  either  ascending  or  deacendingy^  amatt 
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pi>cket  level  is  useful  for  showing  how  mai\|f  links  for  eacti 
chain  are  to  be  deducted,  to  reduce  the  line  to  the  horizon- 
tal length. 

An  offset-staff  is  a  very  useful  instrument,  for  measuring 
the  offsets  and  other  short  distances.  It  is  10  links  in  length, 
being  divided  and  marked  at  each  of  the  10  links. 

Ten  small  arrows,  or  rods  of  iron,  or  wood,  are  used  to 
Haark  the  end  of  every  chain  length,  in   measuring  lines. 
.  And  sometimes  pickets^  or  staves  with  flags,  are  set  up  as 
marks  or  objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring 
on  the  plan  or  paper  ;  such  as  plane  scales,  line  or  chords^ 
protractor,  compasses,  reducing  scale,  parallel  and  perpen- 
dicular rules,  8cc.  Of  plane  scales  there  should  be  several 
sizes,  as  a  chain  in  1  inch,  a  chain  in  |  of  an  inch,  a  chain 
in  j-  an  inch,  Sec.  And  of  these,  the  best  for  use  are  those 
that  are  laid  on  the  very  edges  of  the  ivory  scale,  to  mark  off 
dbtances,  without  compasses. 

SECTION  II. 

THE  PRACTICE  OF  SURVEYING. 

This  part  contains  the  several  works  proper  to  be  done 
in  the  field,  or  the  ways  of  measuring  by  all  the  instruments^ 
and  in  all  situations. 

PEOBLEM  I. 

To  Meagure  a  Line  or  Distance. 

To  measure  a  line  on  the  ground  with  the  chain :  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  to  fix  one 
into  the  ground,  as  a  mark,^  at  the  end  of  every  chain ;  two 
persons  take  hold  of  the  chsdUf  one  at  each  end  of  it;  and 
all  the  10  arrows  are  taken  by  one  of  them,  who  goes  fore- 
most, and  is  called  the  leader  ;  the  other  being  called  the 
follower,  for  dbtincuon's  sake. 

A  picket,  or  station-staff  being  set  up  in  the  direction  of 
the  line  to  be  measured,  if  there  do  not  appear  some  marks 
naturally  in  that  direction^  they  measure  straight  towards  it, 
the  leader  fixing  down  aii  arrow  at  the  end  of  every  chsun, 
which  the  follower  always  takes  up,  as  he  comes  at  it,  tUl 
all  the  ten  arrows  are  used.  They  are  then  all  returned  to 
the  leader,  to  use  over  again.  And  thus  the  arrows  are 
changed  from  the  one  to  the  other  at  every  10  chuns'  length, 
till  the  whole  line  is  finished ;  then  the  number  of  changes 
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of  the  arrows  ^ows  the  number  of  tens,  to  which  the  fol- 
lower adds  the  acrows  he  holds  in  his  hand,  and  the  number 
of  links  of  another  chain  over  to  the  mark,  or  end  of  tbe 
line.  So,  if  there  have  been  3  changes  of  the  arrows,  ^d 
the  follower  hold  6  arrows,  and  the  end  of  the  line  cut  off 
45  links  moi^e,  the  ^hole  length  of  the  line  is  set  down  in 
links  thus,  3645* 

When  tbe  ground  is  not  level,  but  either  ascending  or  de- 
scending ;  at  every  chain  length,  lay  the  offset -staff,  or  link- 
staff,  down  m  the  slope  of  the  chain,  on  which  lay  the  smaJl 
pocket  level,  to  show  how  many  links  or  parts  the  slope  line 
is  longer  than  the  true  lev^l  one ;  then  draw  the  chain  for- 
ward so  many  links  or  parts,  which  reduces  the  line  to  the 
horizontal  direction. 

raoBLEM  II. 

To  take  Angles  and  Bearingn 

Let  b  ^d  c  be  two  objects,  or 
two  pickets  set  up  perpendicular  ; 
and  let  it  be  required  to  take  their 
bearings,  or  the  angles  formed  be- 
tween them  at  any  station  a. 

1.   With  the  Plain  Table. 

The  table  being  covered  with  a  paper,  and  fixed  on  its 
stand ;  plant  it  at  the  station  a,  and  fix  a  fine  pin,  or  a  foot 
of  the  compasses,  in  a  proper  point  of  the  paper,  to  repre- 
sent the  place  a  :  Close  by  the  side  of  this  pin  lay  the  fiducial 
edge  of  the  index,  and  turn  it  about,  still  touchiiig  the  pin, 
till  one  object  b  can  be  seen  through  the  sights :  then  by  the 
fiducial  edge  of  the  index  draw  a  line.  In  the  same  manner 
draw  another  line  in  the  direction  of  the  other  Q|t>ject  c. 
And  it  is  done. 

3.  With  the  TheodoUU^t  kite. 

Direct  the  fixed  sights  along  one.  of  the  lines,  as  ab,  by 
turning  the  instrument  ii^out  till  the  m^k  b  is  seen  through 
these  sights ;  and  there  screw  the  instrument  fast.  1  hen 
turn  the  moveable  index  round,  till  through  its  sights  the 
other  mark  c  is  seem  Then  the  degrees  cut  by  the  index, 
on  the  graduated  Ihnb  or  ring  of  the  instrument,  s1k>w  the 
quantity  of  the  angle. 

3.  Kith 
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3.  With  the  Magnetic  Needle  and  C^niftaas. 

Turn  the  instrument  or  compass  so,  that  the  north  end 
of  the  needle  point  to  the  flower-de-luce*  Then  direct  the 
sights  to  one  mark  as  B)  and  note  tl^e  deg^rees  cut  by  the 
needle.  Next  direct  the  sights  to  the  dther  mark  c,  and 
note  again  the  degrees  cut  by  the  needle.  Then  their  sum 
or  difference,  as  the  case  may  be,  will  give  the  quantity  of 
the  angle  bac. 

4.  By  Measurement  with  the  Chain^  l^c. 

Measure  one  chain  length,  or  any  other  length,  along 
b9th  directions,  as  to  b  and  c.  Then  measure  the  clistanco 
b  c,  and  it  is  done. — This  is  easily  transferred  to  paper,  by 
making  a  triangle  Abe  with  these  three  lengths,  and  theq 
measuring  the  angle  a. 

PROBLEM   III* 

To  Purvey  tt  Triangular  Field  abc. 
^    1.  By  the  Chain* 

c 

AP  794 
AB  1321 
PC     826 

A         T^B 

Having  set  up  marks  a^  the  comers,  which  is  to  be  done 
trk  all  cases  where  there  are  not  marks  natdrally  \  measure 
with  the  chain  from  a  to  p,  where  a  perpendicular  would 
fall  from  the  angle  c,  and  set  up  a  mark  at  p,  noting  down 
the  distance  ap.  Then  complete  the  distance  ab,  by  mea- 
suring from  p  to  B.  Having  set  down  this  mdasure^  return 
to  p,  and  measure  the  perpendicular  pc.  A.nd  thus^  having 
the  base  and  perpendicular,  the  area  from  them  is  easily 
found  Or  having  the  place  p  of  the  perpendicular,  the 
triangle  is  easily  constructed. 

Or,  measure  all  the  three''  sides  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  or  the 
figure  is  constructed. 

2.  By  taking  some  of  the  Angles. 

Measure  two  sides  ab,  ac,  and  the  angle  A  between  them. 
Or  measure  one  side  ab,  and  the  two  adjacent  angles  a  and 
B.  From  either  of  these  ways  the  figure  is  easily  planned  ; 
then  by  measuring  the  perpendicular  cp  on  the  plan^  and 
multiplying  it  by  half  ab^  the  content  is  found. 

PROBLEM 


436 


LANS 
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To  Meaiure  a  Four^nded  Field. 


1.  By  the  Chain 

A%  3U 

210  DB 

AF  362 

306  BV 

AC  592 

Measure  along  one  of  the  diagonals,  as  ac  ;  and  either 
the  two  perpendiculars  db,  bp,  as  in  the  last  problem  ;  or 
else  the  sides  ab,  bc,  cd,  da.  From  either  of  which  the 
figure  may  be  planned  and  computed  as  before  directed. 

Otherwi»e  by  the  Chain, 


AP 

no 

352  PC 

Aq 

745 

595  qn 

AB 

1110 

Q     B 

Measure,  on  the  longest  side,  the  distances  ap,  Aq,  ab  ; 
and  the  perpendiculars  pc,  qn. 

2.  By  taking  9ome  <f  the  AngltM* 

Measure  the  diagonal  ac  (see  the  last  fig.  but  one),  and 
the  angles  cab*  cad,  acb,  acd.— >Or  measure  the  four  sides^ 
and  any  one  of  the  angles,  as  bad. 


Thus. 

Or  thus. 

AC      591 

AB     486 

gab    37* 

20' 

BC     394 

CAD      41 

15 

CD     410 

ACB     78 

35 

DA     462 

ACD     54 

40 

BAD  780  35' 

PROBLXX  V. 

To  Survey  any  Field  by  the  Chain  only. 

Having  set  up  marks  at  the  comers,  whtre  necessary,  of 
the  proposed  field  abcdbpg,  walk  over  the  ground,  and  con- 
aider  how  it  can  best  be  divided  in  triangles  and  trapeuums  ; 
and  measure  them  separately,  as  in  the  last  two  problems. 
Thus,  the  following  figure  is  divided  into  the  two  trapeziums 
ABCO,  GDEF,  and  the  triangle  gcd.  Then,  in  the  nrst  tra- 
peBium>  beginning  ^t  A}  meftsure  tho  diagonal  ac»  and  the 
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two  perpendiculars  om^  sn.  Then  the  base  oe^  and  the 
perpendicular  nq.  Lastly^  the  diagonal  nvy  and  the  two 
perpendiculars  pE,  eo.  All  which  measures  write  against 
the  corresponding  ports  of  a  rough  figure  drawn  to  resem- 
ble the  figure  su^eyed^  or  sef  them  down  in  any  other  form 
you  choose. 


Thus* 


Am 

135 

130 

mo 

An 

410 

180 

UB 

AC 

550 

cq 

153 

230 

qn 

CG 

440 

lO 

237 

120 

OG 

vp 

288 

80 

PB 

yn 

520 

Or  thus. 

Measure  all  the  sides  ab>  bc>  cd^dei  SF/vGy  oa  ;  and  the 
diagonals  ac>  cG)  oo^  dv. 


Otherwise, 

Many  pieces  of  land  ihay  be  very  well  sunreyed,  by  mea- 
suring any  base  line,  either  within  or  without  them,  with 
the  perpendiculars  let  fall  on  it  from  every  comer.  For 
they  are  by  those  means  divided  into  several  triangles 
and  trapezoids,  all  whose  pai*allel  sides  are  perpendicular  to 
the  base  line ;  and  the  sum  of  these  trianeles  and  trapeziums 
will  be  equal  to  the  figure  proposed  if  the  base  line  fall 
within  it ;  if  not  the  sum  of  the  parts  which  are  without  being 
taken  from  the  sum  of  the  whole  which  are  both  within  and 
without,  will  leave  the  area  of  the  figure  proposed. 

In  pieces  that  are  not  very  large,  it  will  be  sufficiently 
exact  to  find  the  points,  in  the  base  line,  where  the  several 
perpendiculars  will  fid],  by  means  of  tht  ctosb^  or  even  by 
judging  by  the  eye  only,  and  from  thence  measuriug  to  the 
comers  for  the  lengths  of  the  perpendiculars. — ^And  it  will 
be  most  convenient  to  draw  the  line  so  as  that  all  the  perpen- 
diculars may  fiill  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  a,  and  mea- 
suring along  the  line  ao,  the  ^stances  and  perpendiculars  on 
4he  right  and  left  are  as  below. 

Ab 
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Ab 

3-15 

350  bB 

AC 

440 

70  cc 

Ad 

585 

3S0  do 

Ae 

610 

50  ex 

Af 
AG 

990 
1020 

470  ft 
a  0 

PROBLEM  VI. 

To  MeoMure  the  Offsets. 
Ahiklmn  being  a  crooked  hedge,  or  brooki  &c.  From 
A  measure  in  a  straight  direction  along  the  side  of  it  to  b. 
And  in  measuring  along  this  line  ab,  observe  when  you  are 
directly  opposite  any  bends  or  comers  of  the  boundary,  )is  at 
Cf  d,  e,  fcc  ;  and  from  these  measure  the  perpendieular 
offsets  ch,  di,  8cc,  with  the  offset-staff,  if  they  are  not  very 
large,  otherwise  with  the  chain  itself;  and  the  work  is  done. 
The  register,  or  fiekl-book,  may  be  as  follows  i 


Offs.  left. 

Base  line  ab 

0 

0       A 

ch      62 

45      AC 

di       84 

220     Ad 

ek      70 

340     AO 

fl       98 

510     Af 

gm     57 

634     Ag 

Bn     91 

7S!i     AB 

PROBLEM  VII. 

To  survey  any  Field  with  the  Plain  TMe. 
^  U  From  one  SttUion* 

Plant  the  table  at  any  angle  as 
c,  from  which  all  the  other  angles^ 
or  marks  set  up,  can  be  seen; 
turn  the  table  about  till  the  needle 
point  to  the  flower-de-luce ;  and 
there  screw  it  £ist  Make  a  point 
for  e  on  the  paper  on  the  table, 
and  lay  the  edge  of  the  index  to  c,  ^_____ 

turning  it  about  €  till  through  the  A  B 

sights  you  see  the  mark  d  :  and  by  the  edge  of  the  indesc 
draw  a  dry  or  obscure  line :  then  measure  the  distance  cd, 
and  lay  that  distance  down  on  the  line  cd.  Then  turn  the 
index  about  the  point  c^  till  the  mark  s  be  seen  through  the 
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sights,  by  which  draw  a  line,  and  measure  the  distance  to  e, 
laying  it  on  the  line  from  c  to  e.  In  like  maimer  deter- 
mine the  positions  of  CAandcB,  by  tuftiing  the  sights  suc- 
cessively to  A  and  B  J  and  lay  the' lengths  of  those  lines  down. 
Then  connect  the  points,  by  drawing  the  black  lines  cd^  ds, 
XA|  AB,  BCy  for  the  boundaries  of  the  field* 

2.  From  a  Station  Within  the  Field. 

When  all  the  other  parts  cannot 
be  seen  from  one  angle,  choose  some 
place  0  within,  or  even  without,  if 
more  convenient,  from  which  the 
other  parts  can  be  seen.  Plant  the 
table  at  0,  then  fix  it  with  the  needle 
north,  and  mark  the  poiiit  0  on  it. 
Apply  the  index  successively  to  0, 
turning  it  round  with  the  sights  to 
each  angle,  a,  b,  c,  d,  e,  drawing  dry  lines  to  them  by  the 
edge  of  the  index  ;  then  measuring  the  disGuice  oa,  ob,  See, 
and  laying  them  down  on  those  lines.  Lastly,  draw  the 
boundaries  ab,  bc,  cd,  db,  ea. 

3.  By  going  Round  the  Figure. 

When  the  figure  is  a  wood,  or  water,  or  when  from  some 
other  obstruction  you  cannot  measure  lines  across  it;  begin 
at  any  point  a,  and   measure  around  it  either    within    or 
without  the  figure,  and  draw. the  directions  of  all  the  sides, 
thus  :  Plant  the  table  at  a  ;  turn  it  with  the  needle  to  the 
north  or  flower-de-luoe ;  fix  it,  and  mark  the  point  a.     Apply 
the  index  to  a,  turning  it  till  you  can  see  the  point  e,  and 
there  draw  a  line  :  then  the  point  b,  and  there  draw  a  line  : 
then  measure  these  lines,  and  lay  them  down  from  a  to  e  and 
B.     Next  move  the  table  to  b,  lay  the  index  alqng  the  line 
AB,  and  turn  the  table  about  till  you  can  see  the  mark   a,  and- 
screw  fast  the  table  ;  in  which  position  also  the  needle  will 
again  point  to  the  flower-de-luce,  as  it  will  do  indeed  at  every 
station  when  the  table  is  in  the  right  position.     Here  turn 
the  index  about  b  till  through  the  sights  you  see  the  mark  c  ; 
there  draw  a  line^  measure  bc,  and  lay  the  distance  on  that 
line  after  you  have  set  down  the  table  at  c.     Turn  it  then 
again  into  its  proper  position,  and  'in  like  manner  find  the 
next  line  co.      And  so  on  quite  around  by  E,to  a  again. 
Then  the  proof  of  the  work  will  be  the  joining  at  a  :  tor  if 
the  work  be  all  right,  the  last  direction  ea  on  the  ground, 
will  pass  exactly  through  the  point  a  on  the  paper  ;  and  the 
measured  distance  will  sdso  reach  exactly  to  a.     If  these  do 
not  coincide^  or  nearly  so,  some  error  has  been  committed, 
and  the  work  must  be  examined  over  agcdn. 

PROBtSM 


■A 


4i0  LAND 

PAOBIiBM  iritl. 

To  Survey  a  Field  vnth  the  TheodoUte^  tfc. 

L.  From  One  Point  or  Station. 

Wrbv  all  the  angles  can  be  seen  from  one  point}  aa  the 
angle  c  (first  fig.  to  lastprob.)  place  the  instrument  at  c,  and 
turn  it  about,  till  through  the  fixed  sights  you  see  the  mark 
B}  and  there  fix  it.  Then  turn  the  moveable  index  about 
till  the  mark  a  be  seen  through  the  sights,  and  note  the  de- 
grees cut  on  the  instrument.  Next  turn  the  index  succes- 
sively to  B  and  D,  noting  the  degrees  cut  off  at  each  ;  which 
gives  ail  the  angles  bca,  bcb,  bcd.  Lastly  measure  the 
lines  CB,  ca,'c£,cd  ;  and  enter  the  measures  in  a  field-book, 
or  rather  against  the  corresponding  parts  of  a  rough  figure 
drawn  by  guess  to  resemble  the  field. 

1.  From  a  point  Within  or  Without. 

Plant  the  instrument  at  0  (last  fig.)  and  turn' it  about  till  % 
the  fixed  sights  point  to  any  object,  as  a  ;  and  there  screw  it 
fast.  Then  turn  the  moveable  index  round  till  the  aights 
point  successively  to  the  other  points  b,  d,  c,  b,  noting  the 
degrees  cut  off  at  each  of  them ;  which  gives  all  the  angles 
round  the  point  0.  Lastly  measure  the  distances  oa,  ob,  oe» 
OD,  OB,  noting  them  down  as  before,  and  the  work  is  done. 

3.  By  going  Round  the  Field, 

By  measuring  round,  either 
within  or  without  the  field,  pro- 
ceed thus.  Having  set  up  marks 
at  B,  c,  £cc,  near  the  comers  as 
usual,  plant  the  instrument  at 
any  point  a,  and  turn  it  till  the 
fixed  index  be  in  the  direction 
ab,  and  there  screw  it  fast :  then 
turn  the  moveable  index  to  the 

direction  af  ;  and  the  degrees  cut  off  will  be  the  ang  le  a. 
Measure  the  line  ab,  and  plant  the  instrument  at  b,  and 
there  in  the  same  manner  observe  the  angle  a.  Then  mea- 
sure bc,  and  observe  the  angle  c.  Then  measure  the  dis- 
tance CD,  and  take  the  angle  d.  Then  measure  db,  and 
take  the  angle  b.  Then  measure  bf,  and  take  the  angle  f. 
And  lastly  measure  the  distance  fa.  . 

To  prove  the  work ;  add  all  the  inward  angles  a,  b,  c, 
fcc,  together ;  for  when  the  work  is  right,  their  sum  will  be 
equal  to  twice  as  many  right  angles  as  the  figure  has  sides, 
wanting  4  right  angles.  But  when  there  is  an  angle,  as  f, 
that  beods  mwardS|  and  you  measure  the  external  angle, 

which 
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Which  is  less  than  two  right  aoglBS,  subtract  it  From  4  right 
angles^  or  360  degrees,  to  gijre  the  internal  «ngle  greater 
than  a  semicircle  or  180  degrees. 

OthervtUe. 

Instead  of  observing  the  internal  angles,  we  may  take  the 
external  angles,  jbrmed  without  the  figure  by  producing  the 
sides  &rther  out.  And  in  this  case,  when  the  work  is  right, 
their  sum  altogether  will  be  equal  to  360  degrees.  But  when 
one  of  them,  as  f,  runs  inwards,  subtract  it  from  the  sum  of 
the  rest)  to  leave  360  degrees. 

PtlOBLfiM   IX. 

To  Survey  a  Field  with  Crooked  HedgCM^  ^r. 

With  any  of  the  instruments,  measure  the  lengths  and 
positions  of  imaginary  lines  rimning  as  near  the  sides  of  the 
field  as  you  can ;  and,  in  going  along  them,  measure  the 
offsets  in  the  manner  before  taught ;  then  you  will  have  the 
plan  on  the  paper  in  using  the  plain  table,  drawing  the 
crooked  hedges  throHgh  the  ends  of  the  offsets  ;  but  in  sur- 
veying with  the  theodolite,  or  other  instrument,  set  down 
the  measures  properly  in  a  Reld-book,  or  memorandum- 
book,  and  plan  them  after  retunung  from  the  field,  by  laying 
down  all  the  lines  and  angles. 


So,  in  surveying  the  piece  abcbb,  set  up  marks  a,  b,  c,d^ 
dividing  it  so  as  to  have  as  few  aides  asms^y  be.  Then  begin  at 
any  sution,  a,  and  measure  ,the  lines  ab,  be,  cd,  da,  taking 
their  positions,  or  the  angles  a,  b,  c,  d ;  and,  in  going  along 
the  lines,  measure  all  the  offsets,  as  at  m,  n,  o,  p,  &c,  along' 
every  station-line. 

And  this  is  done  either  within  the  field,  or  without,  as 
may  be  most  convenient.  When  there  are  obstructions 
within,  as  wood,  water,  hills,  &c,  then  measure  without,  as 
in  the  next  following  figure.  . 

Vol.  I.  L  n  prom.e« 
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7\>  Survey  a  Fields  or  any  other  Things  by  Two  Statioru. 

This  is  performed  by  choosing  mo  stations  from  which 
all  the  marks  and  objects  can  be  seen  ;  then  measuring  the 
distance  between  the  stations,  and  at  each  station  taking  the 
angles  formed  by  every  object  from  the  station  line  or  dis- 
tance. 

The  two  stations  may  be  taken  either  within  the  bounds, 
or  in  one  of  the  aides,  or  in  the  direction  of  two  of  the  ebjectS) 
or  quite  at  a  distance  and  without  the  bounds  of  the  objects 
or  part  to  be  surveyed. 

In  this  manner,  not  only  grounds  may  be  surveyed,  with- 
out even  entering  them,  but  a  map  may  be  taken  of  the 
principal  parts  of  a  county,  or  the  chief  places  of  a  town# 
or  any  part  of  a  river  or  coast  surveyed,  or  any  other  inacces- 
aible  objects  ;  by  taking  two  stationsi  on  two  towerSf  or  two 
hills,  or  such-like. 


F 

PROBLEM   XI. 

To  Survey  a  Large  Eataic. 
If  the  estate  be  vei7  large,  and  contain  a  great  number  of 
fields,  it  cannot  well  be  done  by  surveying  all  the  fields 

singly. 
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^ngfyf  and  then  putting  them  together  ;'nor  can  it  be  done 
by  tiicing  all  the  angles  and  boundaiies  that  enclose  it.  For 
in  these  cases,  any  small  errors  will  be  so  niuch  increased,  as 
to  render  it  very  much  distorted.     But  proceed  as  below. 

1.  Walk  over  the  estate  two  or  three  times,  in  order  to 
get  a  perfect  idea  of  it,  or  till  you  can  keep  the  figure  of  it 
pretty  well  in  nund.  And  to  help  your  memory,  draw  an 
eye-draught  of  it  on  paper,  or  at  least  of  the  principal  parts 
9i  it,  to  guide  you ;  setting  the  names  within  the  fields  in 
that  draught. 

3.  Choose  two  or  more  eminent  places  in  the  estate,  for 
stations,  from  which  all  the  principal  parts  of  it  can  be  seen : 
selecting  these  stations  as  hr  distant  from  one  another  as 
convenient. 

3.  Take  such  angles,  between  the  stations,  as  you  think 
necessary,  and  measure  the  distances  from  station  to  station, 
always  in  a  right  line  :  these  things  must  be  done,  till  you 
get  as  many  angles  and  lines  as  are  sufiicient  for  determining 
all  the  points  of  station.  And  in  measuring  any  of  these 
station-distances,  mark  accurately  where  these  hnes  meet 
with  any  hedges,  ditches,  roads,  lanes,  paths,  rivulets,  8cc  ; 
and  where  any  remarkable  object  is  placed,  by  measuring  its 
distance  from  the  station-line ;  and  where  a  perpendicular 
from  it  cuts  that  line.  And  thus  as  you  go  idong  any  main 
station-line,  take  offsets  to  the  ends  of  all  hedges,  and  to  any 
pond,  house,  mill,  bridge,  &c,  noting  every  thing  down  that 
is  remarkable. 

4.  As  to  the  inner  parts  of  the  estate,  they  must  be  deter- 
minedy  in  IUlo  manner,  by  new  station-lines  :  for,  after  the 
main  stations  are  determined,  and  every  thing  adjoining  to 
them,  then  the  estate  must  be  subdivided  into  two  or  three 
parts  by  new  station-lines ;  taking  inner  stations  at  proper 
places,  where  you  can  have  the  best  view.  Measure  these 
station-lines  as  you  did  the  first,  and  all  their  intersections 
with  hedges,  and  offsets  to  such  objects  as  appear.  Thea 
proceed  to  survey  the  adjoining  fields,  by  taking  the  angles 
that  the  sides  make  with  the  station-line,  at  the  intersectionsi 
and  measuring  the  distances  to  each  comer,  from  the  inter- 
sections. For  the  station-lines  will  be  the  bases  to  all  the 
future  operations  ;  the  situation  of  ail  parts  being  entirely 
dependent  on  them ;  and  therefore  they  should  be  taken  of 
as  great  length  as  possible ;  and  it  is  best  for  them  to  run 
along  some  of  the  hedges  or  boundaries  of  one  or  more  fields, 
or  to  pass  through  some  of  their  angles.  All  things  being 
determined  for  these  stations,  you  must  take  more  inner  sta- 
tions, and  continue  to  divide  and  subdivide  till  at  last  you 
come  to  single  fields ;.  repeating  the  same  woi'k  for  the  inner 

stations 
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stations  as  for  tha  outar  onas,  tiU  all  ia  doM  ^  and  cloae  th^ 
ifork  as  often  as  you  can,  and  in  as  few  lines  as  possible. 

5.  An  estate  may  be  so  situated  tbat  tbe  whole  cannot  h^ 
surveyed  together  ;  because  one  part  of  the  estate  cannot  ho 
seen  from  another.  In  this  case,  you  majp  divide  ti  into 
three  or  four  parts^  and  survey  the  parts  aeparatelyf  aa  i£ 
tliey  were  lands  belonging  to  different  persons ;  and  at  laat 
join  them  together. 

6.  As  it  is  necessary  to  protract  or  lay  down  the  work  ^ 
you  proceed  in  ity  you  must  have  a  scale  of  a  due  length  to 
do  it  by.  To  get  such  a  scale,  measure  the  whole  length  of 
the  estate  in  chains ;  then  coouder  how  many  indies  long 
the  map  u  to  be  ;  snd  from  these  will  be  known  how  many 
chains  you  must  have  in  an  inch  ;  then  make  the  scale  aor 

eordinglyi  or  choote  one  already  nsade.  * 

i 

PnOBLSM  Hit 

To  Survey  a  County y  or  large  Tract  ^f  Land. 

1.  Ckoosb  two,  three,  or  four  eminent  places,  for  statfons ; 
such  as  the  tops  of  high  hills  or  mountians,  towers,  or  church 
ateepleSf  which  may  be  seen  from  one  another ;  from  which 
most  of  the  towns  and  other  places  of  note  may  also  be  seen ; 
and  so  as  to  be  as  fi&r  distant  from  one  another  as  possible. 
On  these  places  raise  beacons,  or  long  poles,  with  flags  of 
different  cofours  Sying  at  them,  so  as  to  be  visible  from  all  ^ 

the  other  stations. 

3.  At  all  the  places  which  you  would  set  down  in  the 
map,  plant  long  poles,  with  flags  at  them  of  several  colours, 
to  distinguish  the  places  from  one  another ;  fixing  them  on  | 

the  tops  of  church  steeples,  or  the  tops  of  houses ;  or  in  the 
centres  of  smaller  towns  and  villages. 

These  marks  then  being  set  up  at  a  convanient  number  of 
places,  and  such  as  may  be  seen  from  both  stations ;  go  to 
one  of  these  stations,  and,  with  an  instrument  to  take  angles, 
standing  at  that  station,  take  all  the  angles  between  the  other 
station  and  each  of  these  marks.  Then  go  to  the  other 
station,  and  take  all  the  angles  between  tbe  first  station  and 
each  of  the  former  marks,  setting  them  down  with  the  others, 
each  against  its  fellow  with  the  same  colour.  You  may,  if 
convenient,  also  take  the  angles  at  some  third  station,  which 
may  serve  to  prove  the  work,  if  the  three  lines  intersect  ia 
that  point  where  any  mark  stands.  1  he  marks  must  sund  till 
the  Gi)Bervations  are  finished  at  both  stations ;  and  then  they 
may  be  taken  down,  and  set  up  at  new  places.  The  same 
operations  must  be  pertbrmed,  at  both  stations,  for  these 
pew  places ;  and  the  like  for  others.    The  instrument  for 

taking  | 
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laking  angles  must  be  an  exceeding  good  one,  made  on 
purpose  with  telescopic  sights,  and  of  a  good  length  of  ra- 
dius. 

'  3.  And  though  it  be  not  absolute^  necessary  to  measure 
any  distance,  because,  a  stationary  line  being  laid  down  from 
any  scale,  all  the  other  lines  will  be  proportional  to  it ;  yet 
It  IS  better  to  measure  some  of  the  lines,  to  ascertain  the 
distances  of  places  in  miles,  and  to  know  how  many  geome- 
^ical  miles  there  ave  in  any  length  ;  as  also  from  thence  to 
make  a  scale  to  measure  any  distance  in  miles.  In  measuring 
any  distance,  it  will  not  be  exact  enough  to  go  along  the 
high  roads  ;  which,  by  reason  of  their  turninga  and  windings, 
Jiardly  eyer  lie  in  a  right  line  between  the  stations ;  which 
must  cause  endless  reductions,  and  require  great  trouble  to 
make  it  a  right  line ;  for.  which  reason  it  can  never  be  exact. 
But  a  better  way  is  to  measure  in  a  straight  line  with  a  chain, 
between  station  and  station,'  over  hills  and  dales,  or  level 
fields,  and  all  obstacles.  Only  in  case  of  water,  woods, 
towns,  rocks,  banks,  jkc,  where  we  caxMiot  pass,  such  parts 
of  the  line  must  be  measured  by  the  methods  of  inaccessible 
distances  ;  and  besides  allowing  for  ascents  and  descents, 
when  they  are  met  with.  A  good  compass,  that  shows  the 
bearing  of  the  two  stations,  will  always  direct  us  to  go  straight, 
when  the  twoi  stations  cannot  be  seen  ;  and  in  the  progress, 
if  we  can  go  straight,  offsets  may  be  taken  to  any  remarkable 
places,  likewise  noting  the  intersection  of  the  station-line 
with  all  roads,  rivers,  &c. 

4.  From  all  the  stations,  and  in  the  whole  progress,  we 
must  be  very  particular  in  observing  sea-coast^,  river-mouths, 
towns,  castles,  houses,  churches,  mills,  trees,  rocks,  sands, 
roads,  bridges,  fords,  ferries,  woods,  hills,  mountains,  rills, 
brooks,  parks,  beacons,  sluices,  floodgates,  locks,  S^c,  and  in 
general  every  thing  that  is  remarkable. 

5.  After  we  have  done  with  the  first  and  main  station- 
lines>  which  command  the  whole  county  ;  we  must  then 
lake  inner  stations^  aX  some  places  already  determined ;  which 
will  divide  the  whole  into  several  partitions  :  and  from  these 
stations  we  must  determine  the  places  of  as  many  of  the 
remaining  towns  as  we  can.  And  if  any  remain  in  that 
part)  we  must  take  more  stations,  at  some  places  already 
determined  ;  from  which  we  may  determine  the  rest.  And 
thus  go  through  ail  the  parts  of  the  county,  taking  station, 
after  station,  till  we  have  determined  the  whole.  And  in 
general  the  station-^dktances  must  always  pass  through  such 
remarkable  points  aa  have  been  determined  before,  by  the 
former  atatiooa* 

FROBLSK 
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PROBLEM  XIII. 

To  Survey  a  Town  or  City. 

This  maybe  done  with  any  of  the  instruments  for  taking 
angles,  but  best  ofall  with  the  plain  table,  where  every  mi* 
nute  part  is  drawn  while  in  sight.  Instead  of  the  commoa 
aunreyingorGunter'schain,  itwillbe  best,  for  diis  purpose, 
to  have  a  chain  50  feet  long,  divided  into  50  links  of  one 
feot  each,  and  an  offset-staff  of  10  feet  long. 

Begin  at  the  meedng  of  two  or  more  of  the  principaf 
streets,  through  which  we  can  have  the  longest  prospects, 
to  get  the  longest  station-lines :  there  having  fixed  the  in^ 
fltrument,  draw  lines  of  direction  along  those  streets,  using 
two  men  as  marks,  or  poles  set  in  wooden  pedestals,  or  per- 
haps some  remarkable  places  in  the  houses  at  the  fiurther 
ends,  as  windows^  doors,  comers,  9cc.  Measure  these  lines 
with  the  chain,  uking  offsets  with  the  staff,  at  all  comers  of 
streets,  bendings,  or  windbgs,  and  to  all  remarkable  thingsi 
as  churches,  markets,  halls,  colleges,  eminent  houses,  &c. 
Then  remAve  the  instrument  to  anodier  sution,  along  one  of 
these  lines ;  and  there  repeat  the  same  process  a$  betore< 
And  so  on  till  the  whole  is  finished. 


Thus,  fix  the  instrument  at  A)  and  draw  lines  in  the 
direction  ofall  the  streets  meeting  there ;  then  measure  ab, 
noting  the  street  on  the  left  at  m.  At  the  second  station  b, 
draw  the  directions  of  the  streets  meeting  there  ;  and  mea- 
sure from  b  to  c,  noting  the  places  of  the  streets  at  n  and  o 
as  you  pass  by  them.  At  the  third  station  c,  take  the  direction 
of  all  the  streets  meeting  there,  and  measure  cd.  At  n  do 
the  same,  and  measure  de,  noting  the  place  of  the  cross 
streets  at  p.  And  in  this  manner  go  through  all  the  prin^ 
cipal  streets.  This  done,  proceed  to  the  smaller  and  inter- 
mediate street  ;  and  lastly  to  the  lanes,  alleys,  courts,  yards* 
and  every  part  that  it  may  be  thought  proper  to  represent'  in 
the  plan.  pResLBic 
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FROBLSX  XIT. 

To  lay  dovm  the  Plan  qfany  Survey. 

Iv  the  Surrey  was  taken  with  the  plain  tahle,  we  haiFea 
rough  plan  of  it  already  on  the  paper  which  covered  the 
table.  But  if  the  survey  was  with  any  other  instrument,  a 
plan  of  it  is  to  be  drawn  from  the  measures  that  were  taken 
in  the  survey;  and  first  of  all  a  rough  plan  on  paper. 

To  do  this,  you  must  have  a  set  of  proper  instruments^ 
lor  Ikyingdown  both  lines  and  angles,  &c ;  as  scales  of  va- 
rious sises  (the  more  of  them,  and  the  more  accurate,^  the 
better),  scales  of  cords,  protractors,  perpendicular  and  pa- 
rallel rulers,  Sec.  Diagonal  scales  are  best  for  the  lines, 
because  they  extend  to  three  figures,  or  chains,  and  links, 
which  are  100  parts  of  chains.  But  in  using  the  diagonal 
scale,  a  pair  of  compasses  must  be  employed,  to  take  off  the 
lengths  of  the  principal  lines  very  accurately.  But  a  scale 
with  a  thin  edge  divided,  is  much  readier  for  laying  down 
the  perpendicular  offsets  to  crooked  hedges,  and  for  marking 
the  places  of  those  offsets  on  the  station-Une;  whiah  is  done 
at  only  one  application  of  the  edge  of  the  scale  to  that  line, 
arid  then  pricking  off  all  at  once  the  distances  along  it. 
Angles  are  to  be  laid  down,  either  with  a  good  scale  of 
chords,  which  is  perhaps  the  most  accurate  way,  or  with  a 
large  protractor,  which  is  much  readier  when  many  angles 
are  to  be  laid  down  at  one  point,  as  they  are  pricked  off  all 
at  once  round  the  edge  of  die  protractor. 

In  general,  all  lines  and  angles  must  be  laid  down  on  the 
plan  in  the  same  order  in  which  they  were  measured  in  the 
field,  and  in  which  they  are  written  in  the  field-book ;  lay- 
ing down  first  the  angles  for  the  position  of  lines,  next  the 
lengths  of  the  lines,  with  the  places  of  the  offsets,  and  then 
the  lengths  of  the  offsets  themselves,  all  with  dry  or  obscure 
lines;  then  a  black  line  drawn  through  the  extremities  of  all 
the  offsets,  will  be  the  hedge  or  bounding  line  of  the  field^ 
&c.  After  the  principal  bounds  and  lines  are  laid  down, 
and  made  to  fit  or  close  properly,  proceed  next  to  the  smaller 
objects,  till  you  have  entered  every  thing  that  ought  to  ap- 
pear in  the  plan,  as  houses,  brooks,  trees,  hills,  gates,  stiles, 
roads,  lanes,  mills,  bridges,  woodlands,  &c,  &c. 

The  north  side  of  a  map  or  plan  is  commonly  placed 
uppermost,  and  a  meridian  is  somewhere  drawn,  with  the 
compass  or  flower-de-luce  pointing  north.  Also,  in  a  vacant 
part,  a  scale  of  equal  parts  or  chains  is  drawn,  with  the  title 
of  the  map  in  conspicuous  characters,  and  embellished  with 
a  compartment  Hills  are  shadowed,  to  distinguish  tliem  in 
fhemapi  Colour  the  hedges  with  different  colours;  repre- 
sent 
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sent  hilly  grounds  by  broken  failU  md  valleys ;  draw  »ngle 
dotted  lines  for  foot-paths,  and  double  ones  for  horse  or  'car- 
riage roads.  Write  die  nam«  of  each  field  and  remarkable 
pla«e  within  it,  and,  if  you  cImmmo,  its  coment  in  acfes, 
roodS)  and  perclies. 

In  a  very  large  estate,  or  a  oounty,  draw  vertical  and  ho* 
risontal  lines  through  the  map,  den^dng  the  spaces  between 
them  by  letters  pbM^  at  the  top»  and  bottoan,  and  si<leSf  for 
readily  finding  any  field  or  other  object  mentioned  in  a 
Uble. 

*  In  mapping  counties,  and  estates  that  have  uneven  grounds 
of  hills  and  valleys,  reduce  all  oblique  bnes^  mUMured  up« 
hill  and  down-hill,  to  horizontal  straight  lines,  if  that  was 
not  done  during  the  survey,  before  they  were  entered  in  the 
field-book,  by  making  a  proper  allowance  to  shorten  them. 
For  which  purpose  there  is  commonly  a  small  table  ei^raven 
on  some  of  the  instruments  for  suiVeying* 

THE  NEW  METHOD  OF  SURVEYING. 

PROBLEM   XV. 

7b  Survey  and  Plan  by  the  J^ew  Method. 

In  the  former  method  of  measuring  a  large  estate,  tie  ac* 
curacy  of  it  depends  both  on  the  correctness  of  the  instni- 
m'ents,  and  on  the  care  in  taking  the  angles.  To  avoid  the 
errors  incident  to  such  a  multitude  of  angles*  other  methods 
hare  of  late  years  been  used  by  some  few  skilful  surveyors : 
the  most  practical,  expeditious,  and  correct,  seems  to  be  the 
following,  which  is  performed,  without  taking  angles,  by  mea* 
suring  with  the  chain  only. 

Choose  two  or  more  eminences,  as  grand  stations,  and  mea- 
sure a  principal  base  line  from  one  station  to  another ;  noting 
every  hedge,  brook,  or  other  remarkable  object,  as  you  pass 
by  it ;  measuring  also  such  short  perpendicular  lines  to  the 
bends  of  hedges  as  may  be  near  at  hand.  From  the  extre- 
mities of  this  base  line,  or  from  any  convenient  parts  of  ihe 
same,  go  off  with  other  lines  to  some  remarkable  object  situ- 
ated towards  the  sides  of  the  estate,  without  regarding  the 
angles  they  make  with  the  base  line  or  with  one  another  ; 
still  remembering  to  note  every  hedge,  brook,  or  other  object, 
that  you  pass  by.  These  lines,  whep  laid  down  by  inter- 
sections, will,  with  the  base  line,  form  a  grand  trian^^le  on 
the  estate ;  several  of  which,  if  need  be,  being  thus  mear 
sured  and  laid  down,  you  may  proceed  to  form  other,  smaller 
triangles  and  trapezoids  on  the  sides  of  the  former :  and  so  on 
till  you  finish  with  the  enclosures  individually.  By  which 
means  a  kind  of  skeleton  of  the  estate  may  first  be  obtained, 

and 
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mdtlM  diief  lines  serve  «8  the  bases  of  such  triangles  sM 
tcaj;>eB(lids  as  are  necessary  to  fill  up  all  the  interior  parts. 

The  field-book  is  ruled  into  three  coiunms,  as  usual.  la 
the  middle  one  are  set  down  the  distances  oh  the  chain-line, 
at  which  any  mark,  qfiset,  or  other  observation,  is  made ;  and 
in  the  right  and  left  hand  coluipns  are  entered  the  offsets  and 
observations  made  on  the  right  and  left  hand  respectively  of 
the  chain-line ;  sketching  on  the  sides  the  shape  or  resem- 
blance of  the  fences  or  boundaries. 

It  b  of  gr<^t  advantage,  both  for  brevity  and  perspicuity, 
to  begin  at  the  bottom  of  the  leaf,  and  write  upwards ;  deno- 
ting the  crossing  of  fences,  by  lines  drawn  across  the  middle 
colunm,  or  only  apart  of  such  a  line  on  the  right  and  left  op- 
posite the  figures,  to  avoid  confusion ;  and  Uie  comers  of 
fields^  and  other  remarkable  turns  in  the  fences  where  offsets 
are  taken  to,  by  lines  joining  in  the  manner  the  fences  do  ; 
as  will  be  best  seen  by  comparing  the  book  with  the  plan  an- 
nexed to  the  field-book  following,  p.  450. 

The  letter  in  the  left-hand  comer  at  the  beginning  of  every 
line,  is  the  mark  or  place  measuredyrom  i  and  that  at  the 
right-hand  corner  at  the  end,  is  the  mark  measured  to  :  But 
when  it  is  not  convenient  to  go  exactly  from  a  mark,  the 
.place  measured  from  is  described  such  a  dUtance  from  one 
mark  towards  another  ;  and  where  a  former  mark  is  not  mesp- 
sured  to,  the  exact  place  is  ascertained  by  saying,  turn  to  the 
right  or  left  hand,  such  a  distance  to  such  a  marky  it  being  al- 
ways understood  that  those  distances  are  taken  in  the  chain-line. 

The  chracters  used  are,  f  for  turn  to  the  right  handy'^  for 
turn  to  the  left  handy  and -A.  placed  over  an  offset,  to  show 
that  it  is  not  taken  at  right  angles  with  the  chain-line,  but  in 
the  direction  of  some  straight  fence  ;  being  chiefly  used  when 
crossing  their  directions ;  which  is  a  better  way  of  obtaining 
their  true  places  than  by  offsets  at  right  angles.  , 

When  a  line  is  measured  whose  position  is  determined, 
either  by  former  work  (as  in  the  case  of  producing  a  given 
line«  or  measuring  from  one  known  pUce  or  mark  to  another) 
or  by  itself  (as  in  the  third  side  of  the  triangle),  it  is  called 
9k Just  line^  and  a  double  line  across  the  book  is  drawn  at  the 
conclusion  of  it ;  but  if  its  position  is  not  determined  (as  in 
the  second  side  of  the  triangle),  it  is  called  a  ioose  Uncy  and  a 
single  line  is  drawn  across  the  book.  When  a  line  becomes 
determined  in  position,  and  is  afterwards  continued  farther, 
a  double  line  half  through  the  book  b  drawn. 

When  a  loose  line  b  measured,  it  becomes  absolutely  ne- 
cessary to  measure  son\e  other  line  that  will  determine  its 
position.  Thus,  the  first  line  ah  or  bhy  being  the  base  of  a. 
triangle  is  always  determined ;  but  the  position  of  the  second 
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M$  h/,  does  not  become  deieniimedf  tiH  the  durd  side  j6  n 
measured ;  then  the  position  of  bodi  is  determined,  sod  the 
triangle  taay  be  constructed. 

At  the  beginning  oC  a  line*  to  fix  a  loose  Inie  to  the  marie 
or  place  measured  from)  the  ugn  of  tuniing  to  the  right  or 
left  hand  must  be  added,  as  at  Jk  in  the  secondy  and^'  in  the 
^ird  line  ;  otherwise  a  stranger,  when  lading  down  the 
work,  may  as  easily  construct  the  triangle  hjd  on  the  wrong 
side  of  the  line  oA,  as  on  the  right  one :  but  this  ent>r  cannot 
be  fallen  into,  if  the  sign  abore  named  be  carefully  observed. 

In  choosing  a  line  to  fix  a  loose  one,  care  must  be  taken 
that  it  does  not  make  a  very  acute  or  obtuse  angle  ;  as  in  the 
triangle /knr,  by  the  angle  at  b  being  very  obtuse,  a  smaii  de- 
viation from  truth,  even  the  breadth  of  a  point  at  /i  or  r, 
would  make  the  eri*or  at  b,  when  constructed,  very  con«« 
derable  ;  but  by  constructing  the  triangle  /iBy,  such  a  devia- 
tion is  of  no  consequence. 

Where  the  words  lettve  off  arc  written  in  the  field-book,  it 
signifies  that  the  taking  of  off&ets  is  fi  om  thence  disconti- 
nued ;  and  of  course  sometliing  is  wanting  between  that 
and  the  next  offset,  to  be  afterwards  determined  by  mea- 
suring some  other  line. 

The  field-book  for  this  method,  and  the  plan  drawn  from 
it,  are  contained  in  the  four  f<rflowing  pagest  engraven  on 
copper-plates ;  answerable  to  which,  the  pupil  is  to  draw  a 
plan,  from  the  measures  in  the  field-book,  ot  a  larger  size, 
viz«  to  a  scale  of  a  double  siee  will  be  convenient,  such  a  scale 
being  also  found  on  most  instruments,  in  doing  this,  begin 
'  at  the  commencement  of  the  field-book,  or  bottom  of  Uie  first 
page,  and  draw  the  first  line  ah  in  any  direction  at  pleasure^ 
and  then  tlie  next  two  sides  of  the  first  triangle  6hj  by  sweeping 
intersecting  arcs  ;  and  so  all  the  triangles  in  the  same  n^ui* 
ner,  after  each  other  in  their  order  ;  aod  afterwards  setting 
the  perpendicular  and  other  offsets  at  their  proper  places,  and 
through  the  ends  of  them  drawing  the  bounding  fences. 

JVbte.  Tbst  the  field-book  begins  at  the  bottom  of  the  first 
page,  and  reads  up  to  the  top ;  hence  it  goes  to  the  boi- 
torn  of  the  next  page,  and  to  the  top  ;  and  thence  it  passes 
from  the  bottom  of  the  third  page  to  the  top  which  is*  the 
end  of  the  field-book.  The  several  marks  measured  to  or 
from,  are  here  denoted  by  the  letters  of  the  alphabet,  first 
the  small  ones  e,  ^,  r,  d^  &c,  and  after  them  the  capitals 
w^,  jBy  C,  i>,  &c.  But,  instead  of  these  letters,  some  sur> 
veyors  use  the  numbers  in  order,  1 ,  S,  3,  4,  8tc. 
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or  THE  OLD   KIND  Of   7lKtD-B00S. 

ill  surve^ring  nKith  the  ptun  table,  a  field-book  k  not  uaed^ 
as  every  thiag  h  drawn  on  the  table  immedtately  when  it  is 
measured.  But  in  sunreying  with  the  theodolite,  or  any 
other  instrument,  some  kmd  of  a€eld4KX)k  must  be  used,  to 
write  down  in  it  a  register  or  account  of  all  that  is  done  and 
occurs  relative  to  the  survey  in  hand« 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest 
for  himself.  The  following  is  a  specimen  of  a  form  which  has 
been  formerly  used     It  is  ruled  into  three  columns,  as  below. 

Here  Q  1  is  the  first  station,  where  the  angle  or1>earing  is 
lOS^  35'.  On  the  left,  at  73  links  in  the  distance  or  prin- 
cipal line,  is  an  offset  of  92  ;  and  at  610  an  offset  of  24  to  a 
cross  hedge.  On  the  right  at  0,  or  the  beginning,  soi  crfTset 
25  to  the  comer  of  the  field  ;  at  248  Brown's  boundary 
hedge  commences ;  at  610  an  offset  35  ;  and  at  954,  the  end 
of  the  first  Hne,  the  0  denotes  ita  terminating  In  the  hedge. 
And  so  on  for  the  other  stations. 

A  line  is  drawn  under  the  work,  at  the  end  of  eirery  station 
line,  to  prevent  confusion. 

Form  of  this  Field-Book. 


Offsets  and  remark^ 
on  the  left. 

Stations, 
Bearings, 

and 
Distances.. 

Offsets  and  Remaeki 
on  the  right. 

80 
93 

ft  cross  hedge  24 

0  1 

»05<»  25' 

00 

73 

348 

610 

954 

1 

35  comer 

Brown^shedee 

35                     • 
00 

> 
Jiouse  comer  51 

34 

©2 

53«    lO' 
25 
120 
734 

O  3 

67»  20' 
61 
248 
639 
810 
973 

21 

29  a  tree 

40  a  stile 

a  brook          30 

footpath        16    ' 
cross  hedge    18 

35 

16  a  spring 

20  a  pond            Tli 
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Then  the  pbnt  on  ft  small  scale  drawn  ffom  the  above  field- 
book,  will  be  as  in  th^  following  figure.  But  the  pu|Ai  maf 
draw  a  plan  of  3  or  4  times  the  size  on  his  paper  book.  The 
dotted  lines  denote  the  3  chain  or  measured  lines^  and  the 
black  lines  the  boundaries  on  the  rig^t  and  left. 


But  some  skilful  sunreyors  now  make  use  of  a  different 
method  for  the  field-booky  namely^  beginning  at  the  bottom 
of  the  page  and  writuig  upwards;  aketcUng  also  a  neat 
boundary  on  either  hand,  resembling  the  pans  near  the 
measured  lines  as  they  pass  idong  ;  an  example  of  which  will 
be  given  further  on^  in  the  method  of  surveying  a  large 
estate. 

In  smaller  surveys  and  measurements^  a  good  way  of  set- 
ting down  the  worki  is,  to  draw  by  the  eye,  on  a  piece  of 
paper, a  figure  resembling  that  which  is  to  be  measured; 
and  so  writing  the  dimensions,  as  they  are  found,  against 
the  corresponding  parts  of  the  figure.  And  this  method 
may  be  practised  to  a  considerable  extent,  even  in  the  larger 
surveys. 

Another  specimen  of  a  field-book,  with  its  plan,  is  as  fi^l- 
lows  ;  being  a  single  field,  surveyed  with  the  chain,  and  the 
theodolite  for  taking  angles ;  wluch  the  pupil  will  likewise 
draw  of  a  larger  uze. 
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SECTION  III. 
OF  COMPUTING  AND  DIVIDING. 


PROBLEM   XVI. 


To  Comfiute  the  Contente  qf  JPieldg. 

1.  Compute  the  contentB  of  the  figures  as  divided  int6 
tiianglesf  or  trapeziums,  by  the  proper  rules  for  these  figures 
laid  down  in  measuring ;  multiplying  the  perpendiculars  by 
the  diagonals  or  bases,  both  in  links,  and  divide  by  3 ;  the 
quotient  is  acres,  after  having  cut  off  five  figures  on  the  right 
for  decimals.  Then  bring  these  decimals  to  roods  and  perches, 
by  multiplying  first  by  4,  and  then  by  40.  An  example  of 
which  is  given  in  the  description  of  the  chain,  pag.  429. 

2.  In  small  and  separate  pieces,  it  is  usual  to  compute  their 
contents  from  the  measures  of  the  lines  taken  in  surveying 
them,  without  making  a  correct  plan  of  them. 

3.  In  pieces  bounded  by  very  crooked  and  winding  hedges^ 
measured  by  offsets,  all  the  pans  between  the  offsets  are  most 
accurately  measured  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  com- 
puted by  finding  a  mean  breadth,  by  adding  all  the  offsets 
together,  and  dividing  the  sum  by  the  number  of  them,  ac- 
counting that  for  one  of  them  where  the  boundary  meets 
the  station-line,  (which  increases  the  number  of  them  by  1, 
fox,  the  divisor,  though  it  does  not  increase  the  sum  or 
quantity  to  be  divided)  \  then  multiply  the  length  by  that 
mean  breadth. 

5.  But  in  larger  pieces  and  whole  estates,  consisting  of 
many  fields,  it  is  the  common  practice  to  make  ^  rough  plan 
of  the  whole,  and  from  it  compute  the  contents,  quite  inde- 
pendent of  the  measures  of  the  lines  and  angles  that  were 
taken  in  surveying.    For  then  new  lines  are  drawn  in  the 
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fields  on  the  plan,  so  as  to  diWde  them  into  traponiuiis  and 
trianglesi  the  bases  and  perpendiculars  of  which  are  mea* 
sured  on  the  plan  by  means  of  the  scale  from  which  it  was 
drawn^  and  so  multiplied  together  for  the  contents.  In  this 
way,  the  work  is  very  expeditiously  done,  and  sufficiently 
correct ;  for  such  dimensions  are  taken  as  afford 'the  noost 
easy  method  of  calculation ;  and  among  a  number  of  partSf 
thus  taken  and  applied  to  a  scale,  though  it  be  likely  that 
•some  of  the  parts  will  be  taken  a  small  matter  too  little,  and 
otliers  too  great,  yet  they  will,  on  the  whole,  in  all  probability, 
very  nearly  balance  one  another,  and  give  a  sufficiently  ac- 
curate result.  After  all  the  fields  and  particular  parts  are 
thus  computed  separately,  and  iidded  all  together  mto  one 
sum ;  calculate  the  whole  estate  independent  of  the  fields,  by 
dividing  it  into  large  and  arbitrary  triangles  and  trapesiums, 
and  add  these  also  togetli«r.  Then  if  this  sum  be  equal  to 
the  former,  or  nearly  so,  the  work  is  right ;  but  if  the  sums 
hi.ve  any  considerable  difference,  it  is  wrong,  and  they 
must  be  examined,  and  re-computed,  till  they  nearly  agree. 

6.  But  the  chief  art  in  computing,  consists  in  finding 
the  contents  of  pieces  bounded  by  curved  or  very  irregular 
lines,  or  in  reducing  such  crooked  sides  of  fields  or  boun- 
daries to  straight  lines,  that  shall  inclose  the  same  or  equal 
area  with  tliose  crooked  sides,  and  so  obtain  the  area  of  the 
curved  figure  by  means  of  the  right-lined  one,  which  will 
commonly  be  a  trapezium.  Now  this  reducing  the  crooked 
aides  to  straight  ones,  is  very  easily  and  accurately  perform^ 
in  this  manner :— Apply  the  straight  edge  of  a  thin,  dear 
piece  of  lanthom-hom  to  the  crooked  tine,  which  is  to  be 
reduced,  in  such  a  manner,  that  the  small  parts  cut  off  from 
the  crooked  figure  by  it,  may  be  equal  to  those  which  are 
taken  in  :  which  equality  of  the  parts  included  and  excluded 
you  will  presently  be  able  to  judge  of  very  nicely  by  a  little 
practice  ;  then  with  a  pencil,  or  point  of  a  tracer,  draw  a 
line  by  the  straight  edge  of  the  horn.  Do  the  same  by  the 
other  sides  of  the  field  or  figure.  So  shall  you  have  a  straight- 
sided  figure  equal  to  the  curved  one  ;  the  content  of  whicbi 
being  computed  as  before  directed,  will  be  the  content  of  the 
crooked  figure  proposed. 

Or,  instead  of  the  straight  edge  of  the  horn,  a  horse  hair, 
or  fine  thread,  may  be  applied  across  the  crooked  sides  in  the 
same  manner ;  and  the  easiest  way  of  using  the  thread,  is  lo 
string  a  small  slender  bow  with  it*  either  of  wire  or  cane,  or 
whale-bone^  or  such-like  slender  elastic  matter;  for  the  bow 
keeping  it  always  stretched,  it  can  be  easily  and  neatly  ap« 
plied  with  one  hand,  while  the  other  is  at  liberty  to  make 
two  marks  by  the  aide  of  ity  to  draw  the  atraight  line  by. 
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Thus,  let  it  he  required  to  fiud  the  contents  of  the  aame 
figure  as  in  Prob.  ix,  page  441,  toascale  of  4  chuns  toan 
inch. 


Draw  the  4  dotted  straight  lines  ab*  bc^  cd,  oAt  cutting 
off  equal  quantities  on  both  udes  of  them,  which  they  do  as 
near  as  the  eye  can  judge :  so  is  the  crooked  figure  reduced 
to  an  equivalent  right-lined  one  of  4  sides,  abcb.  Then 
draw  the  diagonal  bi>,  which,  by  applying  a  proper  scale  to 
it,  measures  suppose  1350.  Also  the  perpendicular,  or  near* 
4BSt  distance  from  a  to  this  diagonal,  measures  456 ;  and  the 
distance  of  c  from  it,  is  428. 

Then,  half  the  sum  of  456  and  426,  multipfied  by  the 
diagonal  1256,  gives  555153  square  links,  or  5  acres,  3  roods, 
8  perches,  the  content  of  the  trapezium,  or  of  the  irregular 
crooked  piece. 

As  a  general  example  of  this  practice,  let  the  contents  be 
computed  of  all  the  fields  separately  in  the  foregoing  plan 
in  page  453,  and  by  adding  the  contents  altogether,  the  whole 
sum  or  content  of  the  estate  will  be  found  nearly  equal  to 
103|  acres.  Then,  to  prove  the  work,  divide  the  whole  plan 
into  two  parts,  by  a  pencil  line  drawn  across  it  any  way  near 
the  middle,  as  from  the  corner  /  on  the  right,  to  the  corner 
near  •  on  the  left ;  then,  by  computing  these  two  large  parts 
.separately,  their  sum  must  be  nearly  equal  to  the  former  sum^ 
when  the  work  is  all  right 

VBOBX.BM  XYII. 

Th  Tramfer  a  Plan  to  Another  Pafierj  btc. 

Aytbh  the  rough  plan  is  completed,  and  a  fair  one  is 
wanted ;  this  may  be  done  by  any  of  the  folloiring  methods. 

Fir$t 
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JPirMt  Mftkod^r-Ji^Y  the  rough  plan  on  the  clean  pftpeTf 
keeping  them  always  pressed  flat  and  close  'together,  bjr 
weighu  laid  on  them.  Then,  with  the  point  of  a  fine  fan 
or  prickert  prick  through  all  the  comers  of  the  plan  to  be 
copied.  Take  them  asundert  and  connect  the  pricked  points, 
on  Uie  clean  paper»  with  lines  ;  and  it  is  done.  This  method 
is  only  to  be  practised  in  plans  of  such  figures  as  are  small 
and  tolerably  regular,  or  bounded  by  right  lines. 

Second  Method. — Rub  the  back  of  the  rough  plan  over  with 
black-lead  powder ;  and  lay  this  blacked  part  on  the  clean 
paper  on  which  the  plan  is  to  be  copied,  and  in  the  proper 
position.  Then,  with  the  blunt  point  of  some  hard  substance^ 
as  brass  or  such-like,  trace  over  the  lines  of  the  whole  plan  ; 

Dressing  the  tracer  so  much,  as  that  the  black  lead  under  the 
nes  may  be  transferred  to  the  clean  paper :  after  which, 
take  off  the  rough  plan,  and  trace  over  the  leaden  marks 
with  common  ink,  or  with  Indian  ink-*Or,  instead  of  black- 
ing the  rough  plan,  we  may  keep  constantly  a  blacked  paper 
to  lay  between  the  plans. 

Tldrd  Method. — Another  method  of  copying  plans,  is  by 
means  of  squares.  This  is  performed  by  dividing  botb  ends 
and  sides  of  the  plan  which  is  to  be  copied  into  any  conve- 
nient number  of  equal  parts,  and  connecting  the  correspond- 
ing points  of  division  with  lines  :  which  wUl  divide  the  plan 
into  a  num^r  of  smalF  squares.  Then  divide  the  paper^ 
on  which  the  plan  is  to  be  copied,  into  the  same  number 
of  squares,  each  equal  to  the  former  when  the  plan  is  to  be 
copied  of  the  same  size,  but  greater  or  leas  than  the  others, 
in  the  proportion  in  which  the  plan  is  to  be  increased  or 
diminished,  when  of  a  different  uze.  Lastly,  copy  into  the 
clean  squares  the  parts  contained  in  the  corresponding  squares 
of  the  old  plan  ;  and  you  will  have  the  copy,  either  of  the 
same  size,  or  greater  or  less  in  any  proportion. 

Fourth  Method. — A  fourth  method  is  by  the  instrument 
called  a  pentagraph,  which  also  copies  the  plan  in  any  size 
required. 

Fi/ih  Method. — But  the  neatest  method  of  any,  at  least  in 
copying  from  a  fair  plan,  is  this.  Procure  a  copying  frame 
or  glass,  made  in  this  manner ;  namely,  a  large  square  of  the 
best  window  glais,  set  in  a  broad  frame  of  wood,  which  can  be 
raised  up  to  any  angle,  when  the  lower  side  of  it  rests  on  a 
table.  Set  this  frame  up  to  any  angle  before  you,  &cing  a 
strong  light ;  fix  the  old  plan  and  clean  paper  together,  with 
several  pms  quit^  around,  ty  keep  them  together,  the  clean 

paper 
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paper  being  laid  uppermost,  and  over  the  &c«  of^the  plaB  to 
be  copied.  Lay  them,  with  the  back  of  the  old  plan,  on  tSo 
glass  ;  namely,  that  part  ivhich  you  intend  lo  begin  at  to  copy 
first ;  and  by  means  of  the  light  shining  through  the  papers, 
you  will  very  distinctly  perceive  every  line  of  the  plan 
through  the  clean  paper.  In  this  st«te  then  trace  all  the  lines 
on  the  paper  with  a  pencil.  Having  dnvwn  that  part  which 
covers  the  glass,  slide  another  part  over  the-glass,  and  copy  it 
in  the  same  manner.  ^Then  another  part.  And  so  on,  ^tiU 
the  whole  is  copied.  Then  take  them  asunder,  and  trace 
all  the  p<;ncil  lines  over  with  a  fine  pen  and  Indian  ink,  or 
with  common  ink.  And  thus  you  may  copy  the  finest  plan 
without  injuring  it  in  the  least. 


OF  ARTIFICERS'  WORKS, 

AND 

TIMBER  MEASURING. 


I  OF  THE  CARPENTER'S  OR  SLIDING  RULE. 

THE  Carpenter's  or  Sliding  Rule,  is  an  instrument  much 
used  in  measuring  of  timber  and  artificers'  works,  both  for 
taking  the  dimensions,  and  computing  the  contents. 

The  instrument  consists  of  two  equal  pieces^  each  n  foot  in 
length,  which  aro  connected  together  by  a. folding  joint. 

One  side  or  face  of  the  rule,  is  divided  into  inches,  and 
eighths^  or  half-quarters.  On  the  same  face  also  are  several 
plane  scales,  divided  into  twelfth  parts  by  diagonal  lines ; 
which  are  used  in  planning  dimensions  that  are  taken  in  feet 
and  inches.  The  edge  of  the  rule  is  commonly  divided  de- 
cimally, or  into  tenths  ;  namely,  each  foot  into  ten  equal  * 
parts,  and  each  of  these  into  ten  parts  again  :  so  that  by 
means  of  this  last  scale,  dimensions  are  taken  in  feet,  tenths, 
and  hundredths,  and  multiplied  as  common  decimal  numbei*s, 
which  is  the  best  way. 

.  On  the  one  part  of  the  other  face  fire  four  lines,  marked 
A,  B,  c,  n ;  the  two  middle  ones  b  and  c  being  on  a  slider, 
which  runs  in  a  groove  made  in  the  stopk.  The  same  nimi- 
bers  serve  for  both  these  two  middle  lines,  the  one  being 
above  the  numbers^  and  the  other  below. 

Vol.  I,  ,        N  n  n  Thejse 
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These  four  lines  are  lo^arithinic  ones,  and  the  three  a,  b, 
Cy  which  ai*e  all  equal  to  one  another^  are  ilouble  lines,  as 
they  proceed  twice  over  from  1  to  10.  The  other  or  lowest 
line,  D,  is  a  single  one,  proceeding  from  4  to  40.  It  is  also 
called  the  girt  line,  from  its  use  in  computing  the  contents 
^  of  trees  and  timber;  and  on  it  are  marked  wo  at  17- 15,  and 
AG  at  18*95,  the  wine  and  ale  gage  points,  to  make  this  in- 
strument serve  the  purpose  of  a  gaging  rule. 

On  the  other  part  of  this  face,  there  is  a  table  of  the  value 
of  a  load,  or  50  cubic  feet,  of  timber,  at  all  prices,  from  6  pence 
to  2  shillings  a  foot 

When  1  at  the  beginning  of  any  line  is  accounted  l,then 
tiie  1  in  the  middle  will  be  10,  and  the  10  at  the  end  loO; 
but  when  I  at  the  beginning  is  counted  10,  then  the  1  in 
the  middle  is  100,  and  the  10  at  the  end  1 000  ;  and  so  on. 
And  all  the  smaller  divisions  are  altered  proportionally. 


II.  ARTIFICERS'  WORK. 

Aetificebs  compute  the  contents  of  their  works  by  several 
different  measures.     Asy 

Glazing  and  maso  y,  by  the  foot ;  Painting,  plastering, 
paving,  &c,  by  the  yard,  of  9  square  feet :  Flooring, 
partitioning,  roofing,  tiling,  &c,  by  the  square  of  100 
square  feet : 

And  brickwork,  either  by  the  yard  of  9  square  feet,  or  by 
the  perch,  or  square  rod  or  pole,  containing  2721  square 
feet,  or  301  square  yards,  being  the  square  of  the  rod 
or  pole  of  16|  feet  or  5i:  yards  long. 

As  this  number  272.|  is  troublesome  to  divide  by,  the  |  is 
often  omitted  in  practice,  and  the  content  in  feet  divided  only 
by  the  272. 

All  works,  whether  superficial  or  solid,  are  computed  by 
the  rules  proper  to  the  figure  of  them,  whether  it  be  a  triangle, 
or  rectangle,  a  paralleloplped,  or  any  other  figure. 


III.  BRICKLAYERS'  WORK. 

Brickwork  is  estimated  at  die  rate  of  a  brick  and  a  half 
thick.  So  that  if  a  wall  be  more  or  less  than  this  standard 
thickness,  it  must  be  reduced  to  it,  as  follows  : 

Multiply  the  superficial  content  of  the  wall  by  the  number 
of  half  bricks  in  the  thickness,  and  divide  the  product  by  3. 

The 
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The  dimensions  of  a  building  may  be  taken  by  measuring 
half  round  on  the  outside  and  half  round  it  on  the  inside  ;  the 
sum  of  these  two  gives  the  compass  of  the  wall,  to  be  multi- 
plied by  the  height,  for  the  content  of  ihe  materials. 

Chimneys  are  commonly  measured  as  if  they  were  solidy 
deducting  only  the  vacuity  from  the  hearth  to  the  mantle* 
on  account  of  the  trouble  of  them.  All  windows,  doors;  &Ct 
are  to  be  deducted  out  of  the  contents  of  the  walls  in  which 
they  are  placed. 

EXAMPLES. 

Exam.  1.  How  many  yards  and  rods  of  standard  brick- 
work are  in  a  wall  whose  length  or  compass  is  57  feet  3 
inches,  and  height  24  feet  6  inches ;  the  wall  being  2^ 
bricks  or  5  half-bricks  thick  ?  Ans.  8  rods,  17|  yards. 

Exam.  2.  Required  the  content  of  a  wall  62' feet  6  inches 
long,  and  14  feet  8  inches  high,  and  2^  bricks  thick  ? 

Ans.  169*753  yards. 

Exam.  3.  A  triangular  gable  is  raised  l(r|-  feet  high,  on 
an  end  wall  whose  length  is  24  feet  9  inches,  the  thickness 
being  3  bricks :  required  the  reduced  content  ? 

Ans.  32*08^  yards. 

Exam.  4.  The  end  wall  of  a  house  is  28  feet  10  inches 
long,  and  55  feet  8  inches  high,  to  the  eaves  ;  20  feet  high  is 
2  j  bricks  thick,  other  20  feet  high  is  3  bricks  thick,  and  the 
remaining  15  feet  8  inches  is.l^  bnck  thick;  above  which 
is  a  triangular  gable,  of  1  brick  thick  ;  which  rises  42  courses 
of  bricks,  of  which  every  4  courses  make  a  foot.  What  is  the 
whole  content  in  standard  measure  ?  Ans.  253*626  yards. 


IV.  MASONS*  WORK. 

To  masonry  belong  all  sorts  of  stone-work  ;  and  the  mea- 
sure made  use  of  is  a  foot«  either  superficial  or  solid. 

Walls,  columns,  blocks  of  stone  or  marble,  &c,  are  mea-  . 
sured  by  the  cubic  foot ;  and  pavements,  slabs,  chimney- 
pir  ces,  &c,  by  the  superficial  or  square  foot. 

Cubic  or  solid  measure  is  used  for  the  materials,  and  square 
measure  for  the  workmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thick- 
ness are  taken,  and  multiplied  continually  together.  In  the 
superficial,  there  must  be  taken  the  length  and  breadth  of 
every  part  of  the  projection  which  is  seen  without  the  gene- 
ral upright  &ce  of  the  building. 

EXAMPLES. 
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i 

XXAMPLBS. 

Exam.  I.  Required  the  solid  content  of  a  wall,  53  feet  6 
inches  long,  12  feet  3  inches  high,  and  3  feet  thick  ? 

Ans.  1310|&et» 

Exam.  2.  What  is  the  solid  content  of  a  wall,  the  length 
^being  24  feet  3  inches,  height  10  feet  9  inches,  and  2  feet 
thick  ?  Ans.  521-375  feet. 

Exam.  3.  Required  the  value  of  a  marble  slab,  at  8«.  per 
foot ;  the  length  being  5  feet  7  inches,  and  breadth  1  foot 
10  inches  ?  Ans.  4/.  1«.  10^- 

Exam.  4.  In  a  chimney-piece,  suppose  the 
length  of  the  mantle  and  slab,  each  4  feet  6  inches 
breadth  of  both  together  -        3        3 

length  of  each  jamb        -•44 
breadth  of  both  together  -         1         9 

Required  the  superficial  content?        Ans.  31  feet  10  inches 


V.  CARPENTERS'  AND  JOINERS'  WORK. 

To  this  branch  belongs  alt  the  wood-work  of  a  house,  such 
as  flooring,  partitioning,  roofing,  &c. 

Large  and  plain  articles  are  usually  measured  by  the 
square  foot  or  yard,  &c ;  but  enriched  mouldings,  and  some 
other  articles,  are  often  estimated  by  running  or  lineal  mea- 
sure ;  and  some  things  are  rated  by  the  piece. 

In  measuring  of  Joists,  take  the  dimensions  of  one  joist, 
and  multiply  its  content  by  the  number  of  them ;  consider- 
ing that  each  end  is  let  into  the  wall  about  |  of  the  thick- 
ness, as  it  ought  to  be. 

I^artitions  are  measured  from  wall  to  wall  for  one  di- 
mension, and  from  floor  to  floor,  as  far  as  they  extend,  for 
the  other. 

The  meaeure  of  Centering/or  Celiara  is  found  by  making  a 
string  pass  over  the  surface  of  the  arch  for  the  breadth,  and 
taking  the  length  of  the  cellar  for  the  length :  but  in  groin 
centering,  it  is  usual  to  allow  double  measure,  on  account  of 
their  extraordinary  trouble. 

In  Roofings  the  dimensions  as  to  length,  breadth,  and 
depth,  are  taken  as  in  flooring  joista,  and  the  contents  com- 
puted the  same  way. 

In  Floor-boardings  take  the  length  .of  the  room  for  one  di- 
mension, and  the  breadth  for  the  other,  to  multiply  together 
for  the  content. 

J^or  Stair '<a%€9^  take  the  Breadth  of  ail  the  steps,  by  making 

a  line 
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t*line  ply  close  over  them^  from  the  top  to  the  bottom,  and 
multiply  the  length  of  this  line  by  the  length  ofa  step,  for, 
the  whole  area.— By  the  length  of  a  step  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends ;  and  by  the 
breadth  is  to  be  understood  the  girts  of  its  two  outer  sur- 
C&cesy  or  the  tread  and  riser. 

For  the  Balustrades  take  the  whole  length  of  the  upper  part 
of  the  hand-rail,  and  girt  over  its  end  till  it  meet  the  top  of 
the  newel  post,  for  the  one  dimension ;  and  twice  the  length 
of  the  baluster  on  the  landing,  with  the  girt  of  the  hand-ntil, 
for  the  other  dimension. 

For  JVcdnseotingj  take  the  compass  of  the  room  for  the 
one  dimension ;  and  the  neight  from  the  floor  to  the  ceilings 
iinaking  the  string  ply  close  into  all  the  mouldings,  for  the 
other. 

^or  Doora^  take  the  height  and  the  breadth,  to  multiply 
them  together  for  the  area. — If  the  door  be  punneled  on 
both  sides,  take  double  its  measure  for  the  workmanship  ; 
but  if  one  side  only  be  panneled,  take  the  area  and  its  half 
for  the  workmanship.-— iPor  the  Surrounding  Architrarve^  girt 
it  about  the  uttermost  part  for  its  length;  and  measure  oyer 
it,  as  far  as  it  can  be  seen  when  the  door  is  open,  for  the 
breadth. 

Window'8hutter9y  Btuesj  &c,  are  measured  in  like  manner. 

In  measuring  of  Joiners*  work,  the  string  is  made  to  ply 
close  into  all  the  mouldings,  and  to  every  part  of  the  work 
over  which  it  passes. 

KXAMrLES, 

Exam.  1.  Required  the  content  of  a  floor,  48  feet  6  inches 
long,  and  24  feet  3  inches  broad  ?  Ans.  1 1  sq.  76|  feet. 

Exam.  3.  A  floor  being  36  teet  3  mches  long,  and  16  feet 
6  inches  broad,  how  many  squares  are  in  it  ? 

Ans.  5  sq.  98|  feet. 

Exam.  3.  How  many  squares  are  there  in  173  feet  10 
inchea  in  length,  and  10  feet  7  inches  height,  ol  partition- 
ing ?  Ans.  1 8*3973  squares* 

Exam.  4.  What  cost  the  roofing  of  a  house  at  10«.  6d, 
a  square ;  the  length  within  the  walls  being  52  feet  8  inches, 
and  the  breadth  30  feet  6  inches ;  reckoning  the  roof  |  of 
the  flat?  Ans  12/.  139.  W^d. 

EXASf. 
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Exam.  5.  To  haw  much,  at  6t.  per  square  yard,  amouAts 
the  wainscoting  of  a  rooni ;  the  height,  taking  In  the  cor- 
nice and  mouldings^  being  13  feet  6  inches,  and  the  whole 
compass  83  feet  ft  inches;  also  the  three  window-shutters 
are  each  7  feet  8  inches  by  3  feet  6  inches,  and  the  door 
7  feet  by  3  feet  6  inches ;  the  doors  and  shutters,  being 
worked  on  both  sides,  are  reckoned  work  and  half  work  ? 

Ans.  36/.  124.  2^. 


VI.  SLATERS'  AND  TILERS'  WORK. 

Im  these  articles,  the  content  of  a  roof  is  found  by  mul- 
tiplying the  length  of  the  ridge  by  the  girt  over  from  eavea^ 
to  eaves ;  making  allowance  in  this  girt  for  the  double  row 
of  slates  at  the  bottom,  or  for  how  much  one  row  of  slates 
or  tiles  is  laid  over  another. 

When  the  rOof  is  of  a  true  pitch,  that  is,  forming  a  right 
angle  at  top;  then  the  breadth  of  the  building,  with  its  half 
added,  is  the  girt  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the 
eaves,  when  the  angle  bends  inwards,  it  is  called  a  valley ; 
but  when  outwards,  it  is  called  a  hip. 

Deductions  are  made  for  chimney  shafts  or  window  holes. 

EXAMPLES. 

Exam.  1.  Required  the  content  of  a  slated  roof,  the  length 
being  45  feet  9  inches,  and  the  whole  girt  34  feet  3  inches  ? 

Ans.   \74Jj  yards. 

Exam.  3.  To  how  much  amounts  the  tiling  of  a  house, 
at  359.  6d.  per  square  ;  the  length  being  43  feet  10  inches, 
and  the  breadth  on  the  flat  37  feet  5  inches  ;  also  the  eaves 
projectuig  16  inches  on  each  side,  and  the  roof  of  a  true 
pitch  I  Ans.  24/.  9«.  5l(f, 


VIL  PLASTERERS'  WORK. 

Plasterers'  work  is  of  two  kinds ;  namely,  ceiling,  which 
is  plastering  on  laths :  and  rendering,  which  is  plastering  on 
walls :  which  are  measured  separately. 

The 


PAINTERS*  WORK.  463 

The  contents  are  estimated  either  by  the  foot  or  the  yard| 
or  the  square,  of  LOO  feet.  Inriched  mouldings,  Scc>  are  rated 
by  running  or  lineal  measure. 

Deductions  are  made  for  chimneys,  doors,  windows,  Sec 

EXAMPLES. 

Exam.  1.  How  many  yards  contains  the  ceiling  which  is 
45  feet  3,  inches  long,  and  35  feet  6  inches  broad  ? 

Ans.  I22f. 

Exam.  3.  To  how  much  amounts  the  ceiling  of  a  room, 
at  lOd.  per  yard ;  the  length  being  31  feet  8  inches,  and  the 
breadth  14  feet  10  inches  ?  Ans.  W.  9a.  B^d, 

Exam.  3.  The  length  of  a  room  is  18  feet  6  inches,  the 
breadth  12  feet  3-  inches,  and  height  10  feet  6  inches;  to 
how  much  amounts  the  ceiling  and  rendering,  the  former  at 
Sd  and  the  latter  at  3d.  per  yard ;  allowing  for  the  door  of 
7  feet  by  3  feet  8,  and  a  fire-place  of  5  feet  square  ? 

Ans.  1/  13«.  3^(/. 

Exam  4.  Required  the  quantity  of  plastering  in  a  roomi 
the  length  being  14  feet  5  inches,  breadth  13  feet  3  inches, 
and  height  9  feet  3  inches  to  the  under  side  of  the  cornice, 
whi\.n  girts  8^  inches,  and  projects  5  inches  from  the  wall 
on  the  upper  part  next  the  ceilmg;  deducting  only  for  a 
door  7  feet  by  4? 

Ans.  53  yards  5  feet  3^  inches  of  rendering 
18  5         6  of  ceiling 

39         O^J^  of  cornice. 


VIII.  PAINTERS'  WORK. 

Painters'  work  is  computed  in  square  yards.  Every  pavt 
is  measured  where  the  colour  lies ;  and  the  measuring  line  is 
forced  into  all  the  mouldings  and  corners. 

Windows  are  done  at  so  much  a  piece.  And  it  is  usual  to 
allow  double  measure  for  carved  mouldings,  Sec. 

examples. 

Exam.  1.  How  many  yards  of  painting  contains  the  room 
which  is  65  feet  6  inches  in  compass,  and  12  feet.  4  inches 
high?  Ans.  89|^ yards. 

Exam.  3.  The  length  of  a  room  being  30  feet,  its  breadth 

.  14  feet 


4C4  OLAZT^S'  WORK. 

U  feet  6  inches,  and  height  10  feet  4  niches;  hownnnjr 
yards  of  psinting  are  in  it,  deducting  a  fire-place  <rf  4  feet 
by  4  feet  4  inches,  and  two  windows  each  6  feet  by  3  feet 
3  inches?  Ans-  rS^ yards* 

Exam.  3.  What  cost  the  painting  of  a  room,  at  6d,  per 
yard;  its  length  being  24  feet  6  inches, its  breadth  16  feet 
3  inches,  and  height  13  feet  9  inches;  also  the  door  is  7  feet 
by  3  feet  6,  and  the  window-shutters  to  two  windows  each 
7  feet  9  by  3  feet  6 ;  but  the  breaks  of  the  windows  themselves 
are  8  feet  6  inches  high,  and  I  foot  3  inches  deep ;  including 
also  the  window  cills  or  seats,  and  the  soffits  above,  the  di- 
mensions of  which  are  ^known  from  the  other  dimensions  i 
but  deducting  the  fire-place  of  5  feet  by  5  feet  6  ? 

Ans.  SL  3«.  10|<f. 


IX.  GLAZIERS*  WORK. 

Glasirrs  take  their  dimensions,  either  in  feet,  inches, 
«nd  parts,  or  feet,  tenths,  and  hundredths.  And  thej  com* 
pute  their  work  in  square  feet 

In  taking  the  length  and  breadth  of  a  window,  the  cross 
bars  between  the  squares  are  included.  Also  windows  of 
round  or  oval  forms  are  measured  as  square,  measuring  them 
to  their  greatest  lengt)i  and  breadth,  on  account  of  the  waste 
in  cutting  the  glass. 

* 

BXAMVLKS. 

Exam.  I.  How  many  square  feet  contains  the  window  which 
is  4*35  feet  long,  and  3  75  feet  broad  ?  Ans.  1 1|. 

Exam.  3.  What  will  the  glazing  a  triangular  sky-light 
come  to,  at  iOd.  pw  foot ;  the  base  being  12  feet  6  inches,  and 
the  perpendicular  height  6  feet  9  inches  I 

Ans.  \L  \5a.  lid. 

£xam>  3.  There  is  a  house  with  three  tiers  of  windows, 
three  wkdqws  in  each  tier,  their  common  breadth  3  feet  1 1 
inches : 

nowtheheightofthe  first  tier  is  7  feet  10  inches 

oftbesec<md         6  8 

of  the  third  5  4 

Required  the  expense  of  glazing  at  14d.  per  foot  ? 

Ans.  13/.  lU  JO^d. 

ExAKa 
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&SAii.4«'ttaqiib6d  thtf^mpeiMe  of  glaxing  Uie  wiadoM 
<l(»(bQiiMe  at  I3i/.  afoot;  there  being  three  stories,  andthrfw 
iMDdowft  in  eacti  at<Nry  i 

tke  height  of  the  lower  ti^  is  7  feet  d  inches 
of  the  middle  e        6 

oftheuffier  $         ^ 

aniof  tn  ottl  wiadow  over  the  door  \       10>^ 
the  common  breadth  of  all  the  winaows  being  3  feet  9  inches  ? 

Ans.  12/»  5f.  6(f. 


•** 


X.  PAVEB&*  Work. 

YAYBftH^  work  is  dooe  hf  iSbt  square  yard.  And  the  cotk- 
tent  is  found  by  multiplying  the4ength  by  the  breadth. 

Exam.  1.  What  cost  (he  paving  a  foot*path,  at  3«.  4d. 
a  yard;  the  length  being  S5  feet  4  inches,  and  breadth 
8  feet  3  inches  ?  Ans.  Si.  7b.  1 1^^. 

£xA^-  2.  What  cost  the  paving  a  courts  at  3^.  2d.  per 
yard;  the  length  being  ^7  feet  10  inches,  and  the  breadth 
14  feet  9  inches  ?  Ans  7/.  4«.  S\d, 

Exam.  3.  What  will  be  the  expense  of  paving  a  rectan* 
gular  court-yardi  Whose  length  is  63  feet,  and  breadth 
45  feet ;  in  which  there  is  laid  a  foot-path  of  5  feet  3  inches 
broad,  running  the  whole  length,  with  broad  stones,  at  3«» 
a  yard ;  the  rest  being  paved  jyith  pebbles  at  2«.  6d.  a  yard  ? 

Ana.  40/.  5«.  lOid, 


XI.  PLUMBERS*  WORK. 

Pli^mbi^iis*  work  is  rated  at  so  much  a  pounds  or^lse  by 
the  hundred  weight  of  1 13  pounds. 

Sheet  lead,  uaed  in  roo^ng,  guttering,  8cc,  is  frdin  6  to 
10  lb.  to  the  square  foot.  And  a  pipe  of  an  inch  bore  i% 
commonly  13  or  14  lb.  to  the  yard  ia  length. 

SXAMPZrBt. 

Exam.  K  How  much  weighs  the  lead  which  is  39  feet 
Vo^.  I.  O  o  o  6  inches 
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6iiichet  loikgy  aod  3  feet  3  inches  broed«  at  8^b.  to  tlie 
square  foot?  Ana.  iO01-^t». 

Exam.  3.  What  cost  the  covering  and  guttering  a  roof 
with  lead,  at  18«.  the  cwt;  the  length  of  the  roof  being  43 
feet,  and  breadth  or  girt  orer  it  3S  feet ;  the  guttering  57 
feet  long,  and  3  feet  wide ;  the  former  9*831  lb.  and  the  lat- 
ter 7*373  lb.  to  the  square  foot  I  Ana.  1  IS/.  9#.  1^. 


XII.  TIMBER  MEASURING. 
paoBLBM  r. 
To  find  Qu  Areth  or  Superficial  Content,  of  a  Board  or  Plank. 

MvLTiFLT  the  length  by  the  mean  breadth. 

M)te,  When  the  board  is  tapering,  add  the  breadths  at 
tlie  two  ends  together,  and  take  half  the  sum  for  the  mean 
breadth.    Or  else  take  the  mean  breadth  in  the  middle. 

By  the  Sliding  Rule. 

Set  13  on  B  to  the  breadth  in  inches  on  a  ;  then  against 
the  length  in  feet  on  n,  is  the  content  on  a,  in  feet  and 
fractional  parts.  ^  <w 

ZXAMPLES. 

Exam.  1.  What  is  the  value  of  a  plank,  at  Hd.  per  foot, 
whose  length  is  12  feet  6  inches,  and  mean  breadth  1 1  inches  ? 

Ans.  U.  Sd. 

Exam.  3.  Required  the  content  of  a  board,  whose  length 
is  11  feet  3  inches,  and  breadth  1  foot  10  bches  ? 

Ans.  30  feet  5  inches  8". 
Exam.  3.  What  is  the  value  of  a  plank,  which  is  13  feet 
9  inches  long,  and  I  foot  3  inches  broad,  at  3^.  a  fool  I 

Ans.  3t.  3|cr. 

Exam.  4.  Required  the  value  of  5  oaken  planks  at  3d, 
per  foot,  each  of  them  being  17^  feet  long;  and  their  several 
breadths  as  follows,  namely,  two  of  13^  inches  in  the 
middle,  one  of.  14^  inches  in  the  middle,  and  the  two  re- 
maining ones,  each  18  inches  at  the  broader  end,  and  U^  at 
the.  narrower  ?  Ans.  1/.  5*.  9jrf. 

PROBLEM 
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PROBLEM   U. 


Tojind  the  Solid  Content  of  Squared  or  Four-aided  Timker. 

MuLTipr^Y  the  mean  breadth  by  the  mean  thickness,  and 
the  produce  agtdn  by  the  length,  for  the  content  nearly. 

By  the  SHx&ng  Rule. 

CD  DC 

As  length  :  13  or  10 : :  quarter  girt :  solidity. 

That  is,  as  the  len^h  in  feet  on  c,  is  to  12  on  d,  irhen 
the  quarter  girt  is  ifi  inches,  or  to  10  on  d,  wheniti^ia 
tenths  of  feet ;  so  is  the  quarter  girt  on  d,  to  the  content 
on  G.        ' 

Mte  \.  If  the  tree  taper  regularly  from  the  one  end  to 
the  other ;  either  take  the^mean  breadth  and  thickqess  in  the 
middle,  or  take  the  dimensions  at  the  two  ends,  and  half 
their  sum  will  be  the  qiean  diniension^;  which  multiplied  as 
above,  will  give  the  content  nearly. 

3.  If  the  piece  do  not  taper  regularly,  f)Ut  be  unequally 
thick  in  some  parts  and  small  in  others ;  take  several  dif- 
ferent dimensions,  add  them  ^1  together,  and  divide  their 
sum  by  the  number  of  them,  for  the  mean  dimensions. 


2XAMPLKS. 

I 

Exam.  1.  The  length  of  a  piece  of  timber  is  18  feet 
6  Inches,  the  breadths  at  the  greater  and  less  end  1  foot 
6  inches  and  1  foot  3  inches,  and  the  thickness  at  the  greater 
and  less  end  1  foot  3  inches  and  1  foot ;  required  the  solid 
content  ? .  Ans.  28  feet  7  inches. 

Exam.  2.  What  is  the  content  of  the  piece  of  timber, 
whose  leng^  is  34|  feet,  and  the  mean  breadth  and  thick- 
ness each  1-04  feet  \  Ans.  26 J  feet 

Exam.  3.  Required  the  content  of  a  piece  of  timber, 
whose  length  is  20<38  feet,  and  its  ends  unequal  squares*  the 
sides  of  the  greater  being  19|  inches,  and  the  side  of  the  less 
9|  inches  ?  *  Ans.  29-7562  feet 

EXAIJ- 
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Exam.  4.  Required  the  content  of  the  piece  of  timbery 
wbo«e  leneth  U  37*36  feet;  ai  th^  greater eod the  breadth 
is  I  78,  and  thickness  1*23 ;  and  at  the  less  end  the  brei^th 
is  1*04,  and  thickneis  0*9  \  feet  ?  Ans.  41-376  feet. 

raoBLSX  III. 

MuLTiPLT  the  square  of  the  quarter  prtt  or  of  }  of  the 
loean  circumference^  by  the  lengthi  fat  the  content- 

^As  the  length  upon  ci  IS  orio  upon  m :  i 
qpaarter  gtrt,in  l3thsor  lOthiy  on  i> :  content  on  c. 

JSTote  y  When  th^  tree  is  taperinp^t  take  the  mean  donen- 
sons  as  in  U\e  former  jproblems,  either  hj  girting  it  in  the 
middle,  for  the  mean  girt,  or  at  the  two  ends,  and  take  half 
the  sum  of  the  two ;  or  by  girting  it  in  several  piacee,  then' 
adding  all  the  girts  together,  ana  dividing  the  smn  bjr  the 
number  of  thei^'for  the  mean  giii{.'  But  when  the  Ire^  is 
yery  irregular,  divvle  it  into  several  lengths,  and  find  the 
content  ofeach  part  separately. 

3.  This  rule,  which  h  commonry  used,  gives  the  aAswtr 
about  \  less  than  the  true  quantity  in  the  tree,  or  neariy 
what  the  quantity  would  be,  i^er  the  tree  is  hewed  square 
in  the  usual  way :  so  that  it  seems  intended  to  toxkt  an  ai^ 
lowance  for  the  squaring  pf  the  trte.  '^ 

BXAICPLBS* 

Exam.  1.  A  piece  of  round  timber  being  9  feet  6  inches 
long,  and  its  mean  quainter  girt  42  inches;  what  is  the  con- 
tent? Ans.  lie^foet. 

ExAif .  3.  The  length  of  a  tree  is  34  feet,  its  girt  at  th^ 
thicker  end  14  feet,  and  at  the  smaller  end  2  feet ;  required 
the  content  ?  Ans.  96  feet. 

Exam,  i.  What  is  die  content  of  a  tree»  whose  meaa 
girt  is  9- 1 5  feet,  and  length  14  feet  6  inchea  I 

Ans.  3*9933  feet. 

£xA.M.  4.  Require  the  content  of  a  tree,  whose  lei^^ 
Is  17^  feet,  which  girts  in  five  different  places  as  fellows, 
namely,  in  the  first  [riace  9-43  feet,  in  the  second  7<93,  in 
the  third  6*  15^  in  tho  fourth  4*74,  fUid  in  the  fifth  316? 

Aas.  43*5 19525. 
^  CONIC 
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CONIC  SECTIONS, 


1.  Cwcc  Sbctioji»  ara  tbe  Sguru  nad*  bj  a  plane  cuU 
ting  a  cone. 

3.  AcoordiDg  to  the  diAveHpaaiUana  of  dw  cutting  plane, 
tbera  arise  fire  difTeroit  figureB  or  aectkaa,  nainel;,  a  tri- 
angle, a  drcle,  an  ellipaU,  an  hyperbola,  and  a  parabola :  the 
three  last  of  which  onljr  are  pecoliarij  called  Conic  Sectionai- 

3.  If  the  mtting  plawi  pa»  through 
Ute  Tcrtex  of  the  cone,  and  any  pert  of 
the  base,  the  sectim  will  eridenttf  be  a 
.  triangle;  as  tab. 


4.  Ifihe  plane  cut  the  cme  panltel  to 
the  baK(  or  make  no  angle  with  it,  the 
section  will  be  a  circle ;  as  abd. 


5.  The  section  dab  is  an  ellipse 
-when  the  cose  is  cut  obliquely  through 
both  aidea,  or  ^ hen  the  plane  is  &- 
ciioed  to  the  hue  m  a  less  anglethan 
die  aide  of  the  coneis. 


0.  The  secticot  is  a  parabola,  when 
the  woe  ia  cut  t^  a  jduie  parallel  to 
the  side,  or  when  the  cutting  plane  «id 
the  side  of  the  cone  make  equal  angles 
with  the  base. 

7.  The 
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r.  Tbe  Mction  is  an  hiperboU,  when 
-Accutting  pUne  makes  a  greaKr  angle 
vithihebasetbinthesidsof  the  cfMie  . 


8.  And  if  all  the  sides  of  the  cone 
be  contiDued  through  the  vertex,  form- 
ing an  apposite  equal  cone,  and  the 
^ne  be  also  continued  to  cut  the  op- 
ymite  cone,  this  latter  section  will  be 
tbe  opposite  hyperbola  to  tbe  former  ; 

MdM. 

And  farther,  if  there  be  four  cones 
tMK,  coF,  CMP,  CKO,  having  all  the 
Mtne  vertex  «,  and  all  their  kmcb  in  the 
Hune  plane,  and  their  sides  touchipg  or 
coinciding  in  the  coBunon  intersecting 
lines  uco,  mct;  then  if  these  four 
ctme*  be  all  cut  bjr  one  plane,  parallel 
to  llie  common  plane  of  tbeir  axes, 
there  will  be  fortncd  the  four  hyper- 
bolas oqx,  T3T,  TKL,  wm,  of  which 
Cftch  two  opposites  are  equal,  and 
the  otlicr  two  arc  conjugates  to  them  i 
is  here  in  the  annexed  figure,  and  tbe 
ume  as  represented  in  tbe  two  follow- 
ing pages. 

9.  The  VerUces  of  any  section,  are  tbe  points  where  the 
'  cutting  plane  meets  the  opposite  sides  of  the   cone,  or  the 

sides  of  ihc  vertical  triangular  section  ;  as  a  and  b. 

Hence  tlie  ellipse  and  the  opposite  hyperbolas,  have  eaek 
two  vertices ;  hut  the  parabola  only  one ;  unless  we  consider 
the  other  as  at  w  infinite  distance. 

10.  The  Axis,  or  Transverse  Diam^er,  of  a  conic  scctitw, 
is  the  liite  or  distance  a  b  between  the  vertices. 

Ilencetheaxisofaparabola  isinfinite  in  length,  Ab  bet- 
ing only  a  part  of  it. 


DBFiNITIONS.  >  «l 

Hjrperbebfl.  fuibobu 


1 1 .  The  Centre  c  is  Ihe  middle  of  the  axb. 

Hence  the  centre  offt  pnnbolau  in&nitelf  diKt&nt  from  the 
vertcK.  And  of  an  ellipse,  the  axis  and  centre  lie  within  the 
curve  ;  but  ot  an  hyperbola,  without. 

IS.  A  Diameter  it  any  right  line,  as  ab  or  he,  drawta 
through  the  centre,  and  ternHnatedoncBch  side  by  the  curve; 
and  the  extremities  of  the  diaiiiet«r,  or  its  intersections  with 
the  «urvB,  are  its  vertices. 

Hence  all  the  diameters  oT  a  parabola  are  parallel  to  the 
axis,  and  ioBnite  in  length.  And  bence  also  every  diameter 
of  the  ellipse  and  hyperbola  have  two  vertices  ;  but  of  the 
parabola,  uily  one ;  unless  we  consider  the  other  as  at  an  in- 
finite distance. 

IS.  The  Conjugate  to  any  diameter,  is  the  line  drawn 
through  the  centre,  and  parallel  to  the  tangent  of  tlie  curve 
at  the  vertex  of  the  diameter.  So,  fg>  parallel  to  the  tangent 
at  D,  is  the  conjugate  to  nx  ;  and  hi,  parallel  to  the  tangent 
U  A,  is  the  conjugate  to  as. 

Heucethe  conjugate  m,  of  the  axis  ab,  Js  perpendicular 
to  it. 

14.  An  Ordinate  to  any  diameter,  is  a  line  parallel  to  its 
conjugate,  or  to  the  tangent  at  its  vertex,anrl  temunated  by  the 
diameter  and  curve.  So  ok,  el,  areordinates  to  the  axis  ao  ; 
and  UN,  NO,  ordinutes  to  the  diameter  ns. 

Hence  the  ordinate!  of  the  axis  are  perpendicular  to  it. 


orRK. 

Hence,  in  the  ellipse  and  hyperbola,  every  ordinate  has  two 
determinate  abscisses;  but  in  the  parabola,  only  one;  the  other 
vertex  of  the  diameter  being  infinitely  distant. 

16.  The  Parameter  of  any  diameter,  is  a  third  proportional 
to  th jt  difUniEtcr  and  its  conjugate.. 

17.    The 


in  coNie  sections: 

17.  The  Focus  isthe  point  ia  the  axis  where  the  orfinHcr 
is  equal  to  half  the  parameter.  As  k  and  l,  where  dk  or  &£. 
ia  equal  to  the  aemi-parameter.  The  name  focus  being  gmia 
to  this  point  from  the  peculiar  property  of  It  mentioQed  in  the 
Gorol.  to  theor.  9  in  the  Ellipse  and  Hyperbola  fi^^llowmg*  and 
to  theor  6  in  the  Pttrabola. 

Hence,  the  ellipse  and  hyperbola  have  each  two  fod  ;  tor 
the  parabola  only  one. 


18.  IfDAR,  FBO,  be  two  opposite  hyperbolas,  hmng  as 
for  their  first  or  transverse  axis,  and  ab  for  their  second  or 
conjugi^e  axis.  And  if  dae,fbg,  be  two  other  opposite  hy- 
perbolas having  the  same  axes,  but  in  the  contrary  order^ 
namely,  ab  their  first  axis,  and  ab  their  second ;  then  these  two 
latter  curves  dae,  fbg,  are  called  the  conjunte  hyperbolas  to 
the  two  former  oak,  fbg,  and  each  pair  of  opposite  curves 
mutually  conjugate  to  the  other;  being  all  cut  by  one  pfaaie> 
from  four  conjugate  cones,  as  in  page  470,  def.  9. 

19.  And  if  tangents  be  drawn  to  the  four  vertices  of  the 
curves,  or  extremities  of  the  axes,  forming  the  inscribed 
rectangle  bixl;  tbe  diagonals  hck,  xcl,  of  this  rectan^e, 
are  called  the  asymptotes  of  the  curves.  And  if  these  asym- 
ptotes intersect  at  right  angles,  or  the  inscribed  rectangle  be 
a  square,  or  the  two  axes  ab  and  ab  be  equal,  then  the  hyper- 
bolas are  said  to  be  right-angled,  or  equilateral. 

SCHOLIUM. 

The  rectangle  inscribed  between  the  four  conjugate  hy* 
perbolas,  is  similar  to  a  rectangle  circumscribed  aSout  an 
ellipse,  by  drawing  tangents,  in  like  manner,  to  the  four  ex- 
tremities of  tbe  two  axes ;  and  the  asymptotes  or  diagonidft 
in  the  hyperbola,  are  analogous  to  those  in  the  ellipse,  cut- 
ting this  curve  in  similar  points,  and  making  that  pair  oC 
conjugate  diameters  which  are  equal  to  each  other.  AlsOt 
the  whole  figure  formed  by  the  four  hyperbolas,  is,  as  it 
were,  an  ellipse  turned  inside  out,  cut  open  at  the  extre- 
mities D,  E,  r,  o,  of  the  said  equal  conjugate  diameters,  and 
those  four  points  drawn  out  to  an  infinite  distance ;  the  cur- 
vature being  turned  the  contrary  way,  but  the  axes,  and  the 
rectangle  passing  through  their  extremitiesy  continuing  fixed. 

Ow 


OF  THE  ellipse;  ^T^ 


OF  THE  ELLIPSE. 


THBORBM  I. 


The  Squares  of  the  Ordinates  of  the  Axis  are  to  each  other  * 
aa  the  Rectangies  of  their  Abscisses. 

Lbt  avb  be  a  plane  {Missing  through 
the  axis  of  the  cope ;  aqib^  another 
section  of  the  cone  perpendicular  to 
the  plane  of  the  former ;  ab  the  axis 
of  this  elliptic  section;  and  ro,  aX)  or* 
dinates  perpendicular  to  it.  Then  it 
will  be^as  fo'  :  hi*  : :  af  .  vb  :  ah  .  bb. 

For,  through  the  ordiaates  fo,  hi, 
draw  the  circular  sections  kgl^  Mxy, 
parallel  to  the  base  of  the  cone,  baring  kl,  mb,  for  their 
diameters,  to  which  to,  hI|  are  ordinates,  as  well  as  to  the  axis 
of  the  ellipse. 

Now,  by  the  uixdlar  triangles  afl,  ahk,  and  bvkj  unUf 

It  is  AF  :  AH  : :  FL  :  hb, 
and  fb  :  RB  : :  KF  :  M a ; 

hence,  taking  the  rectangles  of  the  corresponduig  tennsy 
it  Is,  the  rect  af  •  fb  :  ah  .  hb  : :  kf  .  fl  :  xa  .  hb. 

But,  by  the  circle,  kf  .  fl  ss  fo',  and  mh  .  hn  as  hi*  ; 
Therefore  the  rect.  af  •  fb  :  ah  .  hb  s :  fo*  :  hi*,    q.  e*  n. 


THBOBBX  XI. 


As  die  Square  of  the  Transverse  Axis  : 
Is  to  the  Square  of  the  Conjugate  *  :  : 
So  b  the  Rectangle  of  the  Aoscisses  : 
To  the  Square  of  their  Ordinate. 

Vol.  L  P  p  p  That 


^4 


come  8SCTIONS. 


That  i%  ▲»«  :  ab<  or 
Ao.'  :  ac*  : ;  AD  .  DB  s  IIB*. 


FoFt^theor.  I9  ac.cb:  AD.DB::eA'  :i>b*; 

Butyif  c  be  the  ceotre,  then  ac  .  cb  «=  ac',  and  ca  ia  the 

,  ae0ii*coBJugHte. 
Therefore  ac*  s  a»  .  db  i  :  ac* :  db*  ; 

Of) by  permutatioiiy  ac*  ;  ac*  : :  ad  •  db  :  db'  ; 
or^  1^ douUiogy      ab*  :ab' : :  ad  .  db  :  db*.  ^-  b«  d» 

ah* 
Cor^.  Or,by  div.  ab  :  -— : :  ad  .  db  or  ca*  —  cd'  :  db*, 

AB 

that  isi  AB :  jl : :  AD  •  DB  or  ca'  -*  cd*  :  db*  ; 

ab> 
ifhere/k  is  the  parameter  -— ^by  the  defimtioii  of  iti 

AB 

That  is,  As  the  transverse, 
Is  to  its  parameter, 
So  is  the  rectangle  of  the  abscisses 
To  the  square  of  their  ordinate. 


THXORBM  UI* 

As  the  Square  of  the  Conjugate  Axis : 

Is  to  the  Square  of  the  Transverse  Axis : : 

So  is  the  Rectangle  of  the  Abscisses  of  the  Conjugate,  or 
the  Difference  of  the  Sauares  of  the  Semi-conjugate  and 
Distance  of  the  Centre  tram  any  Ordinate  of  that  Axis  : 

To  the  Square  of  their  Ordinate. 


That  is, 
ca*  :cB*::ad.dbor  ca*  —  cd*:dB*» 


For,  draw  the  oitUnate  bd  to  the  transverse  ab. 
Then,  by  Uieor.  i,  ca*  :  ca*  : :  db»  :  ad  .  db  otca*  —  cd^  , 
or    -    ...    •  ca»  :  ca*  :  t  cd* :  ca»  —  d»*. 
But       -    .    -    •  ca*  :  ca*  s  :  ca*  :  ca*, 
thefe£  by  subtr.     ca*  ;  c a*  : :  ca*  —  cd*  or  ad .  db :  d**. 

q.  b.  d. 
CoroL 
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C^fol.  1.  If  two  circles  be  described  on  the  two  axes,  as 
diametersy  the  one  inscribed  within  the  eUipse,  and  die  c»ther 
drcooiicfibedaboiicitithen  an  ordinate  in  tlie  circle  will 
be  u>  the  corresponding  ordmate  in  the  ellipse,  as  the  axis  of 
this  ordinatei  is  to  the  other  axis. 

Thiit  is,  CA  :  ca : :  DG  :  nn, 
and  ea  t  CA  ? :  dg  :  ds. 
For,  b^  the  nature  of  the  circle,  ad  •  nn  ss  no* ;  theref. 
b^the  nature  of  the  ellipse,  ca^  s  ca*  : :  ad  .  »b  or  do>  :  d«', 

or  CA  t  ca  <  :  DO  }  db. 
In  like  manner      '  ca :  ca  : » dg  :  dn. 

Also,  byequaUtf,  -  dg  :ds  or  cd  : :  dnor  dg  :  dg. 

Therefore  cgG  is  a  continued  straight  fitie. 

CoroL  2.  Hence  also,  as  the  ellipse  and  drcle  are  made  up 
of  the  same  number  of  corresponding  ordinates,  which  are 
all  in  the  same  proportion  of  the  two  axes,  it  follows  that 
the  areas  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  them,  are  in  the  same  proportion  of  the  two  axes, 
or  as  the  square  of  the  diameter  to  the  rectangle  of  the  two 
axes ;  that  is,  the  areas  of  the  two  circles,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two ; 
and  therefore  the  elfipse  is  a  mean  proportional  between  the 
two  circles. 

THXOEBK  XV. 

The  Square  of  the  Distance  of  the  Focus  from  the  Centre, 
is  equal  to  the  Difference  of  the  Squares  of  the  Semi- 
axes  ; 

Or,  the  Square  of  the  Dbtance  between  the  Foci,  is  equal  to 
the  Difference  of  the  Squares  of  the  two  Axes. 

That  is,  c¥«  =s  c a«  —  ca«, 
or  rf«  =  AB«  —  ab». 


F6r,  to  the  focus  f  draw  the  ordinate  vx ;  which,  b]r.  the 
definition,  will  be  the  semi-parameter.    Then,  by  the  nattire 
of  the  curve       -         -        c a«  :  ca»  : :  CA*  —  ct*  :  tn*  ; 
and  by  the  def.  of  the  para,  ca'  :  ca*  : :         ca*      :  rx*  ; 
therefore  -        •        ca«  8=  ca«  —  c»«  i 

and  by  addit  and  subtr.        c>«  =»  ca»—  ca«  ; 
or,  I7  doubling,         ♦        ff«  ==  ab*  ^aib*.  t-»-»- 

C9T0tt 
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Corp/.  1.  The  two  semi-axesi  snd  the  fecal  ^stance  front 
tiie  centre^  are  the  aides  of  a  right-angied  triangle  era  ;  «n«i 
the  diatance  ya  from  the  focus  to  the  extremity  of  the  ccaoju* 
gate  axisi  is  =  ac  the  semi-transverse. 

CoroL  3.  The  conjugate  semi-axis  ea  is  a  mean  propor* 
tionalbetweenAF,vB,  or  between  Afib)  the  dbtaoces  of  ei- 
ther focus  from  the  two  vertices. 

For  ca*  asCA*  -«  cw*  »  ca  +  cf  .  ca  —  cr  s  af  •  fb. 


THKOEXX  T. 

The  sum  of  two  Lines  drawn  from  the  two  Foci  to  meet 
at  any  Point  in  the  CurvC}  is  equal  to  the  Transrerse 


Tha^t  is, 

FE  •(-&■"   AB« 


For,  draw  ao  parallel  and  equal  to  ca  the  aemi-eon jugate ; 
and  join  co  meeting  the  ordinate  ns  in  h  s  also  take  ci  a  4th 
proportional  to  ga,  cf,  co. 

Then,  by  theor.  2,  ca*  :  ag»  : :  ca*  —  en*  :  nx* ; 

and,  by  sim.  tri.      ca'  :  ao'  : :  ca'  —  en' :  ao'  —  nu'  ; 

consequently         nx'  =s  ao'  —  nn'  =  ca'  «-  db'  . 

Also  FO  =  CF  03  en,  and  fo'  =  cf*  —  2cf  .  cd  +  en* ; 
and,  by  right-angled  triangles,     fe'  «b  fo'  +  de'  ; 
therefore  fe'  ac  cf»  +  ca'  —  Scf  .  en  +  cd«  —  dh'  . 

But  by  theor*  4,  cf^  -f  ca'  ss  ca', 

and  bv  supposition,     2cf  .  en  =  2ca  .  ci ; 
theret  fx»  t=  ca«  —  2ca  .  ci  +  en'  —  dh'. 

Again,  by  supp.  ca*  :  cn»  : :  cf'  or  ca'  —  ao'  ci'  ;- 
and,  by  sim.  tri.   ca'  :  en' : :  ca'  —  ao'  :  en'  —  nn' 
therefore      '-      ci'  =  en'—  dh'  ; 
consequently       fe'  r=  ca'  —  2ca  .  ci  +  ci'. 

And  tbe.root  or  side  of  this  square  is  fe  ss  ca  — «  ci  =  ai. 

In  the  same  manner  it  is  found  that  fs  =  ca  -f  cc  c^  bi. 
C^seq.  by  addit.  fe  -f  fE  =»  ai  4-  bjl  ^  ab.        q.  b.  ik 

Coroi. 


\ 
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Cor^^  1.  H«nce  ci  or  ca  —  fb  is  a  4th  proportional  to  cA| 
cr,  CO. 

CoroL  8.  And  fa  —  vs  s  2ci ;  that  is,  the  dlfTerence  bo« 
tween  two  lines  drawn  from  the  focii  to  any  point  in  the  cunre, 
Is  double  the  4th  proportional  to  cA)  cfi  co. 

CoroL  3  Hence  is  derived  the  common  method  of  de- 
acribing  this  carve  mechanically  by  points,  or  with  a  thread, 
thus : 

In  the  transverse  take  the  focir^f, 
and  any  point  i.  Then  with  the  radii 
Alt  Bi,  and  centres  r,  f,  describe  area 
intersecting  in  b,  which  will  be  a 
point  in  the  curve.  In  like  manner, 
assuming  other  points  i,  as  many 
other  pointawill  be  found  in  the 
curve.  Then  with  a  steady  hand, 
the  curve  line  may  be  drawn  through  all  the  points  of  inter- 
section B.  ^ 

Or,  uke  a  thread  of  the  length  ab,  of  the  transverse  fousy 
and  fix  its  two  ends  in  the  foci  r,  f,  by  two  pins.  Then  carry 
a  pen  or  pencil  round  by  the  thread,  keeping  it  always  stretch- 
ed,  and  its  point  will  trace  out  the  curve  line. 

TBBORBM   Vr. 

If  from  any  Point  i  in  the  Axis  produced,  a  line  il  be 
drawn  touching  the  Curve  in  one  point  l  ;  and  the  Ordi- 
nate Lie  be  drawn ;  and  if  c  be  the  Centre  or  Middle  of 
AB :  Then  shall  cu  be  to  ci  as  the  Square  of  am  to  the 
Square  of  ai. 


That  is, 
CM  :  ex  : :  am^  :  ai^. 


For,  from  the  point  I  draw  any  other  line  ieh  to  cut  the 
curve  in  two  points  b  and  h  ;  from  which  letlall  the  perpen- 
diculars BD  and  HO  ;  and  bisect  no  in  k. 

Then,  by  theo.  1,  ad  •  db  ;  ao  .  gb  :  n  B* :  g  h^  ,, 
and  by  sim.  triangles,     id'  :    lo'  : :  de*  :  ob'  ; 
theref.  by  equality,  ad  •  db  :  ag  .  gb  : :  id*  :  lo*. 

ButDBSCB-f-  CD  =  AC  +  CD=S  AG-f-  DC— CG=  2CK-f  A«> 

and  OB  =3«B  —CO  ss  ac—  co  =b  ad-)-  Dc«-co=s3cK-f  ad; 
theref.  ad  •  3ck  +  ad  .  ao  {  ag  .  2ck  -h  ad  .  ao  : :  id'  ;  io'  , 
and^by  div*  do  .  3ck  :  ig<  «id'  op  dg  .  2ik  : :  ad  .  3ce  4- 

AD  .  AG  S  id'  ,  •r 
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or    -      3cK  :  3ik::  AD  .ScK  4- AD.  AO  tto't 

or    AD  .  3cK  :  AD  .  SiK  :  :  AD .  3cK  +  ad  .  ao  :  M>^  ; 

theref.  by  div,  ck  :  ie  : :  ad  .  ao  :  id*  —  ad  .  3ik, 

an<S|  by  comp.  ck  :  ic  : :  ad  .  ao  :  id*  ^  ad  .  id  +  lAy 
or         •  CK  :  CI : :  AD  •  AO  :  ai*. 

Buty  wben  the  line  ito,  by  rerolTing  about  die  pome  i, 
comes  into  the  position  of  the  tangent  iL)  then  the  poinu  b 
and  H  meet  in  the  point  l,  and  the  pdnts  D|  K}  o,  comcide 
ivith  the  point  ^'M  s  and  then  the  last  proportion  becflmes 
CM :  CI : :  am*  :  Ai*.         q.  s.  D. 


THEORBM  Til. 

If  a  Tangent  and  Ordinate  be  drawn  from  any  Pdnt  in  the 
Curvcy  meeting  the  Transverse  Axis ;  the  Semi^transTerse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  Two  Intersections  from  the  Centre. 


That  is, 
c  A  is  a  mean  proportional  be- 
tween CD  and  CT ;  ^ 
or  CDy  eAf  cTy  are  continued 
proportionals* 


For,  by  theor.  6^  cd  :  ct  : :  ad*  :  at*. 
that  is,  CD :  CT  :  :  (cA— cd)*  :  (cT— ca)* » 

or  -        cp:  CTs:  CD*  + ca*:ca*  +  ct*, 

and        -        CD :  DT  :  s  cd*  +  e a*  :  ct*  —  cd*  « 
or  -        cd:  dt;  :  CD*4-CA*:  (ct  +  cd)dt, 

or  -        CD*  :  CD  .  CT : :  cd*  +  ca*  :  cd  •  ot  -{•  ct  •  dt, 

hence     -        cd*  :  ca*  : :  cd  .  dt  :  ct  .  dt^ 
and        -        CD* :  ca*  : :  cd  :  ct. 
therefore  (th.  78,  Geom.)  cd  :  ca  : ;  ca  :  ct.        q.  b.  d* 

Cord,  Since  ct  is  always  a  third  proportional  to  cd,  ca  ;• 
if  the  pdbts  o,  a,  remain  constant,  then  will  the  point  t  be 
constant  also ;  and  therefore  all  the  tangents  will  meet  in 
this  point  t,  which  are  drawn  from  the  point  s,  of  e?erf 
ellipse  described  on  the  same  axis  ab,  where  they  are  cut  1^ 
the  common  ordinate  deb  drawn  from  the  point  n. 

TKBOEBM 
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THEOREM   YIXI. 


If  there  be  any  Tangent  meeting  Four  Perpendiculars  to  the 
Axis  drawn  from  these  four  Points,  namely,  the  Centre, 
the  two  Extremities  of  the  Axis,  and  the  Point  of  Contact ; 
diose  Four  Perpendiculars  will  be  Proportionals. 

I 


AO 


That  is, 
DE : : CH 


BI. 


For,  by  theor.  7,  tc  :  ac  : :  ac  :  nc, 
dberef.  bydiv.  ta  :  ad  : :  to  :  ac  orCBy 

and  by  comp.  ta  :  td  ; :  tc  :  tb, 

and  by  sim.  tri.        ao  t  i>b  : :  ch  :  bi.  q. 

CoroL  Hence  ta,  td,  to,  tb  ?         ,  «*•      i 

and      TG,  TE,  TH,  Ti  \  "*  ">«>  V^ovorXxmiXi. 

For  these  are  as  ao,  de,  ctt,  bi,  by  similar  triangles. 


B.  0. 


THEOREM  IX. 


If  there  be  any  Tangent,  vsA  two  Lines  drawn  from  the 
Foci  to  the  Point  of  Contact;  these  two  Lines  will  make 
equal  Angles  with  Ihe  Tangent. 


That  is, 
the  Z'XT  ss  jibLt. 


For,  draw  the  ordinate  he,  and  fe  parallel  to  vs. 
By  cor.  I,  theor.  5,  ca  :  en  : :  cr :  ca  —  fb, 
and  by  theor.  7|       ca  :  gd  : :  ct  :  ca  ; 
therefore  ct  :  c»  : :  ca  :  ca  —  fe  ; 

and  by  add.  and  sub.  tf  :  Tf  : :  fe  :  3ca  —  fe  or  fs  by  th.  5. 
But  by  sfan.  tri.        tf  :  Tf  : :  fc  :  fe ; 
therefore  fE  =s  fe,and  conseq.    ^e  a=  ^f£e. 

But,  because  fe  is  parallel  to  fe,  the  ^^e  »  ^iwti 

therefore  the  Zfet  » ^fke.  a.  b.  d^ 


Coroi, 
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C&rol.  As  opticians  find  that  the  angle  of  inddence  Is 
equal  to  the  angle  of  reflection,  it  appears  from  this  theoreoi, 
that  TVf%  of  light  issoinf;  firom  the  one  focus,  and  meeting  the 
curve  m  every  point,  will  be  reflected  into  lines  drawn  from 
those  pomts  to  the  other  Cdcus.  So  the  ray  fs  is  reflected 
iDto  FB.  And  thb  is  the  reason  why  the  points  r,  i^  are  called 
they^d,  or  burning  points. 


THXOUM  z. 

All  the  Parallelograms  circumscribed  about  ui  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  of 
the  two  Axes. 


That  is, 
the  parallelogram  pqns 
the  rectangle  ab  .  ab 


Let  so,  eg,  be  two  conjugate  diameters  parallel  to  the 
aides  of  the  parallelogram,  and  dividing  it  into  four  less  and 
equal  parallelograms.  Also,  draw  the  ordinates  nx,  de,  and 
cK  perpendicular  to  pq ;  and  let  the  axis  ga  produced  meet 
the  sides  of  the  parallelogram,  produced  if  necessaiy,  in  t 
andt. 

Then,by  theor  7,  ct  :  ca  : :  eA  :  en, 

and  ci  :  CA  : :  CA  :  ed ; 

theref.  b^  equality,       ct  x  ct  : :  cd  :  en ; 

but,  by  sun.  triangles,  ct  :  ct  : :  Tn  :  cd, 

theref.  by  equality,       to  :  cd  : :  cd  :  co, 

and  the  rectangle         Tn  •  dc  is  s=  the  square  ed*« 

Again,  by  theor.  7, .      en  :  ca  : :  ca  :  ct, 

or,  by  division,  co  :  ca  ; :  nA  :  at, 

and  by  composition,     en  :  ns  : :  An  :  nT ; 

conseq.  the  rectangle  co  .  ot  =  cd*  »  An  .  nx*. 

But,  by  theor.  1,  ca«  :  ca«  : :  (ao  .  nx  or)  c# ;  nx* , 

therefore  ca  :  ca  : :  cd  :  nx  ; 


^  Corf/.  Because  cd'  ^  ad  .  db  esa  ca'  —  cs*  «. 

therefore   cas  k  cd' +  <Hls  • 
In  like  manner,     ca'  as  »£>  -t-  de*  • 

In 
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In  like  numneri  ca  :,ca::  cd:  de, 

or  oa  :  de  : :  CA  :  CD. 

But,  by  theon  7,  ct  :  ca  : :  ca  :  CD  ; 

theref.  by  equality}       ct  :  ca  ; :  ca  :  de. 

Butyby  8]tn.  tri.  ct  :  ck  : :  ce  :  de ; 

theref.  by  equality^       ck  :  ca  : :  ca  s  ce, 

and  the  rectangle  ex  .  ce  s  ca  .  ca.  / 

But  the  rect.         cs .  ce  =  the  parallelogram  cspe, 

theref.  the  rect.    ca  .  ca  =?  the  parallelogram  cxpCi 

conseq.  the  rect.   ab  .  ab  =  the  parallelogram  pqas.     q.  e.  p. 


TKBO&SMZI. 

The  Sum  of  the  Squares  of  every  Pair  of  Conjugate  Diame^ 
ters,  b  equal  to  the  sacne  cc  nstant  Quantity,  namely,  the 
Sum  of  the  Squares  of  the  two  Axes.  ' 


^ 


Tbat  is, 
AB>  +  aba=B«©»+egi5 
where  bO)  eg,  are  any  pair  of  con- 
jugate diameters. 


For,  draw  the  ordinates  bd,  ed. 
Then,  by  cor.  to  theor.  10,  ca»  as  en*  +  cd» , 
and        -        -        •  ca*  ==  db*  +  de* ; 

therefore  the  sum       c  a*  +  ca*  ss  en*  4-  dk'  +  cd*  +  de*  . 
Bat,  by  right-angled  As,     cb*  ss  cn>  ^  n£* , 
and        .        -        -  ce*  ss  cd*  +  de*  ; 

therefore  the  sum      cb*  4.  ce^  cs  en*  +  db*  -f-  cd*  +  de* . 
consequentljr      -       ca*  4>  ca*  a  cb*  -f.  cs* ; 
or|by  doubling,         ab*  4.  ab*  a*  bg*  -j-eg* .  ^.  b.  d. 


TBBO&BH  XXI. 

The  ^ftrence  between  the  Semi-transverse  and  aLine  drawn 
from  Cbe  Focus  to.  any  Point  in  the  Curve,  is  equal  to  a 
Fourth  Proportional  to  the  Semi-transverse,  the  Distance 
from  the  Centre  to  the  Focus,  and  the  Distance  from  the 
Centre  to  the  OnBnate  belbng^g  to  that  Point  of  the 
Curve* 

Vol.1  Qqq  That 
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TlmtMi 

A€  —  rS  Bs  CI)  Of  f  S  C3  Ai ; 

wd  /s  —  AC  s  ci»0r^  Its  fti. 
Where  ca  s  cy  : :  cb  :  ci  the  4th 
praporticmel  to  cai  cri  c0« 


For*  draw  ao  fmrallel  and  equal  to  ca  the  aemi-coii]  i  gate  \ 
and  join  co  meeting  the  ordinate  s>b  in  h. 
Then,  bjr  tfaeor.  3,  ca*  t  ao*  : :  ca*  —  en* :  nn*  : 
and*  by  unu  tri      ca*  :  ao*  : :  ca*  —  en* :  ao*  «->  db*  ; 
cotteeqoeatlj      pn*  »  ao*  *-  na*  as  oa'  -*dk*. 
Also  vn  s  cv  C0G»|  and  vn*  »  cf*  --  3cr .  eo  -f  cd*  ; 
bat  hy  right-angled  trianglea,  rn*  +  nn*  s  ys* ; 
therefore  fs*  «  cr*  +  ca*  —  3cv  .  en  +  cs*  — -  db*. 
But  I7  theor.  4»        co*  «|»  c  v*  =  ca* 
and,  1^  8uppoafadoo>  Scf  •  en  -■  3ca  .  ci ; 
tfceref.  VB*  s  ca*  «-  Sca.ci^cb*  — db*. 
But  by  suppositioDi  ga*  :  en* : :  cr*  or  ca*  *-  a«*  i  ci*  ; 
andf  by  Mm.  tri.       ca*':  cd*  : :  ca*  «•  AO*  s  en*  -»  na*  % 
therefore     •      -^    ci*  *  cd*  —  db*  ; 
cooaequendy      «    vb*sca*  —  3cA.ci  +  ei*. 
And  the  root  or  aide  of  this  square  la  rs  «=  ca  -«>  cis  ai. 
In  the  same  manner  11  foimd/k  »  CA-ft  ci  s  bi.     q.  s.  w. 


TBIORBM  ZUI* 

If  a  Line  be  drawn  from  dther  Focus,  Perpendicular  to  a 
Tangent  to  any  Poltit  of  the  Curve ;  the  Distance  of  their 
Intersection  from  the  Centre  «^  l}c  equal  to  the  Semi- 
trantTfrse  Axis. 


Thitisiif  9v,J^ 
lie  perpendicular  to 
Uie  tangeiit  ti^ 
then  shall  #v  and 
q^  be  ^adi  equal  to 
CA  or  cB. 


r 
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For,  through  the  point  of  contact  *  drsw  wty  itnd  /k 
Bteetbg'  vp  produced  m  o.  TKeti,  the  ^osp  s=  ^  ttp» 
being  each  eqval  to  the  Zj^\  snd  the  angles  at  p  being 
rlgl^lf  and  Che  side  fb  being  common,  thet^otriaagteaoftpy 
tf»v  ape  equal  in  aD  rejects,  and  so  os  as  fx,  and-  ovtx  rF* 
Therefore,  unoe  pp  s=^yo,  and  pc  ss  ii(fy  and  the  lAgleaft 
F  cmnmon,  the  side  cp  will  be  s  ^o  or  |ABi  that  Is  op  tm 
cAOrcB.  AjidhithesameaAoaere/l  ss  cAOree^    t*il.)e» 

Carol.  I.  A  circle  described  on  the  transf erse  axis,  as  a 
diameter,  will  pass  through  the  points  p,  fi  ;  because  all  the 
lines  CA,  cp,  cfij  ca,  being  equal,  will  be  radii  of  the  circle. 

Corol.  3.    c p 'is parafleltoyk)  and  c^  parallel  toys. 

Carol.  3.  If  at  the  intersectiona  of  any  tangenty  with  the 
circumscribed  drc1e»  perpendiculars  to  the  tangent  be  drawn^ 
they  will  meet  the  transperse  axis  In  the  two  loci.  That  is, 
the  perpendiculars  pp,/^  (pve  the  foci  »,^ 


THXORBM  XIT« 


The  equal  Ordioetea,  or  the  Ordinates  at  equal  Distances 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  aft 
Ellipse,  have  their  Extremities  connected  by  one  Right 
Line  passing  through  the  Centre,  and  that  Line  is  bisected 
by  the  Centre. 

That  is,  if  CD  8=s  cg,  or  the  ordinate  db  :^  Ott ;    - 
then  shall  ce  =  cr,  and  sen  will  be  a  right  line. 


For  when  c»  «  c^  ten  al«>le  ns  «•  «(ir  b)r  dof.  9^  tb.  1. 
But  the  ^D  sai  ^G,  bem^beth  fight  angles; 
therefore  the  third  elder  sw  as  ell,  and  the  ^BCs  em  ^(GCHy 
and  consequently  «M  is  a  fight  line. 

Cora}. 
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Coroi.  I.    And,  coDTcnely,  if  bch  be  a  ri^  line 
tliroagh  the  centre  ;  then  shall  it  be  bisected  by  the  ceiktre> 
or  have  ce  s:  cb  ;  alaoDx  will  be  ss  oHy  and  cd  =  cg. 

CoroL  2.  Hence  alsoy  if  two  tangents  be  drawn  io  the  two 
ends, »,  H  of  any  diameter  xh  ;  they  will  be  parallel  to  each 
other,  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis- 
tances from  the  centre.  For,  the  two  en,  ca  being  equal  to 
the  two  CO,  cB,  the  third  proportionals  ex,  cs  will  be  equal 
also  ;  then  the  two  sides  cb,  ct  being  equal  to  the  two  cHy 
cs,and  the  included  angle  egt  equal  to  the  included  angle 
HCB,all  the  other  corresponding  parts  are  equal :  and  so  the 
^T  s=  2ls,  and  TB  parallel  to  rs. 

Corel.  3.  And  hence  the  four  tangents,  at  the  fiour  ex- 
tremities of  any  two  conjugate  diameters  form  a  parallelogram 
circumscribing  the  ellipse,  and  the  pairs  of  opposite  sides  aro 
each  equal  to  the  corresponding  parallel  conjugate  diameters. 
For,  if  the  diameter  M  be  drawn  parallel  to  the  tsngent  tb 
or  Hs,  it  will  be  the  conjugate  to  bh  by  the  definition ;  and  the 
^  tangents  to  r,  A  will  be  parallel  to  each  other,  and  to  the  dkiOr 
.eter  mb  for  the  same  reason. 

TBBORBM  XT. 

If  two  Ordinates  %Ujed  be  drawn  from  the  Extremities  x,  e 
of  two  Conjugate  Diameters,  and  Tangents  be  drawn  to 
the  same  £xtrcmitieS|  and  meeting  the  Axis  produced  in 
TandB  ; 

Then  shall  cd  be  a  mean  proportional  between  cdj  cfa,         ^ 
andccf  a  mean  proportional  between  cd^  dt. 


For,  by  theor.  7,  cj> 

and  by  the  same^  cd 

therefl  by  equtfUty,  en 

But  by  sim.  trL  dt 

theref.  by  equality,  cd 

In  like  manner,  cd 


CA  :  :  CA  :  CT| 

*  \ 

CA  :  :  CA  :  «r; 

cd  : :  CB  :  ct, 

C(f  :  s  CT  :  cb; 

cd  I  i  cd  I  DT* 

CD  : :  CD  :  <fB. 

q.  £.  D* 

Coroi. 

*  I 


t 


/ 
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CdrW.  !•    Heact  cd  :  c«f  : :  cr  :  ct. 

Corol.  3.    Hence  also  ci>  i  cd  it  de  z  pa. 
And  the  rectangle  cd  .  dr  =  c</^  dcy  or  A  gds  9^  A  ccPr. 

..    Corol.  3.      Also  CC^  sr  cd  •  DTy 

and  CD^  s  cc/.c^R. 
Or  cd  a  mean  proportional  between  cd>  dt  ^ 
and  ox>  a  mean  proportional  between  C4^  dtL, 


THXORRX  RTX. 

The  same  Figure  bebg  constructed  as  in  the  last  Theor^n, 
each  Ordinate  wilt  divide  the  Axis^  and  the  Semi-axb  added 
to  the  external  Party  in  the  same  Ratio. 

[See  the  last  fig.] 

That  is,  i>A  :  DT  : :  DC  :  db, 
and«^A  :  cPr  : :  £/c  :  f/B. 
For,  bf  theor.  7,  cd  :  ca  : :  ca 
and  by  div.  cd  :  ca  :  t  ad 

and  by  comp.  cd  :  db  : :  ad 
or,  -  -  -  -  DA  :  DT  ::  dc 
In  like  manner,    dA  i  dn  :i  dc  i  dB.  q.  s.  d. 

CoroL  I.    Hence^  and  from  cor.  3  to  the  last,  it  is^ 

ed^  3s  CD  .  DT  s=  AD  .  DB  =s  CA*  — CD>  , 

CD'  =s  cd  .  dk  =»  Ad  ,dB  SIS  ca*  — cd*  . 

.  CoroL  2.    Hence  also,  ca«  =  cd*  +  crf«, 

and  ca*  =s:  db*  +  **• 

Corol.  3.    Further,  because  ca*:  ca*: :  ad  .  DBorctf'  :  de*, 

therefore  ca  :  ca  : :  c£{  :  ds. 
likewise  ca  :  ca  : :  cd  :  cf^. 


CT, 
AT, 
DT, 
DB. 
dB. 


THSORXM  XTII. 

If  from  any  Point  in  the  Curve  there  be  drawn  an  Ordinate, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at 
that  pomt:  Then,  the 

Dist*  on  the  Trans,  between  the  Centre  and  Ordinate,  cd  : 
Will  be  to  the  Dbt.  pd:s 
As  Sq.  of  the  Trans.  Axis : 
To  Sq.  of  the  Conjugate. 

That  is, 
CA* :  ca* : :  dc  :  dp. 


4a«  COMIC  sEcnoMa 

But,  by  n.  aogM  A<*  the  roct*  to .  dt  a  dx*  s 
«Ddy  bjr  cor.  !« theor.  16,  cd  .  dt  as  ad  «  9B  ; 

theretoro    -    -    ca*  :  co* : :  d  •  dc  s  tb  ^Py 
or     .    •    •    •    AC^ :  ca*s :  DC         :  dp*         (|w 


TflXORXM  XYIII. 

If  there  be  Two  Tangentt  dnwn,  tbe  One  to  the  Extremity 
of  the  Traiurerae,  and  the  other  to  the  Extremity  of  xxy 
other  Dlameterf  each  meeting  the  other's  Diaaudter  pct^ 
duced.;  the  two  Taogciitial  Trianglea  %o  fonned,  wiU  be 
e^uaL 

That  is, 
the  triangle  ckt  »  the 
.    triangle  cak. 


For,  draw  the  ordinate  bx*    Then 
By  siin.  trianglca^  co  :  ca  : :  ex  :  ex; 
but,  bv  theor.  7,      cd  :  ca  : :  ca  ;  CT  ; 
there/,  by  equal,     ca  :  ct  : :  ck  ;  CK. 

The  two  triangles  crt,  c  ah  hare  then  the  angle  e  oommxakf 
and  the  udes  about  that  angle  reciprocally  proportional ;  those 
triangles  are  therefore  equAl,  namely,  the  A  ckt  »  A  gax. 

Coroi.  I.    From  each  of  the  equal  ttL  Gmt$  CAXt 
take  the  common  space  capx, 
and  there  remains  the  external  A  fat  «■  A  fkx« 

CoroL  3.    Also  from  the  equal  triaiig^  cxt,  gaX| 
take  the  comrnon  triangle  oxb, 

and  there  remains  the  A  tkd  «*  impex.  ami^ 


TXXCMtXlC  XIX« 

The  same  being  supposed  as  in  the  last  Propoutieii ;  then 
any  Lines'xq,  qo,  drawn  parallel  to  the  two  Tngcott)  stiall 
also  cut  off  equal  Sp^yeesi    That  i% 
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tnd  A  MJgg  =  trapez.  AMAfiT* 


For,  draw  the  ordinate    de.    Then 
The  three  um.  triangles  c ah,  cde,  cgh, 
are  to  each  other  as  ca",  cd*,  cg  ; 

th.bf  div.the  trap,  akbd:  trap.  ANHo::cA*—CD«  :cA«—.CG«. 


But,  by  theor.  1,       de' 


oq*:tCA«— CD*  iCA*— CO*, 


theref.byequ.trap.ANBo:trap.  anho  : :  de*  :  oq«. 

But,bjrtiin.  A»i tri. ted  :  tri.     kqg    : :  de*  :  oq* ; 

theref  by  equality,  aned:  ted    ::akhg         :Kqa. 

But,  by  cor.  3,  theor.  18,  the  imp.  ahed  =  A  ted  ; 
and  therefore  the  trap,  akhg  =  A  K<iO. 
In  like  manner  the  trap.  Anhg  =  a  ^gg*  Q«  »•  *>• 
Carol.  1.  The  three  spaces  anbo,  tehg,  kqg  are  all  equaL 
Coroi,  3.     From  the  equals  anhg,  eqg, 
take  the  equals       amAj^,  ^gg^ 
and  there  remains  jt^hg  ^  jT^^g. 

CoroL  3.    And  from  the  equals  5^Aho,  gi^iOj 
takethe  common  space  f^LHG, 
and  there  remains  the  a  I'^h  sr  a  X'^A. 

Giro/.  4.    Again  from  the  equals  k^g,  tehg, 
take  the  common  space  klhg, 
and  there  remains       tele  _ .  ^  l^h. 


Ccrol.  5.  And  when, 
by  the  Unes  sq,  gr, 
moving  with  a  parallel 
motion,  eq  comes  into 
tiie  positkm  la,  n^re 
CR  IS  the  cofijuj^ate  to 
CA ;  then 


the  triangle     Eqo  becomes  the  triangle  i»c, 
and  the  spAce  aebg  becomes  the  trkngle  akc  ; 
and  therefore  the  A  iec  s  a  aec  «b  A  tec. 

Cfd.  6.    Als6  when  the  Imes  kq  and  mr,  bymeving 

with  a  parallel  motioD,  come  into  the  positioii  cr,  lu , 

tho 
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list  triangle      lqr  becomes  the  triangle  ceu, 

and  the  space  tklk  becomes  the  triangle  tbc  ; 

and  theref.  the  A  cm  »  A  tkc  a  a  ajtc  s  A  t&c. 


THBOBBV  XX, 


Any  Diameter  bisects  all  its  Double  Ordinates,  or  the  Lines 
drawn  Parallel  to  the  Tangent  at  its  Vertex,  or  to  its  Cod- 
jugate  Diameter. 


Thatistifq7be  parallel 
to  the  tangent  tb,  or  to  ce^ 
then  shall  l^  as  Lg. 


For,  draw  qii,  gk  perpendicular  to  the  transverse. 
Then  by  cor.  3  theor.  19,  the  A  Lqn  ^  ^hgk ; 
but  these  triangles  are  also  equiangular ; 
consequently  their  like  aides  are  equal,  or  Lq  ^  hg. 

Coroi.  Any  diameter  divides  the  ellipse  into  two  equal 
paru. 

For,  the  ordinatea  on  each  side  being  equal  to  each  other, 
and  equal  in  number;  all  the  ordinates,  or  the  area,  on  one 
aide  cl  the  diameter,  is  equal  to  all  the  ordinates,  or  the  area, 
on  the  other  aide  of  it 


TBBORRM  XXt. 

As  the  Square  of  any  Diameter  : 
Is  to  the  Square  of  its  Conjugate : : 
So  is  the  Rectangle  of  any  two  Abscisses : 
To  the  Square  of  their  Ordinate. 

That  is,  CE* :  ce* : :  el  .  lo  or  ce»  —  cl*  :  Lq*. 

For,draw  the  tangent  "" 

TB,  and  prodtice  the  or- 
dinate qL  to  the  trans- 
verse at  K.  Also  draw 
QH.  ^M  perpendicular 
to  the  transverse,  and 
meeting  bo  in  a  and  >c 
Then,  similar  triangles 
bfBxng  as  the  squares  of  their  like  sides,  it  is, 
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by  aim.  triaogles,  ^  ^r  :  A  ^^w^  •i  ca' :  ex.' ; 

or,  by  divjkuQii, .     A  cfiT  :  trap.Ti&i«E : :  cb'  :  ctl*  -—  ct*. 

%utf  by  cor.  5  thepr.  19,  the  A  cm  as  A  c&Ty 

i^»  by  cor.  4  tkeor.  19,  the  A  i^P  =.  trap,  tbik  ;  . 

theref.  bj  equftlityy  cb^  ;  ce* : :  cb'  —  cl*  i  Lqt'9 

or  •  <         GB'  i  c^i ; :  BL  •  LG  :  i.q*.     q.  b.  9^ 

Coro/.  1.  The  squares  of  the  ofdinates  to  any  ^utmeter, 
are  to  one  another  as  the  rectsmgies  of  their  respective 
abscisiKs,  or  as  the  dificrence  of  the  squares  of  the  semi* 
diameter  and  of  the  distance  between  the  ondinate  and  centre. 
For  they  are  all  in  the  same  ratio  of  cb*  to  c^ *. 

Corol,  2,  The  above  being  the  same  property  aa  that  be« 
longing  to  the  tvo'aaces,  all  the  other  properties  before  lai# 
down,  for  the  axes,  may  be  understood  of  any  two  <:onjugato 
diameters  whatever,  using  only  the  oblique  ordinates  of  these 
diameters,  instead  of  the  perpendicular  ordinates  of  the  tixies; 
namely,  aU  the  properties  in  theorems  ^  f,  a,  14, 15,  U^ 
18  and  19. 

TSEOBBM  XXII. 

If  any  Two  Lines,  that  any  where  intersect  each  other^  moBt 
the  Curve  each  in  Two  Paints ;  then 
The  Rectangle  of  the  Segments  of  the  one  z 
Is  to  the  Rectangle  of  the  Segments  of  the  other  s : 
As  the  Square  of  the  Diam.  Parallel  to  the  Ibrm^  i 
To  the  Square  of  the  Diam.  Parallel  to  the  latter. 


That  is,  if  cB  and  cr,  be 
Parallel  to  any  two  Lines 
PHq,  finq ;  then  shall 
ca' :  cr^ : :  ra  •  HA  ifiu  •  Bf, 


For,  draw  the  diameter  chb,  and  the  tangent  tb,  and  its 
parallels  pk,  hi,  mh,  meeting  me  conjugate  of  the  diameter 
CB  in  the  points  t,  k.  i,  11.  Then,  because  similar  triangles 
are  as  the  squares  of  their  like  sides,  it  isy 
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by  sim.  triangles,    c&' ;  op*  : :  A  cei  :  A  gpi^ 

and      .      .      •    c&'rOH'::  A  cm  :  A  OHM  ; 

theref.by  division,  ca' :  gp*  —  oh^  : :  cri  :  kphm. 

Again,  by  um.  tri  ce*  c  ca* : :  A  <^tb  :  A  cmh  ; 

and  bj  division,     cb^  :  ce*  -*  ch*  ; :  A  ctx  :  tkhk. 
But,  by  cor.  5  theor.  19,  the  A  ctx  «  A  cir, 
and  by  cor.  1  theor.  19,  tbhc  s  KrHO,or  tbhx  =  xm ; 
therei  by  eqo.  ox' :  ex'  —  ch'  : :  cm' :  op*  ^oh'  or  pb  .  rnt^ 
In  like  manner  ex' :  ex'  —  ca*  i :  cr' :  /kH .  sg. 
There£byeqiL  ea':  cr*:  &  pr.  hh:>Ui.  h^.  ^b.]M 

CoroL  I.  In- like  manner,  if  any  other  lines y a VypsraUel 
tocrorto/k^^  meet  aaq  ;  since  the  rectangles  ph'ii,  /iV^ 
%re  also  in  the  same  ratio>  oC  ca'  to  or^;  therefore  reotf 
jaq  :  fing  i :  Pa'q :  fi'afg'. 

Also,  if  another  line  p^Aci'  be  drawn  parallel  to  pq  or  oa  ; 
because  the  rectangles  v^h^\/i'hg'  are  stUl  in  the  same  rado^ 
therefore,  in  general,  the  rect.  paq  ifing  : :  v^^^'  ifi'hg^. 

'  That  is,  the  rectangles  of  the  parts  oftwo  parallel  lines, 
are  to  one  another,  as  the  rectangles  of  the  parts  of  two  other 
parallel  lines,  any  where  intersecting  the  former. 

Cipro/.  S.  And  when  any  of  the  lines  only  teach  (he  curve, 
instead  of  cutting  it,  the  rectangles  of  such  become  square^ 
and  the  general  property  still  attends  them. 


That  is, 
Cr'  :  cr*  ; :  tx'  :  Ttf', 
or  OR  :  cr  : :  tx  :  re. 
and  ca  :  cr  : :  /x   i  te* 


Corot.  3.    And  hence  rmixe  :i  tz  ite. 

OF 
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"OF  THE  HYPERBOLA, 


THEOKKM  I. 

The  Squares  of  the  Ordlnates  of  the  Axis  are  to  each  other 
as  the  Rectailgles  of  thek  Abscbsea* 

Let  atb  he  a  plane  passing 
through  the  vertex  and  axis  of 
the  opposite  cones ;  aoiu  sb- 
other  section  of  them  perpendi  • 
cular  to  the  plane  of  the  former; 
AB  the  axis  of  the  hyperbolic 
flections  ;  and  fo,  hi,  ordinates 
perpendicular  to  it.  Then  it  will 
be,as  fg'  :  hi*  : :  Ar.  fb  :  ah  .  hb. 

For,  through  the  ordinatea 
Fo,  HI)  draw  the  circular  sections 
KOL,  uiHf  parallel  to  the  base  of 
the  cone,  havings  kl,  mk,  for  their 
diameters,  to  which  fo,  ri>  are  ordinatesi  as  well  to  the  axie 
oftheiiypein>ola. 

NoW)  by  the  similar  triangles  af^i  ahn,  and  bfk,  bhm, 
it  is  af  :  AH  :  :  FL  :  hn, 
and  FB  :  HB  :  ;  KF  :  MR  ; 
hence,  taking  the  rectangles  of  the  corresponding  terms, 
it  is,  the  rcct.  af  .  fb  :  ah  .  bb  : :  kf  .  fl  :  mh  .  hn. 
But,  by  the  circle,  kf  .  fl  s  fo*,  and  mb  .  hn  =  ui' ; 
Therefore  the  rect.  af  .  fb  :  ah^  bb  : :  fo*  :  bi^. 

q.'S.  I). 


theoreh  n. 


Asthe.Square  of  the  Transverse  Axis 
Is  to  the  Square  of  the  Conjugate      : 
So  is  the  Rectangle  of  the  Abscisses 
To  the  Square  of  their  Ordinate. 


That  is,  AB^ :  ab^  or 
AC> :  ap' : :  AS  .  DB : 
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For,  bv  thf  en  1 ,  ac  .  cb  :  ao  .  db  :  :  ca*  :  BB*  ; 

But,  if  c  be  the  ce&U^  then  ac  •  cb  at:  ac*,  and  cm  is  the 

aemi-cooj. 
Tlierefore        -        ac*  :  ad  .  db  : :  ac* :  db*  ; 
or,  by  permutation^      ac*  :  ac* : :  ad  .  db  :  db*  ; 
or,  by  doublng,  ab'  :  ab'  : :  ad  .  db  :  oe*.      «  q.  B  D. 

ab» 
Coroi.  Or,  by  diT.  ab  :  — : :  ad  .  db  or  cd*  — c a*  :  db*, 

AB 

that  is,  AB :  /^ : :  AD  .  DB  or  gd*  -gA*  :  i^i^ ; 

ah* 
where  A  ^^  the  parameter  —  by  the  defioitioii  of  it« 

AB 

That  is,  As  the  traijsverse, 
Is  to  its  parameter. 
So  isthe  rectangle  of  the  abscisses, 
To  the  square  of  cheir  ordinate. 

TBBOBBM  III. 

As  the  Square  of  the  Conjugate  Axis        : 

To  the  Square  of  the  Transverse  Axis  :  : 

The  Sum  of  the  Squares  of  the  Semi*conjugate,  and 

Distance  of  the  Centre  from  any  Ordinate  of  the  Axis  : 

The  Square  of  their  Ordinate* 


That  iSf 
ca* :  CA* :  s  ca*  -f  cd* :  dx*. 


For,  draw  the  ordinate  bd  to  tiie  transyerse  ab. 

Then,  by  theor  I.  ca* :  ca*  : :  db*  :  ad  •  db  or  gd*  ^ca*  , 
or         -        •        ca*  :  CA» :  t  cd*  2  dx*  — ga*  . 
But      •        -        ca* ;  ca«  :2c'  :  ca* 
theref  by  compos,  ca*  2  c  a*  2 :  ca»  -f  cd>  2  dB* 
In  like  manner,     ca*  2  ca*  2  2  ca*  +  cd*  :  dg*  q.  b*  d. 

Cord/.  By  the  last  theor.  ca*  2  ca*  2  2  cd'  — ca*  :  db*  , 
and  ^  this  theor,  CA*  2  ca* :  2  CD* -f  c A*  DG*  9 
therefore     -         be*  2  bc*  2  2Cd*  — ca*  2 cd*  +ca* 
•  In  like  mamiGr,       de*2  dx*2 :  cd*  «-cft*cd*2-f  ca^ 

thbobbm 
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THJBOREM  IV. 


The  Square  of  the  Diatatice  of  the  Focus  from  the  Centre,  is 
equal  to  the  Sum  of  the  Squares  of  the  Semi-axes. 

Or,  the  S^ua^e  of  the  Distance  between  the  Foci,  is  equal  to 
the  Sum  of  the  Squares  of  the  two  Axes. 


That  is, 
cr*  aesCA*  +  ca* ,  or 
Ff«  =  Ai«  +  ab» 


For,  to  the  focus  f  draw  the  ordinate  fe  ;  which,  by  the 
definition,  will  be  the  semi-paranieter.     Then,  by  the  nature 


of  the.curve 


CA= 


ca 


2 


cf'  —  CA*  :  FE*; 


'and  by  the  def.  of  the  para,  c  a*  :  ca*  : :       c  a'        :  fe*  ; 

ca*  =  CF*  —  CA*  ; 


cf*  =  CA*+ca^ 


therefore 

and  by  addition, 

or,  by  doubling,         -         Ff*=  ab*  +  ab*,  q.  e.  d. 

CoroL  1.  1  he  two  semi  axes,  and  the  ^cal  distance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  CAa ;  and 
the  distance  Aa  is  =  cf  the  focal  distance. 

• 

CoroL  2.  The  conjugate  semi-axes  ca  is  a  mean  propor- 
tional between  af,  fb,  or  oetween  Af)  fs,  the  distances  of  either 
focus  from  the  two  vertices. 

For  ca*  =  cf*  —  ca*  c=  cf  -f  ca  .  cf  —  ca  =  af  .  fb. 


THEOREM  V, 


The  Difference  of  two  Lines  drawn  from  the  two  Foci,  to 
'meet  at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Axis. 


That  is, 

fE  —  FS  s=  AB. 


For,  draw  ao  parallel  and  equal  to  ca  the  semi-conjugate ; 

apd  join  co,  meeting  the  ordinate  be  produced  in  a  >  also 

take  ci  a  4th  proportional  to  ca^  cf,  cd. 

Then, 


I 
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Then,  by  lh^2,  ca«  :  ao«  :  :  cd»  —  ca«  :  de^  ; 
and,  by  um,  As,  ca'  :  ag»  : :  cd*  —  ca'  :  dh*  —  AO*  ; 
consequently        dr*  =  dh*  —  ag*  =:  dh*  — ca*  . 
Also,  FD  s=  CF  CO  CD,  and  fd»  =  cf*  —  2cf  .  cd  +  cb*  ^ 
and,  by  right-angled  triangles,  fs'  =  fo'  +  de^. 
therefore  fe*  =  cf*  —  ca*  —  2cf  .  c»  +  cd*  +  dh*  . 
But,  by  theor.  4,       cf*  —  ca»  =  ca*, 
and,  by  supposition,  2cf  .  cd  =  3ca  .  ci ; 
theref.  fe*  ==  ca*  —2c a  .  ci  +  cd*  +  dh*  ; 
Again,  by  suppos-     ca*  :  cd«  : :  cf*  or  ca*  -f-  AG*  :  ci» ; 
and,  by  sim.  tri.        ca'  :  cd»  : :  ca*  +  AG*  :  cd»  +  dh*4 
thererore        •  ci*  =^cd*  +  dh*  =  ch*  ; 

consequently        ^     fe*  =»  ca*  —  2c a  .  ci  +  ci*. 
And  the  root  or  ude  of  this  square  is  fb  =  ci  —  ca  s  ai* 
In  the  same  manner,  it  is  found  that  fjB  ss  ci  -f  ca  »  bi. 
Conseq.  by  subtract,  fs  —  fe  =  Bi  —  ai  =  ab.        q.  b.  d~. 

Corol.  1.    Hence  cb  v:  ci  is  a  4th  proportional  to  ca,  cf> 

CD. 

Corol.  2.  And  fa  -f  fb  =  2ch  or  2ci ;  or  fe,  ch,  fE,  are"* 
in  continued  arithmetical  progMBssion,  the  common  <fifference 
being  ca  the  semi^transverse. 

CoroL  3.  Hence  is  derived  the  common  method  of  describ- 
ing this  curve  mechanically  by  points,  thus  : 

In  the  transverse  ab,  produced,  take  the  foci  f,  f,  and 

•'any  point  i.    Then  with  the  radu  ai,  bi,  and  centres  f,  £f 

describe  arcs  intersecting  in  e,  \rhich  will  be  a  point  in  the 

curve.      In  like  manner,  assuming  other  points  i,  as  many 

other  points  will  be  found  in  the  curve. 

Then,  with  a  steady  hand,  the  curve  line  may  be  drafwn 
through  all  the  points  of  intersection  b. 

In  the  same  manner  are  c(Histructed  the  other  two  4>r  con- 
jugate hyperbolas,  using  the  axis  ab  instead  of 'ab« 

ff 

THEOREM  VX. 

Xf  from  any  Point  i  in  the  Axis,  a  Line  il  be  drawn  touching 
the  Curve  in  one  Point  l  ;  and  the  Ordinate  lm  be  drawn: 
and  if  c  be  the  Centre  or  the  Middle  of  ab  :  Then  shall 
CM  be  to  CI  as  the  Square  of  am  to  the  Square  6f  ai- 

That  is* 

CM  iClil  AM*  :  AI*  . 


C    iAJ>M£\r 

Foiv 


OF  THE  HYPERBOLA. 


FcfiTy  froitt  tlie  point  i  draw  any  line  ieh  to  cut  the  curve 
hi  two  points  s  and  h  ;  from  which  let  fall  the  perps.  si^,  ad ; 

and  bisect  no  in  k. 

AX>  *  DB  :  AO  .  OB  : :  db'  :  oh'  9 


IG*       : :  D«* :  OM*  f 


Then,  by  theor.  \j 
and  by  sim.  triangles,  zd^ 

theref.  by  equality,  ad  .  db  :  ao  .  gb  : :  in* :  ig*  , 

But  DB  =  CB+  CD  =  CB  +  CD  =  CO  4-  CD  —  AO  =  2CK-r  AG, 
and  OB  =  +  CG  =  CA  +CG  =  CO  +  CD  —   AD  =  2CK   —  ADV 

theref.  ad  .  2c»  —  ad  .  AG  :  ao  .  2ck  —  ad  .  ao  : :  ii>«  :  io», 
and,  by  div.  do  .  2ck  :  io»  —  id»  or  do  .  2ifti  r :  ad  •  Sck 

—  AD  .  AG  :  ID*. 

•r      -      3CK  :  2iK  : :  AD  .  2ck  —  ad  .  ag  :  id*  j 
or      AD  .  2CK :  ad  .  2ik  :  :  ad  .  2ck  —  ad  .  ag  :  id*; 
theref.  by  div.  ck  :  ik  : :  ad  .  ao  :  ad  .  2ik  —  id», 

and,  by  div.  *"  ck  :  ci : :  ad  .  ao  :  id*  —  ad  .  id  -(-  ia, 
or        -  CK  :  CI : :  AD  .  AG  :  Ai* . 

But,  when  the  line  ih,  by  involving  about  the  point  i, 
eomes  into  the  position  of  the  tangent  il,  then  the  points  k 
and  H  meet  in  the  point  l,  and  the  points  d,  k,  o,  coincide 
with  the  point  m.;  and  then  the  last  proportion  becomes 
#»i ;  CK  : :  am*  :  ai*.  ^?  *•  ^ 


/ 


THEOBEM  VII. 

Ifa  Tangent  and  Ordinate  be  drawn  frofh  wiy  Point  in  the 
Curve, meeting  the  Transverse  Axis  ;  the  Semi-transverse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  Two  Intersections  from  the  centre. 

That  is, 
eA.  is  a  mean  proportional  between 
CD  and  CT  ;  or  cd,  ca,  ct,  ar-e  con- 
tinued proportionaht 


For,  by  th.   6,  cd  :  ex  : :  ad*  :  at*  , 


that  is, 

or 

and     ' 

pr 

or  CD* :  CD 

hence  cd*  t  ca* 

and        CD* :  ca 


CD  :  ct  :  :  (cd— ca)*  :  (cA— ct)*  r 
QD  :  CT  ;  :  cd*  +  ca*  :  ca*  4-  ct*  , 
CD  :  DT  :  :  cd*  +  ca*  :  cd*  —  ct*  , 
CD  :  DT  : :  cd*  +  ca*  :  (cd  +  ct)  dt, 

.  DT  :  :  CD*  +  CA*  :  CD  .  DT   -f  CT  .  TD  J 

:  :  CD  .  DT  :  CT  .  td, 

;  f  CD  :  CT, 


Uieref.  (th  78;  Geom.)  cd  :  ca  : ;  ca  -^cd. 


a-  »•  »• 

Corot 


/ 


496  CONIC  SBCTIONS. 

Corol.  Since  ct  it  dwajs  a  third  proportional  to  c^  c a  ; 
if  the  poinuBf  a*  remain  coo9taiii»  tbea  wiUtho  pwiiT  bp 
constant  also ;  and  therefore  all  the  tangents  will  meet  ib 
this  point  T,  which  are  drawn  from  the  point  %%  of  ererf 
hyperbola  described  on  the  same  axis  abi  where  tbey  are  cut 
by  the  commnn  ordinate  nva  drawn  from  the  point  p* 

TaXOHElC  VIII. 

If  there  be  any  Tangent  meeting  Four  Perpendioulars  Co 
the  Axis  drawn  from  these  fonf  Points^  namely,  the  Cen- 
tre, the  two  Extremities  of  the  Axis,  and  the  Point  of  Qoti- 
tact ;  those  Four  Perpendioulars  will  be  Proportionals. 


That  is, 
AO  :  DB  : :  CH  :  Bi. 


For,  by  theor,  7,  tc  :  ac  : :  ac  :  no, 
theref.  by  div.        ta  :  ad  : :  tc  :  ac  or  cB| 
and  by  comp.  ^        ta  :  td  : :  tc  :  tb, 
and  by  aim.  tri.      ao  :  db  : :  ch  :  bi.  q. «.  d. 

CoToL  Hence  ta,  td,  tc,  tb  >         .     •*«r.«*^— ;^.i- 
and  TO,  TB,  TH,  Ti  \  ^  *>*^  proportionals. 

For  these  are  as  ao,  i^b.^  ch,  bi,  by  similar  triangles. 


TBBOBBM  IX. 


If  there  be  any  Tangent,  and  two  Lines  dmwn  from  the 
Foci  to  the  Point  of  Contact ;  these  two  Lines  will  maJLO 
equal  Angles  with  the  Tangent. 


That  is, 
the^/rxT  =  Jlfkc. 


For,  draw  the  ordinate  db,  and  fe  parallel  to  f:b« 
By  cor.  I,  theor.  5,  ca  :  cd  : :  cp  :  ca  -f-  yB| 
and  by  th.  7.  ca  :  en  ;  CT  ;  ca  ; 

therefore 
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tberefbre        -  ct  :  ci : :  ca  :  ca  +  FK  ; 

and  bf  sdd.  Hnd  tub.  tb  :  rf : :  n :  2flA  +  ts  or  fx  by  th.  S. 
ButbrBun-tri.  tp  :  Tf::.PE  sf*; 

thereCDre        •         fB  =  fe,and  ctmaeq.     ^e=z.fBe. 
But,becauM  tx  ia pandlel  to fe, the  ^«=  Z.fxtj 

therefore  ihe  z.fet  =»  Z-fse.  c».  «.o.. 

-  Carol.  As  opticians  find  that  the  angle  orincidence  is  e^nal 
to  the  angle  of  reflexion)  U  appean,  from  this  propnaition, 
that  rays  ^  light  iESuing  from  the  one  focus,  and  meeting  ihe 
curve  in  everf  point,  wiH  be  reflected  into  lines  drawn  from 
the  other  focus.  So  the  ray  fx  is  reflected  into  fb.  And  this 
is  the  reason  vhy  the  points  r,  f,  are  called  Jbci,  or  burning 
points.  '^ 


All  the  Pandleli^iTanis  inscribed  between  the  four  Conjugate 
Hyperbolas  are  equal  to  one  another^  and  each  equal  to  the 
Rectangle  of  Ihe  two  Axes. 


That  is, 
the  parallelogram  rctis  ? 
the  rectangle  AB.  ab. 


X^tEG,  egbe  two  conjugate,  diameters  parallel  to  the  sides 
ctf  the  paraltelognun,  and  dividins;  it  into  four  less  and  equal 
parallelograms.  Also,  draw  the  ordinates  de,  de,  andcK 
perpendicular  to  m  ;  and  let  the  axis  produced  meet  the  sides 
of  the  parallelograms,  produced,  if  necessary,  in  t  apd  t. 

Then,  by  theor.  7,  gt  :  ca  :  :  ca  :  cd, 
and  -         -  ct:cA  : :  CA  :  cd  ; 

tberef.  by  equality,  gt  :  ct  f :  cd :  cd  ; 
but,byri[n.tnangles,cT  i  ct  ::  to:  cd, 
thercf  by  equality,  td  :  cd  : :  cd  t  cd, 
and  the  rectangle  td  .  dc  is  =  the  square  cd*. 
Again,by  theor.  7,  cd  ;  ca  : :  ca  :  ct, 
or,  by  division,  en :  ca  : :  da  :  at, 

and,  by  comporition,  cd  :  db  : :  da  :  dt  ; 
oonscq.tfae  rectangle  cd  .  st  =>  cd*  =  ad  .  db*. 

*Corol.  Beciuse  Gds»  ah.  db  =>    CD*  — da*. 

thCrefwe      CA*  ^  CD*  ->  CD*  . 

}n  like  mkiiiKr    ca*'^  de>  —  sv> , 

Vol.  I,  S  8  s  Bu^ 
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But,  by  theon  1, 
therefore 
Id  like  manner} 
or         -         - 
Butf  by  theor.  f, 
theref.  by  equalityi 
Butt  by  sini  tri. 
theref.  by  equality, 
and  the  rectangle 
But  the  rect 
jLheref.  the  rect. 
eonaeq.  the  rect* 


CA* :  ci^ : :  (ad  .  db  or)  ctf :  »k«  , 
CA  s  ca  : :  cd  :  DB ; 

de; 

CD. 

cd; 

de. 

de; 

M« 

ca. 

CK  .  ce  s=  the  parallelogram  CBpe» 
CA  .  ce  s=  the  parallelogram  CBve, 
AB  .  ab  «c  the  paral.  p<(&a.         a-  ■•  »• 
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CA 

:  ca 

::cD 

ca 

:  de 

::  CA 

CT 

:  CA 

::  CA 

CT 

:  CA 

::  ca 

CT 

:  CK 

::ce 

CE 

:  CA 

:t  ca 

CK 

•  ce 

ssCA 

The  Difference  of  the  Squares  of  every  Pair  of  Conjugate 
Diametera,  it  equal  to  the  aame  constant  Quantity,  namely 
the  Difference  of  the  Squares  of  the  two  Axes. 


That  is, 
AB*  —  ab*  =  BO*  —  e^ ; 
where  bo,  eg  are  any  conjugate 
dlimeters. 


for,  draw  the  ordinatea  bd,  ed. 
Then,  by  cor.  to  theor.  lo,  ca*  =s  cd*  —  cc^ , 
and  -  -  -  ea*  =  de*  —  db*  ; 

theref.  the  difference  ca*  —  ca*  ==  cd>  -f  ds*  -  cd*  —  de* . 
But, by  right>angled    Ah     cb*  =  cd*  +  db*  , 
and  -         -   .     -         -  ce*  «=  cd*  +  de*  ; 

theref.  the  difference  cb*  —  ce*  =  cd*  4.  db«  —  cd*  — de*  . 
consequently      -        ca*  —  ca*  =  cb*  —  ce* ; 
or,  by  doubUng,         ab*  ^  ab*  ==  bg*  —  eg*  .         q.  b.  d. 


THBORXll  xit. 


A^  the  Pamllelograms  are  equal  which  are  formed  betweeli 
the  Asymptotes  and  Curve,  by  Uies  drawn  Parallel  iQ 
the  Asymptotes. 


That  is,  the  lines  ok,  .ftK,  ai>,  aq, 
being  parallel  to  the  aaymptotebctt,  cl ; 
then  the  paraL  cobx  %  poral*  gpaq. 


OF  TR8  HTPEBBOLA;  4»9 

For,  let  A  be  the  Tertex  of  the  curve,  or  extremtty  of  the 
aemi-transvene  axis  ac,  perp.  lo  wMch  draw  al  or  a1,  which 
wiU  be  equal  to  the  semi-conjugate,  by  definition  19.  Also, 
draw  Hsneb  parallel  to  l1,    . 

Then,  by  theor.  3*  ca^  :  ai^  : :  cd'  -  ca'  :  os^  i 
and,  by  parallels,      ga^  :  al'  : :  gd'  :  dh'  ; 
theref.  by  subtract    ca>  :  al*  :  s  c a>  :  db'  -«  ob'  or 

rect.  SB  .  »h  s 
canseq.  the  square  al'  =  the  rect  hx  .  sh. 

But,  by  sim.  tri.  pa  :  al  :  :  «e  :  eh, 
and,  by  the  same,    qa  :  a1  : ;  bk  :  xh  ; 
thereil  by  corop.      fa  .  aq  :  al'  : :  gb  .  bk  :  he  .  xh ; 
and,  because  al'  »  be  .  sh,  theref.  fa  .  Aq  =  ob  .  sit. 

But  the  parallelograms  cgeb,  CPAq,  being  equiangular, 
are  as  thejrectangles  ge  •  bk  ^d  fa  .  Aq. 

Therefore  the  parallelogram  ok  =  the  paral.  pq. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  on^ 
another.  q.  s.  d. 

Corol.  1.  Because  the  rectangle  oek  or  cob  isoonstanti 
therefore  ob  is  reciprocally  as  co,  or  cg  :  cp  : :  pa  :  ob. 
And  hence  the'asy^nptote  continually  approaches  towards  the 
curve,  but  never  meets  it :  for  gb  decreases  continually  as 
CG  increases :  and  it  is  always  of  some  magnitude,  except 
when  CO  is  supposed  to  be  infinitely  great  for  then  oe  is 
infinitely  small,  or  nothing.  So  that  the  asymptote  cg  may 
be  considered  as  a  tangent  to  the  curve  at  a  point  infinitely 
distant  from  c. 

Corol,  2.  If  the  abscisses  co,  cb, 
CG,  &C,  taken  on  the  one  asymp- 
tote, be  in  geometrical  progression 
increasing ;  then  shall  the  ordi- 
nates  oh,  j>ti  gk,  &c,  parallel  to 
the  other  asymptote,  be  a  decreas- 
ing geometrical  progression,  hav-  /^ 
ing  the  same  ratio.  For,  all  the 
rectangles  cdh,  cei,  cok,  Sec,  being  equal,  the  ordinates 
DH,  1^1,  OK,  Sec,  are  reciprocally  as  the  abscisses,  co,  cb,  cg, 
&C,  Which  are  geometricala.  And  the  reciprocals  of  geome- 
ipicfils  ^re,  also  geometricals,  and  in  the  same  rs^tio,  but  de- 
crejising,  or  in  converse  order. 


tBBOEBII 
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THSOEBM  XUl. 

The  three  following  Spaces,  between  the  Atymptotes  ani 
the  Cunrey  are  equal ;  namelfy  the  Sector  or  Trilmear 
Space  contidned  by  an  Arc  of  the  Curve  and  two  Radiit 
or  Lines  drawn  from  its  Eztrcmitioft  to  the  Centre ;  and 
eachofthetwoQuadfilateraUy  contamed  by  the  said  Arc, 
and  two  Lines  drawn  from  iu  Eztrendties  parallel  t0  one 
Asymptote,  and  the  intercepted  Part  of  the  other  Asymp- 
tote. 


That  is. 
The  sector  cab  a  paso  ^  qakk, 
all  standing  on  the  same  arc  ax. 


For,bytheor.  13,  epAq  s  cgek; 
subtmct  the  common  space  eoiq, 
there  remains  theparal.  pi  s&  the  par.  ir ; 
to  each  add  the  trilineal  iab,  then 
the  sum  is  the  quadr.  pabg  s=s  qaxk. 

Again,  from  the  quadrilateral  cabb 
take  the  equal  triangles  CAq,  cek, 
and  there  remains  the  sector  cab  e=  qabk. 
Therefore  gab  s  «|abk  =  pabo.  q.  b.  ik 

THBOBEM  BIT. 

The  Sum  or  Difference  of  the  Semi-transverse  and  a  Line 
drawn  from  the  Focus  to  any  Point  in  the  Curve,  is  equal 
to  a  Fourth  Proportional  to  the  Semi-transverse,  the  Dis- 
tance from  the  Centre  to  the  Focus,  and  the  Distance  from 
the  Centre  to  the  Ordinate  belonging  to  that  Point  of  the 
Curve. 


That  is, 
PB  -f  AC  33  CI, or  PB  s=  Ai; 
and  /■  —  AC  ss  CI,  or/B  ==  bi. 
Where  ca  :  cp  :  :  en  :  ei  the 
4th  proper*  (0  cai  cp,  en. 


For, 


Of  THE  HTPEBBOLAp  lOft 

ToTj  draw  ao  pandld  and  equal  to  aa  the  semi-conjugate  ^ 
and  join  cg  meeting  the  ordinate  ns  produced  in  h* 

Then,  by  theor.  2,  «a*  :  ao»  : :  en*  — ca*  :  m*  ; 

and,  by  sim. A  »»     ca*  :  ag*  : :  en*  — ca*  :  »»•  —  ag*  ; 

consequently  dk'  =nH*  —  ag'  =dh*  —  cc?  . 

Ateo  FD  =  cr  «  en,  and  fd*  =  cf*  —  3cf  .  en  -j^  cn« ; 
but,  by  right  angled  triangles^  fd*  +  n»*  =  fb*  ; 
therefore  f«*  =cf>  —  ea*  — 2eF  .  en  +  c©»  +9a*. 

But  by  theor.  4,        cf*  —  ca*  =  cA*, 
and,  by  supposition^     3cf  .  en  =  2ca  .  ci ; 
theref.  fb*  =  ca*  —  3c a  .  ci  +  en'  +  nH*. 

But,  by  supposition^  ca*  :  en* : :  cf*  or  ca*  +  Aa« :  ci» ; 
and,  by  sim.  As,      ca*  :  cn«  ; :  ca»  +  ao*  :  cd*  +  dh*  ; 
therefore        -        ci*  =  c»*  +  dh*  =  ch*  ; 
corisequcntly    -      »k*  =  ca*  —  3ca^.  ci  +  oi»  • 
And  the  root  or  side  of  this  square  is  fb  s  ci  —  oa  =  ai.  7 
In  the  same  manner  is  found/s  =  ci  -f  ca  =  bx.        q.  b.  xk 

CoroL  From  the  demonstration  it  appears^  that  nB*  = 
]>b2  ^  jLo*  =  nn*  ~  ca* .  Consequently  dh  is  every  *where 
greater  t&an  db  ;  and  so  the  asymptote  coh  never  meets 
the  curve,  though  they  be  ever  so  far  produced :  but  dh  aad 
DB  approach  nearer  and  nearer  to  a  ratio  of  equality  as  they 
recede  &rther  from  the  vertex,  till  at  an  infinite  distance  they 
become  equal,  and  the  asymptote  is  a  tangent  to  the  curve  at 
an  infinite  distance  from  Uie  vertex. 


TB^OBBM  XV. 

;  a  line  be  drawn  from  either  Focus,  Perpendicular  to  a 
Tangent  to  any  Point  of  the  Curve  ;  the  Distance  of  theiv 
Intersection  from  the  Centre  will  be  equal  to  the  Semi- 
transverse  Axis. 


That  is,  if  FP,^  be  perpen- 
dicular to  the  tangent  TP/k, 
then  shall  cp  and  q/t  be  each 
equal  tocA  or  cB. 


Fofr 
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For,  UinMi^h  the  point  of  contact  ■  draw  f  ■  and  yk«  VMet* 
ing  FP  produced  in  g.  Tbcii»  the  ^  gsf  as  Z  'BPi  Mo^  each 
equal  to  the  //e/^,  and  the  angle*  at  p  being  right,  ami  t^ 
aide  PE  being  common,  the  two  triangles  GBP,  fep  are  equal 
in  all  respects,  and  so  oK  =  PE,and  op  =aFp.  Tberelbre, 
since  fp  =»  ^fo,  and  fc  =  }^,  and  the  angle  at  f  coiiiinoo» 
the  side  cp  will  be  s  ^/g  or  ^ab,  that  is  cf  ae  ca  or  cb. 

And  in  the  same  manner  (^  cs  oa  or  ^b.  <(.  b.  d. 

Corol,  I.  A  circle  described  on  the  tranaverse  axis,  as  a 
diameter,  will  pass  through  the  points  p,  ft ;  because  aU  the 
lines  CA,  cp,  c/k,  cBf  being  equal,  will  be  radii  of  the  circle. 

Corol.  3.  CP  is  parallel  to/B,  and  c>  parallel  tm  fb. 

CoroL  3.  If  at  the  btersectionsof  any  tangent,  with  the 
circumscribed  circle,  perpendiculars  to  the  tangent  be  drawD» 
they  will  meet  the  transverse  axis  in  the  two  foci.  That  iS| 
the  perpendiculars  pf,  A/giFe  the  loci  f^/. 


THfiOBBM  XVI. 

The  equal  Ordinates,  or  the  Ordinates  at  equal  Distances 
from  the  Centre,  on  the  opposite  Sides  and  Ends  of  an 
Hyperbola,  have  their  Extremities  connected  by  one  Right 
Line  passing  through  the  Centre,  and  that  Line  is  bisected 
by  the  Centre. 


That  is,  if  en  s=  CO,  or  the 
ordinate  nx  =r  gh  ;  then  shall 
ex  =  GK.  and  ECU  will  be  a 
right  line. 


For,  when  en  =  co,  then  also  is  db  =  gh  by  cor.  3  theor.  I 
But  the  Zo  =  ^o,  being  both  right  angles; 
therefore  the  third  side  cb  c  ch,  and  the  ^pcE  =  ^gch, 
and  consequently  bcm  is  a  right  line. 

CoroL  1.  And,  conversely,  if  ech  be  a  right  line  passing 
through  die  centre ;  then  shall  it  be  bisected  by  the  centre, 
or  have  cB  =  cu  ;  also  oe  will  be  =  gh,  and  cd  :«.  co. 

Corol.  2.  Hence  also,  if  two  tangents  be  drawn  to  the  two 
ends  E,  H  of  any  diameter  eh  ;  they  will  be  panJlei  to  each 

other^ 
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other)  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis- 
tances from  the  centre.  For,  the  two  cD|  ca  being  equal  to 
the  two  CO,  CB,  the  third  proportionals  CT,  cs  will  be  equal 
alio ;  then  the  two  -sides  cb,  ct  being  equal  to  the  two  cb, 
cB^.and  the  included  angle  ect  equal  to  the  included  angle 
Hcs,  all  the  other  corresponding  parts  are  equal :  and  so  the 
21 T  =  Zs>and  ts  parallel  to  hs. 

CoroL  3.  And  hence  the  four  tangents,  at  the  four  ex* 
tremities  of  any  two  conjugate  diameters,  form  a  parallelogram 
inscribed  between  the  hyperbolas,  and  the  pairs  of  opposite 
aides  are  each  equal  to  the  corresponding  parallel  conjugate 
diameters.— -For,  if  the  diameter  eh  be  .drawn  parallel  to  the 
tangent  ts  or  hs,  it  will  be  the  conjugate  to  eh  by  the  defi- 
nition ;  and  the  tangents  to  eh  will  be  parallel  to  each  other, 
and  to  the  diameter  eh  for  the  same  reason. 

THEOREM  XYII. 

If  two  Ordinates  sd,  edhe  drawn  from  the  Extremities  s,  ^, 
of  two  Conjugate  Diameters,  and  Tangents  be  dra^m  to  the 
same  Extremitiesi  and  meeting  the  Axis  produced  in  x 
and  R  ; 

Then  shall  cd  be  a  mean  Proportional  between  c(/,  cfn, 
and  cd  a  mean  Proportional  between         cd,  bt. 


CT> 

cr; 

CT, 

cr; 
:  DT. 

dSL, 


For,  by  theor.  7,  en  :  ca  : :  c a 
and  by  the  same,  cd  :  ca  : :  ca 
theref.  by  equality,  en  :  cd  :  :  cr 
But  by  sim.  tri.  dt  :  cd  : :  ct 
theref.  by  equality,  cd  :  cd  i :  cd 
In  like  manner,       cc/ :  en  : ':  en  :  dR,  ^.  e.  d^ 

Corol,  1.     Hence  en  :  C£f : :  cr  :  cr^ 
(U)roL  2.    Hence  also  cnicd  :  idez  de. 
and  the  rect.  en  .  de  =  c(/  .  dcy  or  A  cde  ss  a  cde, 

Corol.  3.     Also  ccP  ==  en .  nx,  and  cn^  =  cd  .  d&. 
Or  cd  a  mean  proportional  between  en,  m ; 
and  en  a  mean  proportional  between  cc/;  dvi, 

theorem 
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THVORBM  ZVIII. 

The  stme  Figure  being  contracted  fts  in  the  last  PTOpoutkii, 
each  Ordinate  will  divide  the  Axis,  and  the  Semi-ttzis 
added  to  the  external  Party  in  the  same  Ratio. 

[See  the  last  fig.] 

That  i8»  DA  :  ST  : :  DC  :  db^ 
and dh  i  dtai  dc  :  da. 


For,  b^  theer.  f , 
and  bf  dit. 
and  by  comp. 
or        -        • 
In  like  manner, 


CD  :  CA  : :  ca  ;  cr, 
CD  :  CA  : :  AD  t  at, 
CD  :  DB  : :  AD  :  dt, 
DA  :  DT  : :  DC  :  db. 
dktdRiidci  du. 


q.  B.  D 


CoroL  1.    Hence,  and  from  cor.  S  to  the  last  prop,  it  is, 

CCP  ss=  CD  .  DT  =s  AD  .  DB  s=  CD*  —  CA*  , 

and  cd  .dtL  =^  Ad  .dn  ^  ca*  —  ctf*. 

Corol,  2.  Hence  also  ca*  =sCd*  ^cd^ ,  and  ca»  =i  de*  — ds*  . 

CoroL  3.  Farther,  because  ca*  :  ca* : :  ad  .  db  or  ccP  :  db'  . 

therefore  ca   :  ca  : :  cd  :  db. 
likewise  ca   ica  :  ictiide. 


TBEORXlf  XIX. 

If  from  any  Point  in  the  Curre  there  be  drawn  an  Ordinate, 
and  a  Perpendicular  to  the  Curve,  or  to  the  Tangent  at 
that  Point :  Then  the 

Dist  on  the  Trans,  tietween  the  Centre  and  Ordinate,  cd  : 

Will  be  to  the  Dist  fd  : : 

As  Square  of  Trans.  Axis  : 

To  Square  of  the  Conjugate. 

» 

That  is, 
ca*  :  ca* : :  DC  :  dp 


r 


For,  by  theor.  8,  ca*  :  ca*  : :  ad  .  db  :  db*  , 

But,  by  rt.  angled  ^s,  the  rect.  td  .  dp  »  db*  ; 

and,  by  cor.  I  theor.  16,  cd  .  dt  ss  ad  .  db  ; 

therefore    -    •    ca*  :  ca* : :  td  .  do  :  td  .  dp, 

or     ...    -    CA* :  ca* : ;  DC  ;  dp  q.  b.  d< 


TBBOBBSt 
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irUiew  be  Two  Tangents  dntwn,  the  Om  to  the  Extrcmiir 
of  the  Tnnsverae,  and  the  other  to  the  Extremity  of  tuijf 
other  Difkmf  t«ri  each  meetiag  the  other's  Diameter  "pro- 
duced  i  the  two  Tu^jeotial  Ttiatigles  so  fbimed,  will  be 
•qtul. 


That  is, 
the  triangle  car  x 
the  triangle  caw 


For,  draw  the  ordinnte  bs.    Then 


By  um.  triangles,  cD 

:  CA  : 

:  GB  ;  CM 

but,  b;  theor.  r,  gd 

CA  : 

:  CA : CT 

there  br  equal,    ga 

CT! 

:  GB  t  CN. 

The  two  triangles  cet,  can  have  then  the  angle  c  common, 
«nd  the  sides  idmut  that  angle  reciprocally  proporUonal ;  those 
triangles  are  therefore  equal,  riz.  the  A  cbt  =caii.    q.  •.  d. 
Carol.  !■    Take  each  of  the  equal  tri  c«T,  cab, 
from  the  common  space  cafb, 
and  there  renwins  the  external  A  fat  :b  A  Vbb. 
Carol.  3,    Also  take  the  equal  triangles  cbt,  cav, 
from  the  oommon  triangle  cbo, 

■nd  there  remains  the  A  txd  =  tnpez.  akbd- 

'  TBIOBBll  XU. 

The  suae  beipg  aupposed  as  in  the  last  Propoutun  ;  then 
any  Lines  x*  oq,  drawn  parallel  to  the  two  TangODta, 
shall  also  cut  off  equal  Spaces. 


That  is, 
the  A  K40=  trapex.  ambo. 
flnd  A  Kff  1=  trapes  juiAr<- 


For,dntw  the  ordinate  db.    Then 
The  three  aim.  triuieles  gab.  cdx,  ««bi 
Vol.1.  J%% 
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are  to  each  other  as        ca'  i  cd*  ,  co> ; 
th.b7  div.  the  trap,  aksd  :  trap,  amho  : :  cd^  — Ca*  :  co*  —  ga^. 
But,  by  theor.  I,      om*  :  oq*  : :  cd'  — ca*  xg*  — ca*;- 

theref.by  equ.tr«^.  am ed  :  trap,  ahho  : :      ob^       :  o^  ^ 
Biu,  bf  aim.  A  8»tri.  tbd  :  trL     kqa  : :      db'       :  oq>  ; 
thcref;  by  eoual.    am«»  :        tbd     ::        Avao  :  kho. 
But,  by  cor  ^  theor.  30,  the  trap,    anbd  =  A  tbd  ; 
and  therefore  the  trap,    anhg  s  a  k^g. 
.  Id  like  manner  the  trap.    amA^  &=  A  k^st*      q.  e.  d.. 

CoroL  1.     The  three  spaces  amho^  tbho,  k^o  are  aR 
equal. 

Corol.  3.  From  the  equak  anhqi  sqe^, 
take  the  equals  Axhg^  mggy 
and  there  remains  j'Ahg  s  ^^qo. 

And  from  the  equals  jr^BO,  j'^qG, 

take  the  common  space  ^^lhg, 

andthere  remains  the  ALqn  s=s  hgh. 
Carol.  4.    Again,  from  .the  equals  %^fij  terg^ 
take  the  common  space  klhg, 
and  there  remains         tblk  &=  A  Lqe. 


Corol.  3. 


Coryl.  5.  And  when,  by 
the  lines  Kq,  gh,  moving 
with  a  par&Hel  motion,  Kq 
aomes  into  the  position  ir, 
where  gr  jLs  the  conjugate  to 
CA ;  then 


the  triangle  KqG  becomes  the  triangle  irc, 
and  the  space  anhg  becomes  the  triangle  anc  ; 
and  therefore  the  A  iRC  =  A  Aire  =  A  tec 

Corol,  6.    Also  when  the  iines  Kq  and  Hq,by  moving  withr 
a  pandlel  motion,  come  into  the  position  cr,  Mf , 
the  triangle  Lqn  becomes  the  triangle  c^m, 
and  the  space  tele  becomes  the  triangle  tbc  ; 
and  theret  the  A  c«m  s  a  teg  b  A  anc  t^  A  xftc. 


TfiKOREM  XXIt. 


Any  Diameter  bisects  all  its  Double  Ordinates,  or  the  lines 
drawn  Parallel  to  Uie  Tangent  at  its  Vertex,  or  to  ita  Cen- 
)agate  Diameter,. 

That 
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That  ifl|  if  47  be  paral- 
lel to  the  tangeot  tx,  or 
to  w,  then  shall  l«=l?. 


For,  draw  ^B,  qh  perpendicular  to  the  transTene. 

Thenbf  cor.  3  theor.  31,  the  A  i-ob  =>  A  L7A  ; 

but  these  triangles  are  slag  equiangular  ; 

conseq.  their  like  sides  are  equal,  or  m  =  l?. 

Carol.  I.  Any  diameter  diridei  the  hyperbola  into  two 
equal  parts. 

For,  the  ordinate!  on  each  ude  being  equal  to  each  other, 
and  equal  in  number  ;  all  the  ordinates,  or  the  area,  on  one 
side  of  the  diameter,  is  equal  to  all  the  ordinates,  or  the  area, 
on  the  other  side  of  it 

Corot.  ^.  In  like  manner,  if  the  ordinate  be  produced  to 
the  conjugate  hyperbolas  at  q',  f ',  it  may  be  proved  that 
j.q'=  L?'.  Or  if  the  tangent  te  be  produced,  then  av  =  bw. 
Also  the  diameter  ocxb  bisects  all  tinea  drawn  parallel  to  T£ 
or  47,  and  limited  either  by  one  hyperbola,  or  by  its  two  con* 
jugate' hyperbolas. 

TBSOBKH  XXIII. 

As  the  Square  of  any  Diameter : 

Is  to  the  Square  of  its  Conjugate  ; : 

So  is  the  Rectangle  of  any  two  Absciaies : 

To  the  Square  of  their  Ordinate. 
That  is,  CB» :  cc^ : :  xl  ,  lo  or  gl'  - 
For,  draw  the  tangent 
TE,  and  produce  the  ordi- 
nate qi.  to  the  transversa 
at  K.  Also  draw  qn,  ex 
perpendicular  to  the  trans- 
verse, and  meeting  bo  in 
H  and  M.  Then,  sitnilar 
triangles  being  as  the 
squares  of  their  like  udei, 
itia, 


sot  COMIC  SECTID1I6. 

by  sim.  triangles^  A  cbt  :  Aclk  :  :  ce*  :  cl'  ; 

or,  by  diTision,  A  cbt  :  trap,  tblk  : :  ce*  :  cl'  ^-es*  « 

AgatOf  by  sim  tri.  A  cm  :  A  lhh  iia^z  Lq' . 

But|  by  cor.  5  theor.  31,    tbc  A  c^m  ss  a  cet» 

and,  knr  cor  4  th«or;  S  U    the  a  lqh  s  timp.  tele  ; 

theref.  by  equality,  ce*  :  c^  :  s  cl*  — cb*  '.^ » 

or        -        -        -  CB* :  c^ :  :  El. .  to  :  t^' .  q.  x.  »• 

CoroL  I.  The  squares  of  the  ordinutes  to  any  diametery 
are  to  one  another  as  the  rectang:Ie8  of  their  respective  ab- 
scissesi  or  as  the  difference  of  the  squares  of  the  semi-diame- 
ter and  of  the  distance  between  the  ordinate  and  centre.  For 
they  are  all  in  the  same  ratio  of  ce'  toc^* . 

• 

CoroL  3.  The  aboye  being  the  same  property  as  that  be- 
longing  to  the  two  axes,  all  the  other  properties  before  laid 
down,  for  the  axes,  may  be  tmderstood  of  any  two  conjugate 
diameters  whatever,  using  cmly  the  oblique  ordinates  «if  these 
diameters  instead  of  the  perpez^dlcular  ordinates  of  the  axes ; 
mmely,  all  the  properties  in  theorems  ft,  7, 8,  16,  17, 30, 3L 

Corel  3.  Likewise,  when  the  ordinatea  are  continued  to 
the  conjugate  hyperbolas  at  q'.  9',  the  same  properties  stiQ 
obtain,  substituting  only  the  sum  for  the  d^rence  of  the 
aquaies  of  cb  and  cl. 

That  is,  CE* :  Cf* : :  cl*  4.  cb'  :  li^^  . 

And  so  hof  I  Lq'» : :  cl«  —  cb»  :  cl»  4.  cb*  ; 

Coroi.  4.  When,  by  the  motion  of  l^'  parallel  to  itsel( 
that  line  coincides  with  bv,  the  last  corollary  becomea 

CE»:  e^::3cB':  bv*  , 
or  c<r» :  Ev« : :     1     :     3, 
or  c<r  :  BT  : :     l     iy3, 

.or  as  the  aide  of  a  square  to  its  diagonal. 
That  is^  m  all  conjugate  hyperbolas,  and  all  their  diame- 
ters, any  diameter  is  to  its  parallel  tangent,  in  the  constant 
ratio  of  the  side  of  a  square  toiu  dbgonal. 


THBOEBM  XXiy. 

If  any  Two  Lbes,  that  any  where  mtersect  each  other,  omoI 
the  Curve  each  in  Two  Pointo ;  then 
The  Rectangle  of  the  Segments  of  the  one  s 
Is.  to  the  Rectangle  of  the  Segmenu  of  the  other : : 
As  the  Square  of  the  Diam.  Parallel  to  the  former : 
To  the  Square  of  the  Diam.  Parallel  to  the  latter. 

That 
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That  is,  if  cft  uid 
er  be  parallel  to  anj' 
two  Imes  PH(i,  fiwy  ; 
then  shall  ce*  i  cr* ; : 


For,  draw  the  diameter  Cbk,  and  the  tangeat  tk,  and  its 
parallels  pK,  Ri,  MH,  tneeiing  the  conjugaie  of  the  diameter 
CB  in  the  points  t,  k,  i,  m.  Then  because  similar  triangles 
are  as  the  squares  of  their  like  sides,  it  is, 

by  sim.  triangles,     ca*  ;  of*  :  :  Acai  :  Aopk, 
and         -         -         CR*:  sH*  :  :  ACRJ  :  ACHM  i 
iheref.  by  divltion,  en*  :  op*  —  oh*  : :  CRi :  kphb. 
AKain,  by  sim.  tri.   cb*  :  ch*  : :  Acte  :  Achb  ; 
and  by  division,      ck*  :  ch>  —  ck*  : :  Acte  :  tehv. 

But,bycor.5  theor.3l,tbe  acte  =  AeiR, 
aod  by  cor.  I  iheor.  2 1,  tehg  =  efho,  or  tehu 
theref.  by  equ.  cb*  :  ch*  —  cu,*  :  :  ca* :  ap*  — ob 
In  like  manner  ce*  :  ch*  —  ck>  :  :  cr*  i  ^h  .  Kf. 
Theref.byequcE*:  cr^  :  :  ph  .  hr  :  Ah  .  Hf.  t^.  b.  d. 

CoroL  1.  In  like  manner,  if  any  other  line  A'b'?'.  parallel 
to  cr  or-to  fiq,  meet  PBq  ;  since  the  rectangles  PII^^,A'HV 
are  also  in  the  same  ratio  of  cii*  to  cr* ;  therefore  the  rect> 
ran  'fi^7  '  •  pb'i  ift'a'g'.' 

Also,  if  another  line  r'hq.'  be  drawn  parallel  to  fq  orcR  ; 
because  the  rectangles  p'Aci'  fi'A/  are  still  in  the  same  ratio, 
therefore,  in  general,  the  rectangle  fh4  :/iHy  : :  r'ft^'  t  fi'Aq', 
That  is,  the  rectangles  of  the  parts  of  tno  parallel  lines,  are 
to  me  another,  as  the  rectangles  of  the  parts  of  two  other 
parallel  lines,  any  where  intersecting  the  former. 

C»rol.  3.  And  when  any  of  the  lines  only  touch  the  curve, 
instead  of  cutdng  it,  the  rectangles  uf  sudi  become  squares, 
and  the  general  propertv  still  auends  them. 

That 
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» 


Thutfs, 
CE^tCf*:.:  tb":  re*, 
or     ca  :  cr  : :  TB  :  re^ 
and  CB  :  cr  : ;  ^b  :  if , 


Carol.  3.    And  lience  te  :  re  : :  ib  :  re, 

thbobbx  xby. 

If  a  Line  be  drawn  through  any  Point  of  the  Curves,  Parall^ 
to  either  of  the  Axes,  and  terminated  at  the  Asymptotes  ; 
the  Rectangle  of  its  Segments,  measured  from  that  Pobtt 
will  be  equal  to  the  Sqwe  of  the  Semi-axia  to  which itb 
parallel. 


That  is, 
the  rect.  bbk  or  h^k  ss  ca^  , 
and  rect  h^k  or  hek  =  ca*  • 


.    For,  draw  al  parallel  to  co,  and  ah  to  ca.    Then 
by  the  parallels,    ca*  :  ca^  or  al'  : :  cd>  :  dh'  ; 
and  by  theor.  3,    ca'  :  ca*  : :  cd*  -«ca'  :  db'  ; 
theref.  by  subtr.    Ca'  :  ca*  : :  ca*  :  dh*  —  db'  or  HBX. 
But  the  antecedents       ca*  ,  ca'  are  equal, 
theref.  the  consequents  ca^  ,  ask  must  also  be  equaL 

In  like  manner  it  is  again, 
by  the  parallels,    ca*  :  ca'  or  al>  : :  cd'  :  na'  » 

Sd,  by  theor  3,     ca*":  ca«  : :  en*  +  ca^  :  nr*  ; 
eret.  by  subtr.    ca*  :  ca*  : :  ca«  :  nc*  —  dh*  or  Hex. 
But  the  antecedents  t  a*  ,  ca*  are  the  same, 
theref.  the  conseq.     co*  ,  ncK  must  be  equd. 
In  like  manner,  bj  changing  the  axes,  is  hi^k  or  hek  =  ca'  . 

Corol,  1.    Because  the  rect.  hek  s=  the  rect.  aec. 
therefore  be  :  « a  : :  ex :  bk. 
And  consequently  he  is  always  greater  than  a^. 

Carol.  2.  The  rectangle  Aek  =  the  rect.  hbA-.^ 
For,  by  sim.  tri.  sA  ;  eh  ::  bA:  ;  bk. 

scaoLiuv. 


OF  THE  HTPERBOLA.  »l\. 

» 

SCHOLIUM. 

It  i$  evident  that  this  proposition  is  generdl  for  any  line 
4»blique  to  the  axis  also,  namely^  that  the  ractangle  of  the 
segments  of  any  line^  cut  by  the  curve,  and  terminated  by  the 
asymptotes^  is  equal  to  the  square  of  the  semi-diameter  to 
which  the  line  is  parallel.  Since  the  demonstration  is  drawn 
from  properties  that  are  common  to  all  diameters. 

TIISOR&M  XXVX. 

All  the  Rectangles  are  equal  which  are  made  of  the  Seg- 
ments of  any  Parallel  lines  cut  by  the  Curve,  and  limited 
by  the  Asymptotes. 


That  is, 
the  rect.  HEX  =  n^x. 
and  rect.  h%k  as  hek. 


For,  each  of  the  rectangles  bxk  or  b^k  is  equal' to  the 

square  of  the  parallel  semi»diameter  cs ;  and  each  of  the  rect* 

angles  hE,k  or  hek  is  equal  to  the  square  of  the  parallel  semi- 

Miaroeter  ci.    And  therefore  the  rectangles  of  the  segments 

of  all  parallel  lines  are  equal  to  one  another.  q.  e.  d. 

CoroL  1.  The  rectangle  HEX  being  constantly  the  same* 
whether  the  point  x  is  taken  on  the  one  side  or  the  other  of 
the  point  of  contact  i  of  the  tangent  pai*allel  to  hk,  it  fol- 
lows that  the  parts  he,  ke^  of  any  line  hk,  are  equal. 

And  because  the  rectangle  uck  is  constant,  whether  the 
point  e  is  taken  in  the  one  or  the  other  of  the  opposite  hy- 
perbolas, it  follows,  that  the  parts  h^ ,  xe,  are  also  equal. 

CoroL  2,  And  when  hk  comes  into  the  position  of  the 
tangent  dil,  the  last  corollary  becomes  il  =  id,  and  im  =i^Sy 
and  LM  ss  DN. 

Hence  also  the  diameter  cir  bisects  all  the  parallels  to  dl 
which  are  termipated  by  the  asymptete/namely  rh  =>  rk. 

CoroL 
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Corol.  S.    From  the  profioaiioo,  and  the  faM  amihrf,  it 
ibllowa  that  the  cpnituit  KctaDgle  hbk  or  bus  is  ^il*  .  And 
the  equal  cooataM  rccL  r«s  or  tme  =  ml>  or  ui*  —  il*  . 
Coroi.  4.    And  hence  ti.  =>  the  parallel  aemi-diainetar  c*- 
For,  the  rect.  msE  s  il*  > 
and  the  equal  pcct  me  =  m'  —it', 
theref,  il' =IM*  -ir.»,  or  m*  =3il"; 
but,  by  cor.  4  theor.  33,       im*  s*9cb*  , 
and  therefore         -         •     il   ^cs> 
And  M>  the  asymptotes  pass  through   the  oppoute  uiglet  of 
mil  the  inscribed  paralietognms. 

TBKOKEH  xxrn. 

The  Rectangle  of  mj  two  Lines  drawn  from  taj  Pwnt  in 
the  Curve,  Parallel  to  two  given  Lbes,  and  Limited  bj 
the  Asymptotes,  is  a  Constant  Quantity. 

That  is,  if  AP,  eq,  di  be  parallels* 

as  also      Ad,  KK,  DM    parallels, 

then  shall  the  rect  faq  is  rect.  okk  s  rect  u>h- 


For,  produce  kb,  mb  to  the  othe^  asymptote  at  b,  l. 
Then,  by  the  parallels,      hb  :  os  :  t 
but         -         -         •  BK  :  BK  : : 

theref.the  rectangle       hbb  :obk  : :  i 
But,  by  the  last  theor.  the  rect.  hbk  =  ldm 
and  therefore  the  rect.  obe  =  idh  =  pa<i. 


Every  Inscribed  Triangle,  formed  by  aay  Tangent  and  th» 
two  Intorcepted  Parts  of  the  Asymptotes,  is  equal  to  a 
Constant  Quanti^ ;  namely  Double  the  laicritied  Paral- 
lelogram. 

ThBt 
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Thai  is,  tbe  tmngi^  ct«  «  3  pand.  #«• 

For,  since  the  tangent  ts  is 
'  bisected  by  the  point  of  contact 

x»  and  £K  is  parallei  to  re,  and 

OB  to  CK  ;  tiierefore  ck^  xs,  as 

are  all  equal,  as  are  also  cg,  ar, 

KB.    Consequently  tbe  triaagle 

«TBatt  tbe  triangle  kbs«    and 

each  equal  to  half  tbe  coastont  inscribed  parallelogram  ex. 
'  And  therefore  the  whole  triangle  gts,  which  is  composed  of 

the  two  smaller  triangles  and  tbe  parallelogram^  is  equal  to 

double  the  constant  inscribed  pai^elogram  qk.  q.  b.  b. 


THEORBM  XXIX* 

If  from  die  Point  of  Contact  of  any  Tangent,  and  the  two 
Intersections  of  the  Curve  with  a  Lme  parallel  to  the 
Tangent,  tbree  parallel  lines  be  drawn  in  any  Direction, 
and  terminated  by  either  AsymptDte ;  those  three  Lines 
shall  be  in  contiaued  Proportion* 

That  is,  if  rxm  and  the 
tangent  il  be  parallel,  then 
are  the  parallels  oh,  bi,  ox 
in  continued  proportion. 

J> 

For,by  theparattels,  bi  :  ix.  :«  »h 

and,  by  the  same       bi  :  il  .: :  ok 

theref.  by  compos,      tti* :  tL* : :  nx  •  ox  :  rmk  ; 

but,  by  theor.  26,  the  rect.  hmk  =  il*  ; 

and  tberef.  the  rect.       t»ii .  ox  o^  si*  • 


or 


DH  t  BI  t  fi  Bl  t  GX. 


(|.  B.  B. 


THBOBXM  XXX. 

I>raw  the  semi-diameters  e«,  ciit,  ok  ; 
Then  shall  the  seaor  csi  sa  tlie  seeter  oiit. 


For, 


5U  CONIC  SECTIONS. 

FoTy  because  R&teidall  its  parallels  are  bisected  by  ctv, 
therefore  the  triangle    cnh  =  tri.  gmK} 
and  the  segmenw  iwh  =s  seg.  ink  ; 

consequently  the  sector  cib  s=  sec.  gik. 

Carol  Ifthe  geometricals  DB,Biy  ok  be  parallel  to  the 
other  asymptote,  the  spaces  dhiS)  biko  tHll  be  equal  ;  tor 
they  are  equal  to  the  equal  sectors  €bi»  cik.  . 

So  that  by  taking  any  geonetricals  cd,  cb,  co,  Scc^  ana 
drawing  db,  bi,  ok,  Sec,  parallel  to  the  other  asymptote^  as  ^ 
also  the  radii  ch,  ci,  ck  ;  a 

then  the  sectors  chi,  sir,  8cc, 
or  the  spaces  dbib,  biko,  Ice, 
vill  be  all  equal  among  themselves; 
Or  the  sectors    cbi,  cbk,  Sec, 
or  the  spaces    dbib,  dbkOi  fcc, 
will  be  in  arithmetical  progression. 
And  therefore  these  sectors,  or  spaces,  will  be  amJogous  to 
the  logarithms  of  the  lines  or  bases  cd,  cb,  co,  8ic ;  namely    . 
CHI  or  DBIB  the  log.  of  the  ratio  of. 

CD  to  cB,  or  of  CB  to  co»  Sec ;  or  oTbi  to  dh,  or  ofoc  to  bi,  8cc  ; 

and  cHB  or  phkg  the  log.  of  the  ratio  of 

•0  to  CO)  kc,  or  of  OK  to  oh,  &c. 


OF  TOE  PARABOLA 

TBBOBBM  t. 

The  Abscisses  are  Proportional  to  the  Squares  of  their 

Ordinates. 

Lbt  aym  be  a  section  through 
the  axis  of  the  cone,  and  aoih  a 
parabolic  section  by  a  plane  per- 
pendicular to  the  former,  and 
parallel  to  the  side  tm  of  the 
cone  ;  also  let  ara  be  the  common 
intersection  of  the  two  planes,  or 
the  axis  of  the  parabola,  and 
FO,  HI  ordinates  perpendicular  to  it. 

Then  it  will  be,  as  af  :  ah  :  :  fo^  :  hi>  . 

^  For,  through  the  ordinates  fo,  hi  draw  the  circular  sec- 
tions,' Bojp,  MiH,  parallel  te  the  base  of  the  cone^  having  xl, 


OF  THE  PARABOLA. 

HN  for  their  diameters,  to  which  fo,  hi  are  ordinateSf'^^  as 
well  as  to  the  axis  of  the  parabola. 

< 

Tbent  by  similar  triangles,  af  :  ah  : :  fl  :  vk  ; 
but^  because  of  the  parallelsi  kf  =  mh  ; 

therefore        -        -        -       af  :  ah  : :  kf  .  fl  :  mr  •  hk. 
But,  by  the  circle,  kf  •  vl  cs  fo^  ,  and  mh  >  hn  s=  hi*  ; 
Therefore        -        -        •    af  :  ah  : :  ro*  :  hi*  .       q.  b.  ©. 

fg*      hi» 
CoroL  Hence  the  third  proportional  -^— or ——  is  a  constant 

AF  AH 

quantity,  and  b  equal  to  the  parameter  of  the  axis  by  defin« 
16. 

Or  AF  7  FO  : :  FO  :  p  the  parameter. 
Or  the  rectangle  p.  af  =»  fg*  • 

THBORKU   II. 

As  the  Parameter  of  the  Axie : 
Is  to  the  Sum  of  any  Two  Ordinates  1 1 
So  is  the  Difference  of  those  Ordinates : 
To  the  Difference  of  their  Abscisses  : 


That  is, 

F  :  OH   +  DB  ^  •  ^B  -"^  »>  :  l>^9 

Or,  p  ;  Ki  :  :  iH  :  IB. 

For,  by  cor.  theor.  1,  p  .  ao*  =>  on* , 
and  -  -  -  p  .  A0  =  DB^ ; 
theref.  by  subtraction,    p  .  »o  s  oh*  — db*  • 

Or,  -  -  -         P  .  DG  3=  KI  .  XH, 

therefore        -        -      p  :  ki  : :  ih  :  oGor  Bi,  q«  B.  B. 

Corol  Hence,  because  p  .  bx  =:  ki  .  ik, 
and,  by  cor.  theon  1,   *     p  .  ag  =b  or*  , 
therefore         •     ^  -        ao  :  bi  : :  gh*  :  Ki  .  XH. 

So  that  any  diameter  -bi  is  as  the  rectangle  of  the  seg- 
ments BI,  IB  of  the  double  ordinate  kh. 


thbobbm  iix< 


The  Distance  from  the  Vertex  to  the  Focus  is  equal  to  ^  of 
the  Farameteri  or  to  Half  the  Ordinate  at  the  Focus. 

That 


«» 


come  ftBcnoNS, 


Thatu, 

where  r  k  Um  Coch^ 

Fei^  tlM  ii;eneral  preportf  it  aw 

BuubjdrfimiioD  I7»      -      >a 

therefere  alto  -       -      4r 


VB  :  t  VR 


ALb«  drawD  froni  the  Focus  to  amr  Point  in  the  Curte,  ta 
equal  to  the  hum  of  the  Focal  Distance  and  the  Ahscasa 
of  the  Ordiottte  to  that  Point. 

6 

That  is, 

TB  s   FA  4-  AO  ss  0»y 

taking  ao  ss  af. 


For,  since  vd  as  ab  ce  af » 
theref.  by  squaring,     fb*  «sav*  — 9af  •  A»  +  ab'  , 

Buti  by  cor.  theor.  1,  bb*  ss  p  .  ad  s  4af  .  ab  ; 

theref.  by  addition,      fo*  +  >»'  ==  af*  -|-  3af  .  ao  +  ad'  y 

But,  by  rigbt-ang.  tri.  fd'  -f  bb*  as  fb'  ; 


therefoi^ 


.     FE^ 


AF*  +  3AF  •  AB  +  AD*  » 


and  the  root  or  side  is  fb  ^  af  4-  ajs 

or         •       •        -     VB  s  GDy  by  taking  ao 


AP. 


R.  B.  B. 


CoroL  I.  If,  through  the  point  %f  the  "BBS,  G- 
Une  OH  be  drawn  perpendicuUF  to  the 
axis,  it  iH  called  the  (Urectrix  of  the  |>a- 
nibolai  The  property  of  which,  from 
this  theorem,  it  appears,  is  this :  That 
drawbg  any  lines  he  parallel  to  the  axis, 
BB  is  always  equal  to  fb  the  distance  of 
the  focus  from  the  point  b. 


Corel,  u.  Hence  also  the  curte  is  easily  described  by  peinta. 
Namely,  in  the  axis  produced  take  ao  »■  af  the  focal  dis- 
tance, and  draw  a  number  of  lines  be  perpendicular  to  the 
axis  AD ;  then  with  the  dJBtancea  eo,  on,  qd,  ftcc,  as  radii, 
and  the  centre  f,  draw  arcs  crossing  the  parallel  ordinates 
las,  m,  b,  aic.    TlMAdnw  Hie  eorve  tbrovqgh  $»  tke  pokita 

THBORBM 
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THXOREM  Y< 


If  a  TaDgont  be  drawn  to  any  Point  of  the  Parabola^  nieee- 
ing  the  Axis  prodnced ;  and  if  an  Ordinate  to  the  Axis 
be  drawn  from  the  Point  of  Contact;  then  the  Absciss  of 
that  Ordinate  will  be  equal  to  the  External  Part  of  the 
Axis. 


That  is, 
if  Tc  touch  the  curve 
at  the  point  c  ; 
thenbATs=AM, 


For»  from  the  point  t,  draw  any  line  cutting  the  curve  in 
the  two  points  b,  b  :  to  which  draw  the  ordinatea  n£>  oh  , 
also  draw  the  ordinate  mc  to  the  point  of  contact  c. 

Then,  by  th.  l,  ad  :  ao  : :  nx*  :  oh'  ; 
and  by  sim.  tri.     td^  :  tg*  : :  de'  :  on*  ; 
thereflby  equafity»  ad  :  ao  ; :  td*  :  to*  ; 
andy  by  divbiouy  ad  :  do  : :  td*  :  tg*  —  td*  or  do  .  (TD-f-To), 
or        -        •        AD  :  TD : :  TD  :  TD  +  TG  ; 
and,  by  division^    ad  :  at  : :  td  r  tg> 
and  agiun  by  div.  ad  :  at  : :  at  :  ag  ; 
or       •       -        AT  is  a  mean  propor.  between  ad,  ag. 

Now,  if  the  line  th  be  supposed  to  revolve  about  the 
point  T  ;  then,  as  it  recedes  farther  from  the  axis,  the  points 
K  and  H  approach  towards  each  oth,er,  the  point  x  descend- 
ing, and  the  point  h  ascending,  UU  at  last  they  meet  in  the 
point  c,  when  the  line  becomes  a  tangent  to  the  curve  at  c. 
And  then  the  points  d  and  o  meet  in  the  point  m,  and  the 
ordinates  de,  gh  in  the  ordinate  cm.  Consequently  ad,  ag, 
becoming  each  equal  to  am,  their  mean  proportional  at  will 
,be  equal  to  the  absciss  am.  That  is,  the  external  part  of  the 
axis,  cut  off  by  a  tangent,  is  equal  to  the  absciss  of  the  ordi- 
nate to  the  point  of  contact.  q.  e.  d. 

THEOREM   VI. 

I 

V  a  Tangent  to  the  Curve  meet  the  Axts  produced  ;  then 
the  Line  drawn  from  the  Focus  to  the  Point  of  Contact, 
will  be  equal  to  the  Distance  of  the  Focus  from  the  Inter- 
section of  the  Tangent  and  Axis. 

That 


\ 


51t 


CONIC  SECTIONS. 


That  is. 


f*om,  draw  the  ordinate  dc  to  the  point  of  contact  c 

Then,  by  thcor.  5,  at  s=  ad  ;  p 

therefore        -  »t  «  ap  +  ad. 

But,  by  theor.  4,         fc  =s  av  .f  ad  ; 
theref.by  equality,      fc  =  ft. 

CoroU  1.    If  CO  be  drawn  perpendicular  to  the  curre,  or  t* 
the  tangent,  at  c  ;  then  shall  fo  =  fc  =  ft. 

For,  draw  FH  perpendicular  to  TC,  which  will  alao  bisect 
TC,  because  ft  =  fc  ;  and  therefore,  by  the  nature  of  the 
parallels,  fh  alao  bisects  to  in  f.    And  consequently  fo  = 

FT  =  FC. 

So  that  F  is  the  centre  of  a  drcle  passing  through t,  c,  o. 

Corol.  3.    The  tangent  at  the  yertex  ah  is  a  mean  propop- 

tional  between  af  and  ad. 

For,  because  fht  is  a  right  angle, 
therefore      -      ah  is  a  mean  between  af,  at, 
or  between  -      af,  ad,  because  ad  =  at. 
Likewise,    -     fji  is  a  mean  between  fa,  ft, 

or  between  fa,  fc. 

CoroU  3.    The  tangent  tc  makes  equal  angles  irith  fc  and 

the  axis  ft. 

For,  because    ft  =  fc, 
therefore  the  A  Fct  =  ii  ptc. 
Also,  the  angle  gcf  =  the  angle  ocx, 
drawing  ick  parallel  to  the  axis  ao. 

CoroL  4.  And  because  the  angle  of  incidence  ock  is  *= 
the  .angle  of  reflection  ocf;  therefore  a  ray  of  light  fidling 
on  the  curve  in  the  direction  xc,  will  be  reflected  to  the 
focus  F.  That  is,  all  rays  parallel  to  the  axiS|^  are  reflected 
to  the  focuS}  or  burning  point* 

THXOmSK 


.a 


OF  THE  PARABOLA. 


5X9 


THEOREM  VIZ. 


If  there  be  any  Tangent>  and  a  Double  Ordinate  drawn  from 
the  Poin(  of  Contact,  and  also  any  Line  parallel  to  the 
Axis,  limited  by  the  Tangent  an!d  Double  Ordinate  :  then 
shall  the  Curve  divide  that  Line  in  the  same  Ratio,  as  the 
Line  divides  the  Double  Ordi^te. 


That  is. 


IB  :  BJL  : :  CK  :  EL. 


.■1 


For,  by  shn.  triangles,    ck  :  ki  : :  cd  :  DTorSoA; 
^  but,  by  the  def.  the  param.    p  :  cl  : :  cd  :  3oa  ; 
therefore,  by  equality,  p  :  c&  : :  cl  :  ei. 

But,  by  theor.  3,      -      -     p  :  ce  : :  kl 
therefore,  by  equality,         cl  :  rl  : :  ex 


And,  by  division^ 


CE  :   EL 


EB  ; 
EB  : 


IB  :  BE. 


q.  E.  »« 


THBORBM  VIII. 


The  same  beuig  supposed  as  in  theor.  7  ;  then  shall  the  Ex- 
ternal Part  of  the  Line  between  the  Curve  and  Tangent 
be  proportional  to  the  Square  of  the  intercepted  Part  of 
the  Tangent,  or  to  the  Square  of  the  intercepted  Part  of 
the  Double  Ordinate. 


That  is,  IB  b  as  ci'  or  as  ce^ 
and  IB,  TA,  ON,  PL,  &c, 
areas  ci',ct*,co',cp*,8cc, 
or  as  oe')Cd>,  cm',  cl*)  fcc; 


s:  D  M 

For,  by  theor.  7,  ib  :  be  : :  ce  :  el, 
or,  by  equality,  is  :  be  : :  ce*  :  ce  .  el. 

But,  by  cor.  th.  3,    be  is  as  the  rect.  ce  .  el, 
therefore     -      -     ie  is  as  ce*  ,  or  as  ci* .  q. 


E.    D. 


CoroU  As  this  property  is  common  to  every  position  of 
the  tangent,  if  the  lines  ib,  ta.  on,  &c,  be  appended  on  the 
points  I,  T,o,  Sec,  and  moveable  about  them,  and  of  such 
lengths  as  that  their  e^tr^roifies  b^  a,  n,  fcc,  be  m  the  curve 
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of  a  parabola  in  some  ooo  pootkn  of  the  tngODt ;  tiMn 
making  the  tangent  revoke  about  the  point  c,  it  appeara  that 
the  eKtt^mities  &»  a,  »«  Ice,  will  alwiqra  torn  the  cnrre  of 
some  parabolayin  every  poution  of  the  tangent 


TBBOEftH  IK. 


The  Abscisses  of  any  Diameter,  are  as  the  Squares  of  tfaei^ 

Ortlinatea. 


That  is,  cq,  ca,  cs,  fcc, 
are  as  qK^  ,ra'  ,  an* ,  8co. 
Or     cq:  ca::  qft*:HA* 
&c« 


For,  draw  the  tangent  ct,  and  the  externals  bi»  at,  fOy 
3tc,  parallel  to  the  axis,  or  to  the  diameter  cs. 

Then,  because  the  ordLnates  qs,  ra,  sv ,  ficc,  are  parallel  to 
the  tangent  ct,  by  the  definition  of  them,  therefore  all  the 
figures  iq,  TR,  OS,  Sec,  are  parallelograms,  whose  opposite 
sides  are  equal  | 

namely,  •        -  ib,'  ta,  ob,   fcc, 

are  equal  to  -  cq,  ca,    cs,    Sec 

Therefore, by  theor.  8,  cq,  cr,   cs,    &ct 

are  as  -        -  ci*  ,ct*  ,  c6^ ,  8cc, 


or  as  their  equals 


<ta*> 


ra'  ,  sb'  ,  8cc. 


q«  E.  B. 


Coroi.  Here,  like  as  in  theor.  2,  the  diifereiice  of  the  ab- 
scisses is  as  the  difference  of  the  squares  of  their  ordinates, 
or  as  the  rectangles  under  the  sum  and  difference  of  the 
ordinates,  the  rectangle  of  the  sun  and  difference  of  thn 
ordinates  being  equal  to  the  rectangle  under  the  difierence 
of  the  abscisses  and  the  parameter  of  that  diameter,  or  a 
third  proportional  to  any  absciss  and  its  ordinate.  ' 


XBBOBSM 
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a  Line  bi  dravn  parallel  to  aof  Tang;«Qt»  and  cut  the 
Curve  in  two  Poiiiti ;  then  if  two  Ordinntes  be  drawn  to 
the  Intersectionsi  and  a  third  to  the  Point  of  Contact» 
these  three  Ordbatea  will  be  in  Aritbroetical  Progression) 
or  the  Sum  of  the  fixtrecnea  will  bo  equal  to  Double  the 
Mean. 


That  1% 

BO-f  HI  asSCD. 


^i/y^ 

=N 

^ 

f^ 

i 

H 

> 

For,  draw  n  parftttol  to  the  axis,  and  produce  ai  to  £. 
Then,  by  aim.  triangkfti  sk  :  ak  9:  to  or  San  :  eft; 
but,  bj  theor.  3,      -         sk  :  hk  : :  kl  :  p  the  paran- 
theret  by  equality,        3 ad  :  Ki.  : :  cd  :  p.  ^ 

But,  by  the  defin.  3ad  :  3cd  : :  cd  :  p  ; 

theref.  the  3d  terms  are  equal,  aLsss  3cd, 
thatis,        -         •        so  -{-  Bi  =:  3cp.  <t.  x.  n. 

CoroL  When  the  point  x  is  on  the  other  side  of  n  ;  then 

Hi  —  GX  =  3CD. 
TIIXOXKM  ZI. 

Any  Diameter  bisects  aD  its  Double  Ordinates,  or  Lane^ 
parallel  to  the  Tangent  at  its  Vertex. 


Thatis, 

MB  =xMH. 


Fox,  to  the  axis  ai  draw  the  ordinates  xcri  cn^  uM,  Ud^  mb^ 
parallel  to  them}  wUch  is  equal  to  ex. 
VeL.L  Xxx  Then 


$%%  come  SBeTIDN». 

Then,  by  theor.  10, 3iui  or  3ci>  as  so  +  hi, 

therefore  u  is  the  middle  of  kh. 

Andj  for  the  same  reason,  all  its  parallels  are  bisected. 

q.  E.  0J 

ScHOL.  Hence,  as  the  abscisses  oF  any  diameter  and  their 
ordiuates  have  the  same  relatsons  as  those  of  the  axis,  namely^ 
that  the  ordinates  are  bisected  by  the  diameter,  and  their 
squares  proportional  to  the  abscisses ;  so  all  the  other  pro- 
perties of  the  aids  and  its  ordinates  and  abscisses,  before  de- 
monstrated, will  likewise  hold  g^ood  for  any  diameter  and  its 
ordinates  and  abscisses.  And  also  those  oi  the  parameters, 
understanding  the  parameter  of  any  diameter,  as  a  third 
proportional  to  any  absciss  and  its  ordinate.  Some  of  the 
most  material  of  whigh  are  demonstrated  in  the  following 
theorems* 

THEOaEM  xir. 

The  Parameter  of  any  Diameter  is  equal  to  four  Timesthe 
Line  drawn  from  the  Focus  to  the  Vertex  of 
meter. 


That  is,  4fc  ssp, 
the  param.  of  the  dkm.  cm. 


For,  draw  tlie  ordinate  ma  parallel  to  the  tangent  ct  r 
also  CD,  UN  perpendicular  to  the  axb  ax,  and  fh  perpendicu- 
lar to  the  tangent  ct. 

Then  the  abscisses  ad,  cm  or  at,  being  equal,  by  theor.  5» 
the  paraineters  will  be  as  the  squares  of  the  ordinates  cd, 
k  or  cT,  by  the  definition ; 
that  is,        -        -        p  :  p  : :  en*  :  ct'  , 
But, by.aim« tri«   -.     jh  :  ft  :c  cd  :  ct; 
therefore     -        -        f  :  p  : :  fh*  :  ft*  . 
But,  by  cor.  3,  th.  6,  fh*  =  fa  •  ft  ; 
therefore    -        -        p  :  p  : :  fa  .  .ft  :  ft^  . 
or,  by  equality,    -        F  :  p  : :  FA  :  ft  or  fc. 

But, 
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But,by  theor.  a, 
and  therefore    - 


F  ss  4fa, 

p  =  4tt  or  4fc. 


q.  B.  o*. 


CoroL  Hence  the  parameter  p  of  the  diameter  cu  is  equal 
to  4fa  ^  4ad,  or  to  f  -f  4aD)  that  iS)  the  parameter  6f  the 
axis  added  to  4av. 


.» 


THBORBM  XIII. 


^  If  an  Ordinate  to  any  Diameter,  pass  through  the  Focus,  it 
will  be  equal  to  Half  its  Parameter  ;  and  its  Abscbs  equal 
to  One  Fourth  of  the  same  Parameteip. 


That  is,  CM 
and    MB 


ip- 


For,  join  fo,  and  draw  the  tangent  ct. 

By  the  parallels,  cm  cs  ft  ; 
and,  by  theor.  6,  fc  =  ft  ; 
idso,  by  theor.  13,      fc  =  |p  ; 

therefore      -      •  «cM=:^p. 

Again,  by  the  defin.  cm  or  ^p  ;  Mff  :  :  me  :  p^ 
and  consequently        mb  =:  4P  ="  ^^^' 


q.  E.  B, 


Coroi>>  1.  Hence,  of  any  diameter,  the  double  ordinate 
which  passes  through  the  focus,  is  equal  to  the  parameter,  or 
to  quadruple  its  absciss. 


Ctrol,  3.  Hence,  and  fi*om  cor.'  I 
to  theor.  4,  and  theor.  6  and  13,  it 
appears,  that  if  the  directrix  on  be 
drawn,  and  any  lines  hb,  hk,  pa- 
rallel to  the  axis  ;  then  every  parallel 
HB  will  be  equal  to  bf,  or  ^  of  the 
parameter  of  the  diameter  to  the 
points. 


B.  HGHH 


THBOBBM 
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eOMIC  IBCTIOM. 


THBOUW  »▼• 


If  there  be  a  TMigent,  and  any  Liiie  dmwii  from  tibe  Point 
of  Contact  and  meeting  the  Curve  in  aoine  odier  PoiBtt  wm 
•lao  another  Line  ptfailel  to  the  AxiSf  and  linked  bjF  th* 
First  Line  and  the  Tangent :  then  ahall  the  Curve  divide 
this  Second  Line  in  tte  aeaie  RatiO)  as  the  ~ 
divides  the  First  Line. 


That  is, 


IS  :  KK 


CK  $ 


c&. 


For,  draw  lp  paraUel  to  ie*  or  to  the  axis. 


FJL 
PL 
PL 
Ft 


•  • 


ci» 

CK« 

€K 


CP*, 

CL*. 

€L| 

CK.  .  CL 


Then  bjr  theor.  8,  » 
or,  by  stm.  tri.  •  la 
Also,  i^  sim.  trL  ,  la 
or  -  -  -  IK 
therefore  by  equality,  la  t  la  : ;  ex  .  cl 
or,  *  -  -  IS  :  IK  : :  CK  :  CL  ; 
and,  by  divluon,  is  :  bk  : :  ca  :  kl. 

Corol.  When  ea  ss  kl,  then  la  s  na  ss  ^ik. 


ci^i 


«•  B.  n. 


TBBOBBM  XV. 

If  from  any  Point  of  the  Curve  there  be  drawn  a  Tangent, 
and  also  Two  Right  Lines  to  cut  the  Curve ;  and  iKa- 
sneters  be  drawn  through  the  Points  of  Intersectkm  b  and 
L,  meeting  those  Two  Right  Lines  in  two  other  Pninu  a 
and  a :  Then  will  the  Line  ao  joming  these  last  Two 
Poinu  be  paraUel  to  the  Tangent* 


Foa, 
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F0B9  bf  theor.  14,  ck  2  ki»  : :  xi  s 

and  by  composition,  ck  :  cl  s :  ei  s  ki  ; 

and  by  the  parallels  cs  :  cl  : :  gh  :  lh  ; 

B«itv  if  siro.  tri.  •  c&  :  CI.  : ;.  ft!  :  JLH^ 

tlieref.  by  equal.   -  «i  :  ui  : :  oh  :  i.a : 

consequently        -  &i  soh, 

and  iberefi»re       -  jio  i»  parallel  and  equal  to  ih. 


q.  B.  D. 


THSOREM  ZTI. 

If  an  Ordinate  be  drawn  to  the  Point  of  Contact  of  any 
Tangent,  and  another  Ordinate  produced  to  cut  the  Tan- 
gent ;  It  will  be,  as  the  Difference  of  the  Ordinates  : 

Is  0  the  Difference  added  to  the  external  Part  z : 

So  is  Double  the  first  Ordinate  : 

To  the  Sum  of  the  Ordinates. 

That  isi  XH  :  Ki : :  KL :  kg. 


For,  by  cor.  I  theor.  1«  p  :    dc  : :  dc  :  da, 
and        -        -        -      Y  :  2dc  : :  dc  :  dt  orSoA. 
But  ^  um.  trianelesy  ki  :    kc  : :  nc  :  bt  ; 
therefore  by  equafity,    p  :  2dc  ; :  ri  :  kc, 
or,        -        -        -       F  :    KI  :  :  KL  :  xc. 
*  Again,  by  theor.  3,        p :    kh  :  :  kg  :  kc  ; 
therefore  by  equality,  kp  t    ki  :  :  kl  :  kg.  q.  B.  n. 

Corol,  1.    Hence,  by  composition  and  division, 

it  is,  KH  :  KI  :  :  GX  :  01, 

and   HI  :  HK  : :  HK  :  kl, 

also  IH  :  IK  :  :  IK  :  IG  ; 
that  is,  IK  is  a  mean  proportional  between  ig  and  ih. 

Coroi.  3.  And  from  this  last  property  a  tangent  can  easily 
be  drawn  to  the  cunre  from  any  given  point  i.  Namely^  draw 
XHG  perpendicular  to  the  axis,  and  take  ix  a  mean  proporUo- 
nal  between  ui,  ig  ;  then  draw  xc  parallel  to  the  axis,  and  c 
will  be  the  point  of  contact,  through  which  and  the  given 
point  t  the  tangent  ic  is  to  be  drawn. 

TRXOREM 


t 


^A 
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TBEO&BM   XVII. 

If  a  Tangent  cut  anf  Diameter  produced,  and  if  an  Or&iite 
to  that  Diameter  be  drawn  from  the  Point  of  Contact ; 
then  the  Distance  in  the  Diameter  produced,  between  the 
Vertex  and  the  Intersection  of  the  Tangent,  will  be  equal 
to  the  Absciss  of  that  Ordinate. 

X 
That  is,  IE  =  XK. 

For,  by  the  last  th.  ie  :  er  : :  CK  :  kl. 

But,  by  theor.  11,  cs  =  kl, 

and  therefore        ie  =  bk.  C> 

Coroi,  1.  The  two  tangents  ci,  li,  at  the  extremities  of 
any  double  ordinaie  cl,  meet  in  the  same  point  of  the  diame- 
ter of  that  double  ordinate  produced.  And  the  diameter 
drawn  through  the  intersection  of  two  tangents,  bisects  the 
line  connecting  the  points  of  contact 

Corol,  2.  Hence  we  have  another  method  of  drawing  a 
tangent  from  any  given  point  i  without  the  curve.  Namely, 
from  I  draw  the  diameter  ik,  in  which  take  ex  ^  ei,  and 
through  K  draw  cl  parallel  to  the  tangent  at  e  ;  then  c  and  l 
are  tlie  points  to  wiuch  the  tangents  must  be  drawn  from  u 

THEOREM  XVIII. 


If  a  Line  be  drawn  from  the  Vertex  of  any  Diameter,  to  cut 
the  Curve  in  some  other  Point,  and  an  Ordinate  of  that 
Diameter  be  drawn  to  that  Point,  as  also  another  Ordinate 
any  where  cutting  the  Line,  both  produced  if  necessary  : 
The  Three  will  be  continual  Proportionals,  namely,  the  two 
Ordinates  and  the  Part  of  the  Latter  limited  by  the  said  Line 
drawn  from  the  Vertex. 

^       _„   ± 

That  is,  nx,   oh,   gi  are 

continual    proportionab,    ot 

BE  :  OH  :  :  oa  :  gi« 


For,  by  theor,  9,       -     .    -    de»  :  gh* 
and,  by  sim.  tri.        -    -    -    be  :  oi 
there£  by  equality,        -    -     oe  :  gi 
that  is,  of  the  three  ns,  oh,gt,  1st :  3d 
therefore  -        -        -      l)>t :  2d 

that  is,     -        .<        -        •     D£ :  gh 


•  • 


•  • 


•  * 


•  • 


An' : 

Ao; 

■■■^■■•a  «^  ■■* 

An  : 

AG  ; 

BE*: 

OH*; 

lst>: 

3d*; 

2d  : 

3d, 

OH  : 

OX. 

H.  E.  0» 

Corqt. 
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CoroL  1.    Or  their  equals,  ok,  oh,  gi,  are  'pi*oportioiiais ; 
Inhere  e&  is  parallel  to  the  diameter  ad. 

CotqL  2.    Hence  itis  db  ;  A6  :  :  /k 
the  parameter^  or      ao  ;  oi :  :  db 
.  For,  by  the  defin.      ao  :  oh  :  :  oh 

CoroL  3.     Hence  aho  the  three   mn, 
tionals,  where  mo  is  parallel  to  the  diameter^  and  ah  parallel 
to  the  ordinates. 

For^  by  theor.  9,    -    mn,  mi,  mo, 

or  their  equals       -    ap,  ao,  ad, 

are  as  the  squares  of   pn,  oh,  db, 

or  of  their  equals       gi,  oh,  gk, 

which  are  proportionals  by  cor.,  l . 


:  GI,  where  p  is 

I  ft. 

Mi>  MO,  are  propor^ 


THBORBV  XIX. 


If  a  Diameter  cut  any  Parallel  Lines  terminated  by  the  Curve; 
.  the  Segments  of  the  Diameter  will  be  as  the  Rectangle  of 
\  the  Segments  of  tfiose  Lines. 

That  is,  BK  :  bm  :  t  ck  .  kl  :  nm  .  mo. 
Or,      £B  is  as  the  rectangle  cb  .  bl. 

For,  draw  the  diameter 
pa  to  which  the  parallels 
CL,  KO  are  ordinates,  and 
the  ordinate  sq  parallel  to 
them. 

Then  cK  is  the  difTer- 
ence,  and  bl'  the  sum  of 
the  ordinates  sq,  cr  ;  also 
MM  the  difference,  and  mo  the  sum  of  the  ordinates  sq,  ks. 
And  the  differences  of  the  abscisses,  are  qa,  qs,  or  ek,  bm. 

Then  by  cor.  theor.  9,  qR 
that  is        -        -         BB 

CoT^l.  K  The  rect.  cr  .  bi.  s  rect.  bb  and  the  param.  of  ps^ 
For  the  rect  cb  .  bl  s  rect.  qR  and  the  param.  of  ps. 

Corol,  2.  If  any  line  ci.  be  cut  by  two  diameters,  kb,  gh  ; 
the  rectangles  of  the  parts  of  the  line,  are  as  the  segments  of 
the  diameters. 

For  BB  is  as  the  rectangle  cb  .  bl. 
and  OR  is  as  the  rectangle  gh  .  hl  ; 
therefore  bb  :  gb-:  :  ck  .  ki.  :  en  •  hl. 

CtroL 


qs  : 

EM  • 


CK 

CB 


BL 


NM 
NM 


MO, 
MO. 
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Cbro/.  3.  If  two  imndleh,  cl,  ko,  be  cut  by  two  dSanie- 
tcrs,  BM,  Gi  t  the  rectangles  of  the  parts  of  the  parallels,  will 
be  as  the  segmeou  of  tbe  retpective  duineters« 

For     -        -         «    BE  :  EM  :  :  CE  •  &I.  s  NM  .  MO, 
and     -     *    -        •     BE  ;  6B  : :  CE  •  EL  :  GH  .  Uhf 
theref.  by  equal.       bm  :  oh  : :  nm  .  mo  :  ch  .  hl. 
Corol.  4.    When  the  pErallels  como  iolo  the  podtioB  of 
the  tangent  at  p,  their  two  extreinitieit»  or  poinu  in  the  cnnw, 
unite  in  the  point  of  contaet  p  ;  and  the  rectangle  of  the  parte 
becomes  the  squorv  of  the  tangcsnt,  and  the  aame  propertiea 
still  follow  them. 

So  that)  BT  :  FY  I':  pv  :  /k  the  param. 
ow  :  pw  :  2  pw  :  /k» 
BV  :  cw : :  PV* :  PW* » 
Bv :  OH  : :  pv'  '•  ch  •  blv 


THBOBBil  XX. 

If  two|ParaIlel8  intersect  any  other  two  Parallels;  the  Rect- 
angles of  the  Segments  will  be  respectively  ProportMoaL 

That  is,  ec .  EL :  ml.,  eb  : :  gi  .  ib  s  hi  •  m* 


For,  by  cor.  3  theor.  33,    pe  :  qi :  :  ck  •  el  :  oi  •  la  ; 
and  by  the  same,  pe  :  qi  : :  de  .  eb  s  mi  .  io  ; 

theref.  by  equal,  ce  .  el  :  de  .  be  :  :  oi  .  ih  :  xi  .  io. 

CoroL  When  one  of  the  pairs  of  intersecting  lines  comes 
into  the  position  of  their  parallel  tangents,  meeting  and  limit- 
ing each  other,  the  rectangles  of  their  segmenu  become  the 
squai*es  of  their  respective  tangente.  So  that  the  constant 
ratio  of  the  rectangles,  is  that  of  the  square  of  their  parallel 
tangents,  namely,. 
CK.  el:dk  .  eb  : :  tang* .  parallel  to  cl  :taDg*  •  paraltel  to  Ml* 

THBOitEM  XXI. 

If  there  be  Three  Tangents  intersectbg  each  other;  their 
Segments  will  be  in  the  same  Proportion. 

That 
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That  ill  61 :  iH::GO:aD  ::db  sue. 

For,  through  the  points 
e,  I,  D,  Hi  draw  the  diame- 
ters   GK,    IL.  DM,    BN  ;   M 

also  the  lines  ci,  ki,  which 

are  double  ordinates  to  the 

diiametert  ok,  hm,  by  cor.  I 

theor   1 6  ;  therefore 

dte  diameters  ok,  du,  ■») 

bisectthe  lines  CL,GK,  lb; 

hence  kh  =  cm  -ck  =  *cb  -Scl  =  5«=  t«  or  am, 

audlfir  =  ME-KK1=  ^C2  — -^LX  =  jCLss  GK  Of  KL. 

But,  by  parallels,  oi  t  is  :  :  kl  :  ln* 
and         -         -      CO  :  sd  :  i  ck  :  kMi 
^80        -         -      DB  :  SB  : :  HH  :  nb. 
But  the  sd  terms        kl,  ck,  kn  are  all  equal ; 
as  also  the  tth  terras   lk,  km,  nk. 
Therefore  the  first  and  second  terms,  in  all  the  lines,  are 
proportionai^  namely  oi  :  ih  1 1  co  i  on  i  :  dh  :  hb.      4.  >.  d; 

THKOKBK  Zxn. 

If  a  Rectangle  be  described  about  a  Parabola,  haling  the 
same  Base  and  Altitude  ;  and  a  diagonal  Line  be  drawa 
from  the  Vertex  to  the  Extremity  of  the  Base  of  the  Para- 
bola, forming  a  right-angled  Triangle,  of  the  same  Baso 
and  Altitude  also ;  then  any  Line  or  Ordinate,  drawn  across 
the  three  Figures,  perpendicular  to  the  Axis,  will  be  cut  in 
Cootmual  Proportion  by  the  Sides  of  those  Figures. 


That  is, 
BF  :  BO  i  :  BO  :  >S) 
Or,  ir,  BO,  EH,  are  in  con- 
tinued proportion. 


^^ 


S  C 


toB,  by  tbeor.  1>  ab  :  ab  : 
mi,  by  uro.  tri.  •  an  :  ab  : 
thereL  of  equality,  -  bf  :  vc  : 
that  is        .  -     BF  :  BH  : 

theref.  by  Geom.  th.  78,  bf,  bo,  bh  are  proportionals. 
Or  -         -         •    B'  :  xo  :  :  BO  I  EH.  «•  ■■  &• 


Vol.  I. 
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TKSOABM  ZXIII. 

The  Am  w  Space  of  a  Parabola,  it  equal  to  Two^Thirda  of 

iu  Circumscribing  Paralielogranu 

That  ia,  the  apace  abgoa  s=:  |  abcd  ; 
or,  the  apace  adcoa  s^  \  abcd. 

Fob,  conceive  the  space  adcoa  to'  be  composed  ^  or 
divided  into*  indefinitely  amall  parts,  by  lines  parallel  to 
DC  or  ABf  such  as  lo,  which  divide  ad  into  like  small  and 
equal  parts,  the  number  or  sum  of  which  is  expressed  by  Uie 
line  AD.     Then, 

by  the  parabola,  bc*  :  bo*  :';  ab  :  ab^ 
that  is,        -       AD* :  Ai^  :  :  DC  :  lO. 

Hence  It  follows,  that  any  one  of  these  narraw  partS|  aa 

DC 

i^  ib  ss  —  X  Ai' ;   hence,    ad   and  dc   being  given   or 

AD* 

constant  quantities,  it  appears  that  the  sud  parts  lo,  Sec,  are 
proportional  to  ai'  ,  fcc,  or  proportional  to  a  series  of  square 
numbers,  whose  roob»  are  in  arithmetical  progression,  and  the^ 

DC 

area  adcoa  equal  to  —  drawn  into  the  sum  of  such  a  series 

AD» 

of  arithmeticals,  the  number  of  which  is  expressed  by  ad. 

.  Now,  by  the  remark  at  pag.  327  this  vol.  the  sum  of  the 
squares  of  such  a  series  of  arithmeticals,  is  expressed  by 

^n.n4.l.  2n-fl,  where  n  denotes  the  number  of  them. 
In  the  'present  case,  n  represents  an  infinite  number,  and 
then  the  two&ctorsn  +  h^n+  1,  become  only  n  and  Sn, 
omitting  the  I  as  inconsiderable  in  respect  of  the  infinite 
number  n-:    hence  the  expression  above   becomes   barely 

To  apply  this  to  the  case  above :  n  will  denote  ad  or  bc  ; 
and  the  sum  of  all  the  ai^'s  becomes  \  ad*  or  |  bc*  ;  conse* 

DC  DC 

quently  the  sum  of  all  the —  X  ai*'s,  is  — -    x    ^  ad*  es 

•AD*  AD* 

4ad  •  DC  as  f  BD,  wbich  is  the  area  of  the  exterior  part  adcoa* 
That  is,  the  said  exterior  part  adcoa,  is  4  of  the  parallelo- 
giam  abcd  ;  and  consequently  the  interior  part  abcoa  is{ 
ii  the  same  parallelogram.  q.  b.  d. 
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Carol  The  part  afcga,  inclosed  between  the  curve  and 
•the  right  line  afc^  is  \  of  the  same  parallelogram^  being  the 
difference  between  abcoa  and  the  triangle  ABcrA»  that  is, 
1>etween  |  and  \  of  the  pamlielogram. 

TBSORBM   XXIT. 

The  Solid  Content  of  a  Paraboloid  (or  Solid  generated  by 
the  Kotation  of  a  Parabola  about  its  Axis),  is  equal  to  Half 
its  Circumscribing  Cylinder. 

Let  asc  be  a  paraboloid,  generated  by  the  rotation  of 
the  parabola  ac  about  its  axis  ad.  Suppose  the  axis  ao  be 
divided  into  -an  infinite  number  of  equal  pafts,  through 
vhich'  let  circular  planes  pass,  as  bfg,  all  those  circles  mak- 
ing up  the  whole  solid  paraboloid. 

Now   if   c  s=  the  number     J]^ 
3*1416,  then  2c    X    9Q  is  the 
circumference  of  the  circle  efg 
whose  radius  is  fo  ;  therefore 
e  X  vo*  is  the  area  of  that  circle. 

But,  by  cor.  theor.  1,  Parabola, /k  x  af  =  fg*  ,  where  > 
denotes  the  parameter  of  the  parabola ;  consequently  fie  x  aw 
will  also  express  the  same  circular  section  eo,  and  therefore 
fie  X  the  sum  of  all  the  af*s  will  be  the  sum  of  all  those 
circular  sections,  or  the  whole  content  of  the  solid  para- 
beloid. 

But  all  the  af's  form  an  arithmetical  progression,  begin- 
nlng  at  0  or  nothing,  and  having  the  greatest  term  and  the 
sum  of  all  the- terms  each  expressed  by  the  whole  axis  ad. 
And  since  the  sum  of  all  the  terms  of  such  a  progression,  is 
equal  to  -^  ad  x  ad  or  |  ad*  ,  half  the  product  of  the  greatest 
term  and  the  number  of  terms  ;  therefore  \  ad*  is  equal  to 
the  sum  of  all  the  af's,  and  consequently /re  x  i  ad*  ,  or  ^  r 
X  fi  X  AD* ,  is  the  sum  oS  all  the  circular  sections,  or  the 
oontent  of  the  parabolpid. 

DC* 

;   But,  by  the  parabola,^  :  dc  : :  dc  :  ad,  or /is  — - ;   con- 

.   AD 

seqtiently \e  X  fi  X  ad* becomes |  c  x  ad  X  dc* for  the 
solid  content  of  the  paraboloid.  But  c  x  ad  x  dc*  is  equal 
to  the  cylinder  bcih  ;  consequentlyithe  paraboloid  is  the  half 
ef  its  circumscribing  cylinder*  q.  b.  j». 
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The  Solidity  of  thflFnmuniBEacof  the  Pantboloid,  U  eqnd 
to  a  Cylinder  whose  H>:igbt  n   df,  and  its  Base  Half  the 
Sum  of  ihe  two  Circular  Uweasa,  ■«. 
Fok,  bj  the  Uit  theor.  }^  x  ad*  =:  the  solid  abc> 
ind,  by  the  umc,  ifie  xaf*—  the  solid  aio, 

theref.  the  diff.  \ftex(^o^  — Ai^jsiUte  frusLBK«c» 

But  AD»  -  AF»  s=  DF  X   (ad  +  AF), 

theref.  i  />c  X  or  X  (ad  -f  af)  =  the  fhist.  »oc. 
But,  bylhe  p»rab./i  X  Ao  =  oc* ,  aad  ft  x  af  =  fo*j 
theref.  i  c  X  df  X  (dc*  +aa*)  =  thefruit.  bkoc 

q  B.  n. 


1.  For  tlu  MlSfite. 

Let  d  dmou  AB.  tbe  .tnuverM,  or  ai^  diimetep ; 

.     c  s  iR  its  cooiugale ; 

'   x=  AKf  mj  Bbscies,  from  the extrenUj  of  the  divm. 

y  s  dk  the  corre^ModoiU  ordiDalc. 
ThcBi  ihcor.  S,  ab*  :  hi*  : :  ak  .  xb  :  dk*  , 
that  ii,  (P  !  e» :  !  x{d—x)  :  y»  ,  hence  rf'j/*  s=  e«  (*tr— *■  V     ■ 
cr  dy  =  e  ^  (djc— j:*  ),  the  equatioo  of  the  curve. 

And  from  tbeie  equation*,  any  one  of  the  four  letter*  or 
quantities,  1^  c,  JTi  Vi  nuy  easily  be  found,  by  the  reducuooof 
•quations,  when  the  other  three  are  gireo. 

Or,  if  ft  cteDote  the  parunetcr,  =»  c*  •>-  d  by  its  definition } 
then, b^ cor.  tb.  3, d.tpti ^d-^x) :  y* , or  4y*  s ft- {dx—x*), 
Which  w  uwUier  bna  of  the  equBtion  of  the  «unr«. 
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OtkervfUe. 

I 

Or,  if  d  =5  AC  the  semiaxis;  c  =s  ch  the  setniconj agate  i 
/issiC*  -^  dihe  semi  parameter  ;  x  =>  ck  the  absciss  counted 
fiH>m  the  centre ;  and  y  ==:  dr  the  ordinate  aa  before. 
Then  is  ak  =d— jt,  and  %b  ssd^Xy  and  a&  •  kb  =  (r/—  x)x . 
(rf  +  J?)  =  rf«  —  x»  . 

Then,  byth.2,d"  :  f«  : :  cP  — x* :  y« ,  and  rf«y'=»f'(d«  - *»), 
or  <iy  =B  c  \/  ((/*-*-  ^*  )i  the  equation  of  the  curve. 

Or,  </  :  ^  :  :  J«  —  JB* :  y» ,  and  dy*  ea  /i  (d*  —jp*  ),  another 
'form  of  the  equation  to  the  cunre ;  from  which  any  one  of  the 
quantities  may  be  found,  when  the  rest  are  given. 

2.  JFor  the  Hy/ierbola. 

Because  the  general  property  of  the  opposite  hyperbolas, 
with  respect  to  their  abscisses  and  ordinates,  b  the  same  as 
that  of  the  ellipse,  therefore  the  process  here  is  the  veiy  same 
as  in  the  foi:mer  case  for  the  ellipse ;  and  the  equation  to  the 
curve  must  come  out  the  same  also,  with  sometimes  only  the 
change  of  the  sign  of  a  letter  or  term  from  +  to  — ,  or  from 
—  to  +,  because  here  the  abscisses  lie  beyond  or  without 
the  transverse  diameter,  whereas  they  lie  between  or  upon 
them  in  the  ellipse.  Thus,  making  the  same  notation  for  the 
whole  diameter,  conjugate,  absciss,  and  ordinate,  as  at  first  in 
the  ellipse ;  then,  the  one  absciss  ak  being  or,  the  other  bk 
will  bod+  Xj  which  in  the  ellipse  was  g^  —  j?  ;  so  the  sign 
of  X  must  be  changed  in  the  general  property  and  equation, 
by  which  it  becomes  cP  :  c'  : ; :  jr  (</  +  ^)  •  y'  ;  hence  rf*y*  =5 
c*  (dx  +  X*  )  and  dy  ssc  ^  (dx  +  x*  ),  the  equation  of  the 
curve. 

Or,  using  A  the  parameter  as  before,  it  is,  </ :  y^ : :  x^d-^x^z 
y',  or  dy^  ssffi  (dx  +  x*  ),  another  form  of  the  equation  to 
the  curve. 

Otherwuefby  using  the  same  letters  </,  r,  /i,  for  the  halves 
of  the  diameters  and  parameter,  and  x  for  the  al^sciss  ck 
counted  from  the  centre ;  then  is  ak  =r  a?  —  £{,  and  bk  =  a:  -f-cf, 
and  the  property  d*:  c* :  :  (x  -^  d)x(x  +  d):  y* ,  gives 
d*y*  =  t»(a?»  -  d'),or<;^s=  c  vC*^  —  cf»J,where  the  signs ef 
iP  and  X*  are  changed  from  what  they  were  in  the  ellipse. 

Or  again,  using  the  semiparameter,  d  :/k : :  x*  —  (P  :  y'  , 
and  dy^  c=s  fi  (x^  —  cP  )  the  equation  of  the  curve. 

But  for  the  conjugate  hyperbola,  as  in  the  figure  to  theo- 
rem 3,  the  signs  of  both  j^  and  d!^  will  be  positive  ;  for  the 
]property  in  that  theorem  being  ca^  :  ca* : :  co'  +  ca'  :  d^  , 

"  it 
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it  is  cP  :  «• : :  jr«  +  d*  :  y*  =  D<r«,  or  d*y*  aa  c*  (js*  -fd*,  and 
dy  ^c  ^  (x*  4-  <^*)«  the  equation  to  the  conjugate  hyperbofau 
Or,  as  (/  I  ft  II  x^^d^:  y<  ,and<^y*  ^p  (x*  +i^  ),ai90lbe 
equation  to  the  same  curve. ' 

On  the  £ftiati<m  to  the  Hyfierbola  between  the  Atymfitote*^ 

Let  CR  and  cb  be  the  two  asjrmptotes  to 
the  hypertioU  dwD^  its  vertex  being  f,  and 
KF,  l>dn  AF,  BD  ordinates  parallel  to  the 
asymptotes.  Put  AF^or  ef  =a  a.  cb  =»  x, 
and  BD  s  y.  Then,  by  theor.  29,  af  .  kf 
a  CB  .  BD9  or  o'  rs  a?y,  the  equation  to  the 
hyperbola^  when  the  abscisses  and  ordinatea 
are  taken  parallel  to  the  asymptotes. 

3.  For  the  Parabola, 

If  £  denote  any  absciss  beginning  at  the  verteiL,  and  y  its 
ordinate,  also  ft  the  parameter.  Then,  by  cor.  theorem  !» 
aa  :  KD  : :  KD :  /k,  or  x  lyiiy  ip\  hence  fix  s  y*  is  the 
equaUon  to  the  parabola. 

4.  For  the  Circle. 

Because  the  drcle  is  only  a  species  of  the  ellipse,  in  whidn 
the  two  axes  are  equal  to  each  other  ;  therefore^  making  the 
two  diameters  d  and  c  equil  in  the  foregoing  equations  to  the 
ellipse,  they  become  y'  =  (fx.-x*  ,  when  the  absciss  x  begins 
at  the  vertex  of  the  diameter:  andy' sacf' ->x*i  when  the 
Bbaciss  begins  at  the  centre. 

SrAo/ium. 

In  everyone  of  these  equations,  we  perceive  that  they  rise 
to  the  2d  or  quadratic  degree,  or  to  two  dimensions  ;  which 
k  also  the  number  of  points  in  which  every  one  of  these 
curves  may  be  cut  by  a  right  line.  Hence  it  is  also  that  these' 
four  curves  are  said  to  be  lines  of  the  3d  order.  And  these 
four  arc  all  the  lines  that  are  of  that  order,  every  other  curve 
being  of  some  higher,  or  having  some  higher  equationi  or 
may  be  ctit  in  more  pobts  by  a  right  line. 
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ELEMENTS  OF  ISOPERIMETRY. 

m 

Def,  I.  When  a  variable  quantity  has  its  mutations  rog^* 
lited  by  a  certain  law,  or  confined  within  certain  litnitS)  it  is 
•ailed  a  maxinAtm  when  it  has  reached  the  greatest  magni- 
tude it  can  possibly  attain  ^  and,  on  the  contrary,  when  it 
has  arrived  at  the  least  possible  ma^itude,  it  is  called  a. 
minimum, 

Def.  3.      laofterimeiersj   or  iMOfierimetrieal   Jlguretj  are 
Ihose  which  have  equal  perimeters. 

Def.  3      The  Lociu  of  any  point,  or  intersection^  &c,  i» 
fixe  right  line  or  curve  in  which  these  are  always  situated. 

The  problem  in  which  it  is  required  to  find,  among  figures 
of  the  same  or  of  different  kinds,  those  which  within  equal 
perimeters,  shall  comprehend  the  greatest  surfaces,  has  long 
'engaged  the  attention  of  mathematicians.  Since  the  admir- 
able invention  of  the  metht>d  of  Fluxions^  this  problem  t)aa 
been  elegantly  n*eated  by  some  of  the  writers  on  that  branch 
of  analy&is  ;  especially  by  Maclaurin  and  Simpson.  A  Qiuch 
more  extensiye  problem  was  invesiig^ated  at  the  tiriVe  of 
^  the  war  of  problems,"  between  the  two  brothers  John  and 
James  Bernoulli :  namely,  ^  To  find,  among  all  the  isoperi- 
metrical  curves  between  given  limits,  such  a  curve,  that  con- 
structing a  second  curve,  the  ovdinates  of  which  shall  be 
functions  of  the  ordinates  or  arcs  of  the  former,  the  area  of 
the  second  curve  shall  be  a  maximum  or  a  minimum/'  Wbile^ 
however,  the  attention  of  mathematicians  was  drawn  to  tho 
most  abstruse  inquiries  coimected  with  isoperimetry,  the  ^ie» 
mentB  of  the  subject  were  lost  sight  of.  Simpson  was  the  first 
who  called  them  back  to  this  interesting  branch  of  research, 
by  giving  in  his  neat  little  book  of  Geometry  a  chapter  on  the 
maxima  and  minima  of  geometrical  quantities,  and  some  of 
the  simplest  problems  concerning  isoperimeters.  The  next 
who  treated  this  subject  in  an  elementary  manner  was  Simon 
Lhuillier,  of  Geneva,  who  in  17^2,  published  his  ti^eatis* 
De  Reiaiione  mutua  Capacitate  et  Ttrminorum  Figurarunii 
&c.  His  principal  oj^ject  in  the  composition  of  that  work 
was  to  supply  the  deficiency  in  this  respect  which  he  tound  in 
most  of  the  elementary  Courses,  and  to  determine,  with  re* 
gard  to  both,  the  most  usual  surfaces  and  solids,  those  which 
possessed  the  minimum  of  contour  \^th  the  same  capacity  ; 
and,  reciprocally,  the  maximum  of  c:ipacity  with  the  same 
boundary.     M.  Legend  re  has  also  considered  the  sume  sub* 

C'  ct  in  a  manner  somewhat  different  from  either  Simpson  or 
huillier^  in  hia  £lcMicnt$  de  G^om^$ri<,    An  elegant  geome- 
trical 
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trical  tract,  on  the  same  subject,  was  also  s^Fen,  bf  Dr.  Hon- 
ley,  in  the  Philos.  Trans,  vd.  75,  for  1775  ;  contained  also  in 
the  New  Abridgment,  vol.  13,  page  653.  The  chief  proposi- 
tions deduced  by  these  four  geometers,  together  with  a  fev 
additional  propositions,  are  reduced  into  one  sjrstcm  in  the 
following  theorems. 


SECTION  I.    SURFACES. 

THBORKM   Z. 

Ofall  Triangles  of  the  same  Base,  and  whose  Vertices  &11 
in  a  right  Line  given  in  Position,  the  one  whose  Perimeter 
Is  a  Minimum  is  that  whose  sides  are  equally  inclined  to 
that  Line. 

Let  A  B  be  the  common  base  of  a  series  of  triangles  abc% 
ABC,  tec,  whose  yertices  c\  c,  fall  in  the  right  line  lm»  given 
in  position,  then  is  the  triangle  of  least 
perimeter  that  whose  sides  ac,  bc,  are 
inclined  to  the  line  lm  in  equal  angles. 


For,  let  BM  be  drawn  fixmi  b,  per- 
pendicularly to  Lie,  and  produced  till 
DM  s  BM  :  join  Ao,  and  from  the  point 
c  where  ao  cuts  lm  draw  bc  :  also,  from  any  other  point  c', 
assumed  in  LM,  draw  c'a«  c'b,  c'd.  Then  the  triangles  dmC) 
BMC,  having  the  angle  dcm  =s  angle  acl  (th.  7  Greom.)  ss 
MCB  (by  hyp.),  dmc  sb  bmc«  and  dm  ss  bm,  and  mc  common 
to  both»  have  also  oc  =  bc  (th.  1  Geom») 

So  also,  we  have  c'd  =  c'b.  Hence  ac  +  cb  =»  ac  -{-  cd 
S3  AB,  is  less  than  ac'  -f  c'o  (theor.  10  Geom.),  O'^  ih^n  its 
equal  ac'  +  c'b.  And  consequently,  ab  ~h  bc  -f-  ac  is  less 
than  AB  +  bc'  4.  ac'.     q.  k.  n. 

Cor,  1 .  Of  all  triangles  of  the  same  base  and  the  same  al- 
titude, or  of  all  equal  triangles  of  the  same  base,  the  isosceles 
triangle  has  tlie  smallest  perimeter. 

For,  the  locus  of  the  vertices  of  all  triangles  of  the  same 
altitude  will  be  a  right  line  vh  fiarallel  to  the  base ;  and 
when  LM  in  the  above  figure  becum  «;  parallel  to  ab,  since 

MCB  ss  ACLt    MCB  3=    CBA    (th.    13    Goom  ),   ACL  =:  CAB;    It 

follows  that  CAB  =s  CBAy  and  consequently  ac  si^cb  (th.  4 
Geom.). 

Cor.  2.  Of  all  triangles  of  the  same  surface^  that  which 
hiift  the  minimum  perimeter  is  equilateral. 

For 
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For  the  triangle  of  the  smallest  perimeter,  with  the  same 
surBice,  must  be  isosceles,  whichever  of  the  sides  be  consid- 
ered as  base :  therefore,  the  triangle  of  smallest  perimeter 
has  each  two  or  each  pair  of  its  sides  equal,  and  consequently 
it  is  equiiatei-al. 

Cor,  3.  Of  all  rectilinear  figures,  with  a  -given  magnitude 
and  a  given  number  of  sides,  that  which  has  the  smallest  pe- 
rimeter is  equilateral. 

For  so  long  as  any  two  adjacent  sides  are  not  equal,  we  may 
draw  a  diagonal  to  become  a  base  to  those  two  sides,  and  then 
draw  an  isosceles  triangle  equal  to  the  triangle  so  cut  off,  but 
of  less  perimeter  :  whence  the  corollory  is  manifest. 


SchoSum, 

To  illustrate  the  second  corollory  above,  the  student  may 
proceed  thus  :  assuming  an  isosceles  triangle  whose  base  is 
not  equal  to  either  of  the  two  sides,  and  then,  taking  for  a  new 
base  one  of  those  sides  of  that  triangle,  he  may  construct  an* 
other  isosceles  triangle  equal  to  it,  but  a  smaller  perimeter. 
Afterwards,  if  the  base  and  sides  of  this  second  isosceles  tri- 
angle are  not  respectively  equal,  he  may  construct  a  third 
isosceles  triangle  equal  to  it,  but  of  a  still  smaller  perimeter : 
and  so  on,  by  performing  these  successive  operations,  he  will 
find  that  all  the  triangles  will  approach  nearer  and  nearer 
to  an  equilateral  triangle. 


THEORBM  II. 

Of  all  Triangles  of  the  Same  Base,  and  of  Equal  Perimeters, 
the  Isosceles  Triangle  has  the  Greatest  Surfieice. 

Let  ABC,  ABD,  be  two  triangles  of  the  same 
base  AB  and  with  equal  perimeters,  of  which 
the  one  abc  is  isosceles,  the  other  is  not : 
then  the  triangle  abc  has  a  surface  (or  an 
altitude)  greater  than  the  surface  (or  than 
the  altitude)  of  the  triangle  abd. 

Draw  c'd  through  n,  parallel  to  ab,  to     A      K       B 
cut  CE  (drawn  perpendiculai*  to  ab)  in  c' :  then  it  is  to  be  de- 
monstrated that  CE  is  greater  than  c'e. 

The  triangles  ac'b,  aob,  are  equal  bothin  base  and  altitude ; 
but  the  triangle  ac'b  is  isosceles,  while  adb  is  scalene :  there- 
fore the  triangle  ac'b  has  a  smaller  perimeter  than  the  trtangTe 
adb  (th.  1  cor.  t),  or  than  acb  (by  hyp.)    Consequently  ag' 

Vol.  I.  Z  z  2  <  ac  . 
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<  AC  ;  and  in  the  rin^ht-vigled  trianftl^  abc^  akc,  having  ak 
common!  we  have  c's  <  cb*.    q.  k.  i>. 

Cor  Of  all  iaoperimetiical  figtircSf  of  which  the  nmnbcr 
of  sidet  is  given,  that  which  ia  the  greateat  has  all  Ha  aides 
equal.  And  in  particuUr,  of  ail  isoperinietrical  trianglest  that 
'  whose  sur&ce  is  a  maxim nniy  ia  equilateral. 

For,  ao  long  as  any  two  adjacent  aides  are  not  equal,  the  sur- 
face may  be  augmented  without  increasing  the  perimeter. 

Remark  Nearly  as  in  this  theorem  may  it  be  psYnred 
that,  of  all  triangles  of  equal  heigbta,  and  of  whieh  the  sum 
of  the  two  sides  is  equal,  that  which  is  iiosceleabas  the  great* 
est  base.  And,  of  all  triangles  standing  on  the  same  bate 
and  having  equal  vertical  anglea,  the  isosceles  one  is  the 
greatest. 

THXOaBM  m. 

Of  all  Right  Lines  that  can  be  drawn  through  a  Given  Point, 
between  Two  Right  Lines  Given  in  Position,  that  which  is 
Bisected  by  the  Given  Point  forms  with  the  other  two  Lines 
the  Least  Triangle. 

Of  all  right  lines  on,  ab,  on,  that 
can  be  drawn  throtigh  a  given  point 
p  to  cut  the  right  lines  ga,  gb,  given 
in  position,  that  ab,  which  is  bisect- 
ed by  the  given  point  p,  forms  with 
ca,  CD,  the  least  triangle,  abc. 

For,  let  BE  be  drawn  through  a 
parallel  to  en,  meeting  na  (pniidu-  ^ 

ced  if  necessary)  in  b  ;  then  the  triangles  pbd,  pab,  areman- 
ifesQy  equiangular ;  and,  sbce  the  corresponding  sides  PBt  pa 
are  equal,  the  triangles  are  equal  also.  Hence  PBfr  will  be 
less  or  greater  than  fag,  according  as  co  is  greater  or  less 
than  c  A.  In  the  former  case,  let  pacd,  which  is  common,  be 
added  to  both  ;  then  will  bac  be  less  than  boc  (ax.  4  Geonu). 
In  the  latter  case,  if  pgcb  be  added,  oco  will  be  greater  than 
bac;  and  consequently  in  this  case  also  bag  is  less  than 
ncG.     <t'  B*  n 

Cor,  If  pM  and  fn  be  drawn  parallel  to  cb  and  c  a  re- 
spectively, the  two  triangles  pam,  pbn,  will  be  equal,  and 


gT^om      c 


*  When  two  matlienutical  quantitiei  are  separated  by  the  character 
< ,  it  denotes  that  the  preceding  quantity  ia  U99  than  the  succeeding 
one :  when,  on  the  contrary^the  separating  character  is  > ,  it  denotes 
that  tlie  preceding  quantity  ingrtatar  than  the  succeeding  one 

th^se 
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these  twt)  taken  tog^ether  (since  am  =s  pn=  mc)  will  be  equal 
to  the  parallelogram  pmcm  :  and  consequently  the  parallelo- 
gram PMCN  is  equal  to  half  abc.  but  less  than  halt  not. 
From  which  it  follows  (consistently  with  both  the  alf^ebraical 
and  geometrical  solution  of  prob  8,  Application  of  Algebra 
to  Geometry),  that  a  parallelogram  is  always  less  than  half  a 
triangle  in  which  it  is  inscribed,  except  when  the  base  of  the 
one  is  half  the  base  of  the  other,  or  the  height  of  the  former 
half  the  height  of  the  latter  ;  in  which  case  the  parallelogram 
is  just  half  the  triangle  :  this  being;  the  maximum  parallelo- 
gram inscribed  in  the  triangle. 


SchoUum. 

From  the  preceding  corollary  it  might  easily  be  shown, 
that  the  least  triangle  which  can  possibly  be  described  about, 
and  the  greatest  parallelog^m  which  can  be  inscribed  in>  any 
curve  concave  to  its  axis,  will  be  when  the  subtangent  is  equal 
to  half  the  base  of  the  triangle,  or  to  the  whole  base  of  the 
parallelogram  :  and  that  the  two  figures  will  be  in  the  initio  of 
3  to  1 .    But  this  is  foreign  to  the  present  enquiiy . 


THEOREM   IV. 

Of  all  Triangles  in  which  two  Sides  are  Given  in  Magnitude, 
the  Greatest  is  that  in  which  the  two  Given  Sides  are  Per- 
pendicular to  each  other. 

For,  assuming  for  base  one  of  the  given  sides,  the  surface 
is  proportional  to  the  perpendicular  let  fall  upon  that  side 
fi*om  the  opposite  extremity  of  the  other  given  side :  there- 
fore, the  surface  is  the  greatest  when  that  perpendicular  is 
the  greatest ;  that  is  to  say,  when  the  other  side  is  not  in- 
clined to  that  perpendicular,  but  coinddes  with  it :  hence  the 
sur&ce  is  a  maximum  when  the  two  given  sides  are  perpendi- 
cular to  each  other. 

Othcrmee.  Since  the  surface  of  a  triangle,  in  which  two 
sides  are  given,  is  proportional  to  the  sine  of  the  angle  in- 
cluded between  those  two  sides ;  it  follows,  that  the  tnangle 
is  the  greatest  when  that  sine  is  the  greatest :  but  the  greatest 
sine  is  the  sine  total,  or  the  sine  of  a  quadrant ;  therefore  the 
two  sides  given  make  a  quadrantal  angle,  or  are  perpendicular 
to  each  other,    q.  b.  d. 

THEOREM 
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TRSOaSM  V. 

Of  all  Rectilinear  Figures  in  which  all  the  Sides  except  one 
are  known,  the  Greatest  is  that  which  may  be  Inscribed  in 
a  Semicircle  whose  Diameter  is  that  Unknown  Side. 

For,  if  you  suppose  the  contrary  to  be  the  case,  tl)cn  when- 
ever the  figure  made  with  the  sides  given,  and  the  side  un- 
known is  not  inscribable  in  a  semicircle  of  which  this  latter 
is  the  diameter,  viz,  whenever  any  one  of  the  angles,  formed 
by  lines  drawn  from  the  extremities  of  the  unknown  ude  to 
one  of  the  summits  of  the  figure,  b  not  a  right  angle;  we 
may  make  a  figure  greater  than  it,  in  which  that  angle  shall 
be  right,  and  which  shall  only  dlfier  from  it  in  that  respect : 
therefore,  whenever  all  the  angles  formed  by  right  lines 
drawn  from  the  several  vertices  of  the  figure  to  the  extremi- 
ties of  the  unknown  line,  are  not  right  angles,  or  do  not  fall 
in  the  circumference  of  a  semicircle,  the  figure  is  not  in  its 
maximum  state,    q-  e.  n. 


THSOEEM  TI. 

Of  all  Figures  made  with  sides  Given  in  Number  and  Mag- 
nitude, that  which  may  be  Inscribed  in  a  Circle  is  the 
Greatest. 

Let  ABCDBFG  be  the 
polygon  in8cribed,and 
a^c</^a polygon  with 
equal  sides,  but  not  in- 
scribable in  a  circle  ; 
so  that  AB»a6,BC««dr, 
&c ;  it  is  affirmed  that 
the  polygon  abcdefo 
is  greater  than  the  polygon  abcdefg. 

Draw  the  diameter  rp  \  join  ap,  pb  ;  upon  ab  cs  ab  make 
the  triangle  abfi^  equal  in  all  respects  to  abp  \  and  join  eft. 
Then,  of  the  two  figures  <?c/c6^,^i^<r,  one  at  least  is  not  (by 
hyp.)  inscribable  in  the  semicircle  of  which  eft  is  the  diame- 
ter. Consequently,  one  at  least  of  these  two  figures  is  smaller 
than  the  corresponding  part  of  the  figure  apbcdevg  (th.  5). 
Therefore  the  figure  apbcbefg  is  greater  than  the  figure 
afibcdefg  :  and  if  from  these  there  be  taken  away  the  respec- 
tive triangles  Avn,  afib^  which  are  equal  by  construction,  there 
will  remam  (ax.  5  Geom.)  the  polygon  abcdefo  greater  than 
the  polygon  abcdefg,    <^,  e.  n. 

THEOREM 
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THEOREM  VII. 


The  Magnitude  of  the  Greatest  Polygon  which  can  be  con- 
tained under  any  number  of  Unequal  Sides,  does  not  at  all 
depend  on  the  Order  in  which  those  Lines  are  connected 
with  each  other. 

For,  since  the  polygon  is  a  maximum  under  given  sides,  it 
is  inscribable  in  a  circle  (th.  6).  And  this  inscribed  polygon 
is  constituted  of  as  many  isosceles  triangles  as  it  has  sides, 
those  sides  forming  the  bases  of  the  respective  triangles,  the 
other  sides  of  all  the  triangles  being  radii  of  the  circle,  ai)d 
their  common  summit  the  centre  of  the  circle.  Consequently, 
the  magnitude  of  the  polygon,  that  is,  of  the  assemblage  of 
these  triangles,  does  not  at  all  depend  on  their  disposition,  or 
arrangement  round  the  common  centre,    q.  e.  n. 

THEOREM  VIII* 

If  a  Polygon  Inscribed  in  a  Circle  have  all  its  Sides  Equal,  all 
its  Angles  are  likewise  Equal,  or  it  is  a  Regular  Polygon. 

For,  if  lines  be  drawn  from  the  several  angles  of  the  poly^ 
gon,  to  the  centre  of  the  circumscribing  circle,  they  will 
divide  the  polygon  into  as  many  isosceles  trianp^lcs  as  it  has 
sides  ;  and  each  of  these  isosceles  triangles  will  be  equal  to 
either  of  the  others  in  all  respects,  and  of  course  they  will 
have  the  angles  at  their  bases  all  equal :  consequently,  the 
angles  of  the  polygon,  which  are  each  made  up  of  two  angles 
at  the  bases  of  two  contiguous  isosceles  triangles,  will  be  equal 
to  one  another,     q.  e.  d. 

THEOREM   IS. 

Of  all  Figures  having  the  Same  Number  of  Sides  and  Equal 
Perimeters,  the  Greatest  is  Regular. 

For,  the  greatest  figure  under  the  given  conditions  has 
all  sides  equal  (th.  2  cor.).  But  since  the  sum  of  the 
aides  and  the  number  of  them  are  given,  each  of^hem  is 
given  :  therefore  (th  6),  the  figure  is  inscribable  in  a  circle  : 
and  consequently  (tb.  8)  all  its  angles  are  equal ;  that  is,  it  is 
regular,     q.  b.  d. 

Cor.  Hence  we  see  that  regular  polygons  possess  the  pro* 
perty  of  a  maximum  of  surface,  when  compared  with  any 
other  figures  of  the  same  name  and  with  equal  iierimeters. 

THEOREV 
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THSORBM  X. 


A  Regular  VcAy^ott  ha«  a  Smaller  Perimeter  tliaii  an  Irregu- 
Ui  one  Equal  to  it  in  Sar&ce,  and  having  the  Same  Num- 
bcr  of  Sides. 

This  is  the  converse  of  the  preceding  theoreniy  and  wuj 
be  demonstrated  thus :  Let  r  and  i  be  two  figures  equal  in 
surface  and  having  the  same  number  of  sides,  of  which  m  is 
regular,  i  irregular  :  let  also  n'  be  a  regular  figure  similar  to 
Uy  and  having  u  perimeter  equal  to  that  of  i.  Then  (th.  9) 
n'  >  I ;  but  I  s:  R  ;  therefore  n'  >  n.  But  a'  and  &  are  si- 
milar; consequently,  perimeter  of  n'  >  perimeter  ofn;  while 
per.  a'  »  per.  i  (by  hyp.).    Hence,  per.  i  >  per.  a.  ^.  a.  ». 

TBBOaKM  XI. 

The  Surfaces  of  Polygons^  Circumscribed  about  the  Same  or 
Equal  Circles^  arc  respectively  as  their  Perimeters*. 


Let  the  polygon  abcd  be  circumscribed 
about  the  circle  aroa ;  and  let  this  polygon 
be  divided  into  triangles,  by  lines  dr»wn 
from  its  several  angles  to  the  centre  o  of 
the  circle.  TheUt  since  each  of  the  tan- 
gents, AB,  Bc,  Sec,  is  perpendicular  to  its  A 
corresponding  radius  oa,  or,  &c,  drawn  to  the  point  of  con- 
tact (ih.  46  Gcom^  ;  and  since  the  area  of  a  triangle  is  equal 
to  the  rectangle  ot  the  perpendicular  and  half  the  base  (Mens* 
of  Surfaces,  pr.  3)  ;  it  follows,  that  the  area  of  each  of  the 
triangles  abo,  bco,  &c,  is  equal  to  the  rectangle  of  the  radius 
of  the  circle  and  hadf  the  corresponding  side  ab,  bc^  Sec  :  and 
consequently,  the  area  of  the  polygon  abcd,  circumscribing 
the  circle,  will  be  equal  to  the  rectangle  of  the  radius  of  the 
circle  and  half  the  perimeter  of  the  polygon.  But,  the  sur- 
face of  the  circle  is  equal  to  the  rectangle  of  the  radius  and 
half  the  circumference  (th.  94  Geom.)«  Therefore,  the  sur- 
face of  the  circle,  is  to  that  of  the  polygok»,  as  half  the  cir- 


*  This  theorem  t  together  with  ihe  analogous  onea  respecting  bodies 
circumscribinff  cylinders  *nd  spheres,  were  given  by  Emerson  in  bis 
Geometry,  and  their  use  in  the  theory  of  Isoperimeters  was  just  sag- 
irested :  but  the  foil  application  of  them  to  that  theory  is  due  to  Sioion 
LhuUUcr. 

cumfcrence 
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comference  of  the  former,  to  half  the  perimeter  of  the  latter; 
or,  as  the  circuniference  of  the  former,  to  the  perimeter  of 
the  latter.    Now,  let  p  and  v'  be  any  two  {lolygons  drcum* 
scribing  a  circle  c  :  then,  by  the  loregoing,  we  have 
surf,  c  :  surf,  p  : :  circum.  c  :  perim.  P9 
surf,  c  :  surf,  p' : :  circum.  c  :  perim.  p'. 
But,  since  the  antecedents  of  the  ratios  in  both  these  propor* 
tions,  are   equal,  the   consequents  are  proportional :  that  is» 
surf,  p  :  surf,  p* : :  perim.  p :  perim.  p'.     q.  b.  d. 

CoroL  1.  And  one  of  the  triangular  portions  abo,  of  a  po- 
lygon circumscribing  a  circle,  is  to  the  corresponding  circular 
aector,  as  the  side  ab  of  the  polygon,  to  the  ai*c  of  tlie  circle 
included  between  ao  and  bo. 

Cor.  2.  Every  circular  arc  is  greater  than  its  chord,  and 
less  than  the  sum  of  the  two  tangents  drawn  from  its  ex- 
tremities and  produced  till  they  meet. 

The  first  part  of  this  corollary  is  evident,  because  a  right 
line  is  the  shortest  distance  between  two  given  points.  The 
second  part  follows  at  once  from  this  proposition  :  for  sa  -f 
AH  being  to  the  arch  eih,  as  the  quadrangle  aeoh  to  the 
circular  sector  hieo  ;  and  the  quadrangle  being  greater  than 
the  sector,  because  it  contains  it ;  it  follows  that  ea  -f  am  is 
greater  than  the  arch  bih*. 

Cor.  3.  Hence  also,  any  single  tangent  ba,  is  greater  than 
its  corresponding  arc  bi. 


THBOBEH  XII. 

If  a  Circle  and  a  Polygon,  Circumscr^Table  about  anoUier 
Circle,  are  Isoperimeters,  the  SuKace  of  the  Circle  is  a 
Geometrical  Mean  Proportional  between  that  Polygon  and 
a  Similar  Polygon  (regular  or  irregular)  Circumscribed 
about  that  Circle. 

Let  c  be  a  circle,  p  a  polygon  isoperimetrical  to  that  circle, 
and  circumscribable  about  some  other  circle,  and  f'  a  polygon 
aimilar  to  p  and  circomscribable  about  the  circle  c  :  it  is  af- 
firmed that  P  :  c  : :  c  :  p'. 


*  This  second  corollary  is  introduced,  not  because  of  its  immediate 
eonnection  with  the  subject  under  diacussion,  but  becaiiae,  notwith- 
•tanding  its  simplicity,  some  authors  have  employed  whole  pages  in 
attempting  its  demonstratioQ,  and  failed  at  laat 

Far, 
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For,  p :  p' : :  pcritn*  .  p : :  perim'  .  p' : :  circum* .  c  :  perim* .  V' 

by  th.  89,  Geom.  and  the  hypothesis. 
But  (th.  1 1)  p* :  c  : :  per.  p' :  cir.  c  : :  per*  .  p' :  per.  p'xcip.c^ 
Therefore     p  :  c  : :      -      -      -    -     cir»  .  c  :  per.  p'xcir.  c 
: :  cir.  c  :  per.  p' :  :  c  :  p^     q.  b.  o. 


TREO&BM  XIII. 

If  a  Circle  and  a  Polygon,  Circamscribable  obout  another 
Circle,  are  Equal  in  Surface,  the  Perimeter  of  that  Figure 
is  a  Geometrical  Mean  Proportional  between  the  Circum- 
ference of  the  first  Circle  and  the  Perimeter  of  a  Similar 
Polygon  Circumscribed  about  it. 

Let  c  ^=  p,  and  let  p'  be  circumscribed  about  c  and  similar 
to  c  :  then  it  is  affirmed  tliat  cir.  c  ;  per.  p  :  per.  p  :  per.  p'. 

For,    cir.  c  :  per.  p' : :  c  ;  p' :  :  p  :  p'  : :  per*  .  p :  per*  .  p'. 
Al80,per.  p' :  per.  p      -      .     .    -     : .  per*  .  p':perpxper.p^ 
Therefore,  cir.  c  :  per.  p    -     -     -    : :  per*  •  p  :  per.Xper.p' 

: :  per.  p  :  per.  p'.     q.  s.  n. 

THEOREM  ZiV. 

The  Circle  is  Greater  tlian  any  Rectilinear  Figure  of  the  Same 
Perimeter ;  and  it  has  a  Perimeter  Smaller  than  any  Recti- 
linear Figure  of  the  Same  Surface. 

For,  in  the  proportion,  p  :  c  : :  c  :  p^  (th.  13),  since  c  <  p', 

therefore  p  <  c. 
And,  in  the  proper,  cir.  c  :  per.  p  : :  per.  p  :  per.  p'  (th.  13), 

or,  cir.  c  :  per.  p': :  cir*  .  c :  per* .  p, 

cir.  c  <  pcr.p' ; 
therefore,  cir*.  c  <  per*,  p,  or  cir.  c  <  per  p.     q.  B.  d. 

Cor.  1.  It  follows  at  once,  from  this  and  the  two  preced- 
ing theorems,that  rectilinear  figures  which  are  isoperimeters, 
and  each  circumscribable  about  a  circle,  are  respectively  in 
the  inverse  ratio  of  the  perimeters,  or  of  the  surfaces,  of 
figures  similai*  to  them,  and  both  circumscribed  about  one 
and  the  same  circle.  And  that  the  perimeters  of  equal  rec- 
tilineal figures,  each  circumscribable  about  a  circle,  are  re- 
spectively in  the  subduplicate  ratio  of  the  perimeters  or  of 
the  surfaces,  of  figures,  similar  to  them,and  both  circumscribed 
about  one  and  the  same  circle. 

Cor,  '2.  Therefore,  the  corapariscm  of  the  perimeters  of 
equal  regular  figures^  having  difierent  numbers  of  sides,  and 

that 
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that  of  the  turfiittetof  regular  isoperimetrical  figures,  is  re- 
duced to  the  comparison  of  the  perimeters)  or  of  the  sur&ces 
of  regular  figures  respectiveiy  similar  to  them,  and  circum- 
scribable  about  one  and  the  same  circle. 

Lemma  1. 

If  an  acute  angle  <^a  rigfat-anp^led  triangle  be  divided  into 
any  number  of  equal  parts«  the  side  of  the  triangle  opposite 
to  that  acute  angle  is  divided  into  unequal  parts,  ifhichare 
greater  as  they  are  more  remote  from  the  right  angle. 

Let  the  acute  angle  c,  of  the  right*      (* 
angled  triangle  acf,  be  divided  into  equal 
parts,  by  the  lines  cb,  en,  cb,  dravm  from 
that  angle  to  the  opposite  side ;  then  shall 

the  parts  ab,  bd,  kc,  intercepted  by  the        .  -^  ti"^& 

linesdrawn  from  c,be  successively  longer      Ailji    £      ! 
as  they  are  more  remote  from  the  right  angle  ▲. 

l^or,  the  angles  sen,  bcb,  Sec,  being  bisected  by  cb,  cd, 
&c,  therefore  by  theor.  83  Oeom.  ac  :  en  : :  ab  :  bo,  and 
Bc  :  cb  : :  BB  :  db,  and  nc  :  cv  :  rnB  :'  bf.  And  by  th.  31 
Geom.  cn>  ca,  cb>  cb,  cf>  en,  and  so  on:  whence  it 

fellows,  that  OB  >  AB,  BB  >  DB,  BUd  SO  OU.      Q.  B.  B. 

Cor>  I^ence  it  is  obvious  that,  if  the  part  the  most^remote 
from  the  r^^ht  angle  a,  be  repeated  a  number  of  times  equal 
to  that  into  which  the  acute  angle  is  divided,  there  will  re- 
sult a  quantity  greater  than  the  side  opposite  to  the  divided 
angle. 

THBO&BM  xr. 

If  two  Regular  Figures,  Circumscribed  about  the  Same  Circle, 
differ  in  their  Number  of  Sides  by  Unity,  that  which  has 
the  Greatest  number  of  Sides  shall  have  the  Smallest  Pe- 
rimeter. 

Let  CA  be  the  radius  of  a  circle,  and  ab,  as,  the  half  sides 
of  two  regular  polygons  circumscribed  about  that  circle,  of 
which  the  number  of  sides  differ  by  unity,  being  C[ 
respectively  n  -f  1  and  n.  The  angles  acb,  acd, 

therefore  are    re^ctively  the  -f-and  the-  th 

part  of  two  right  angles :  consequently  these 

angles  are  as  n  and  n  «f- 1 :  and  hence,  the  angle  tnay  be 

conceived'dividediBton  *f«  1  equal  parts,  of  which  bcd  is  one. 

Vol.  I.  A  a  a  a  Qoif- 
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C«>sequMM)|^(car.tatlieleauM)(«-f  i)aB>  Ao.  Tiduiig^ 
IhsD,  unequal  ^uaniitiM  from  equal  qvaDtitieft  we  sluJl  ba?e 

That  isi  the  aemiperimeter.  of  the  polygon  whose  half  side  is 
AB  is  smaller  than  the  semii>erimeter  of  the  polygon  whose 
half  side  is  ad  :  whence  the  proposition  is  manifest. 

Om-.  Henoe,  eugnenting  successively  hy  unity  the  num- 
ber of  udeSf  it  follows  generally,  chat  the  petimeters .  of 
polygons  circumscribed  about  any  proposed  circlet  become 
sHialler  as  the  iMunlKMr  of  their  aides  become  greater. 

TWUMMM  XVI. 

The  Surfiices  of  Regular  Isoperimetrical  Figures  are  Greater 
as  the  Number  of  tiictr  Sides  is  Greater :  and  the  Perime- 
ters of  Equal  Regular  Figures  are  Smaller  as  the  Number 
of  their  Sides  is  Gk*eater. 

For,  1st.  Regular  isoperimetrical  figures  are  (cor.  1.  th.  14) 
in  the  bverse  ratio  of  figures  similar  to  them  circumscribed 
about  the  same  circle*  Jgid  (th.  15)  these  latter  are  smaller 
when  their  number  of  sides  is  greater :  therefore,  on  the 
contrary,  the  former  become  greater  as  they  hare  more  sides. 

2d]y.  The  perimeters  of  equal  regular  figures  are  (cor.  I 
Ih.  1 4)  in  the  subdupiicate  ratio  of  the  perimeters  of  snnUar 
ftgures  circumscribed  about  the  same  circle  :  and  (th.  15) 
these  latter  are  smaller  as  they  have  more  sides  :  therefore 
the  perimeters  of  the  former  also  are  smaller  when  the  ntrni- 
ber  of  their  sides  b  greater,    q.  x.  n. 


SECTION  II.    SOUDS. 

THBOBKlf  ZVtI. 

Of  all  Prisms  of  the  Same  Altitude,  whose  Base  is  Given  in 
Magnitude  and  Speciesj,  or  Figure,  or  Shape,  the  Right 
Prism  has  the  Smallest  Sutface. 

For,  the  area  of  each  face  of  the  prism  is  proportional  to 
its  heif^ht ;  therefore  the  area  of  each  face  is  the  smallest 
when  lU  heiglttie  the  iiDaUeat,that  is  to  8ay»  when  it  beovai 
to  the  altitude  of  the  pram  itielf :  and  in  tiiat  case  tkt  pnam 
is  evidemly  a  right  prism.    ^  l^  o. 

THSOftSK 


Sonus.  547 

•   #        . 
TBBfmmuxvuu    - 


Of  all  Pnsoit  wboM  Hase  is  Giwea  ii¥  Magnitude  and  Species* 
and  whose  Lateral  SovfiKe  is  tho  Saoie,  the  Right  Praia 
has  the  Greatest  Ahitude,  or  the  Greatest 


This  is  the  converse  of  the  preceding  theoretn^  and  may 
i^eadily  be  proved  after  the  manner  of  theorem  3. 

TKKOREM  XXX. 

Of  an  Right  Prisms  of  the  Same  Akitode,  whose  Bases  sa*e 
Giren  in  Magnitude  and  of  a  Oiven  Number  of  Sides,  that 
whose  Base  is  a  Regular  Figure  has  the  Smaltest  Sui^ce. 

For,  the  surface  of  a  right  priem  of  given  altitude,  and  base 
given  in  magnitude,  is  evidently  proportional  to  the  perime- 
ter of  its  base.  But  (th.  10)  the  base  being  given  in  magnir 
tude,  and  having  a  given  number  of  sides,  its  perimeter  is 
smallest  when  it  is  regular :  whence,  the  truth  of  the  propo- 
sition is  manifest; 

TEBOHElf  XX. 

Of  Two  Right  Prisms  of  the  Same  Allilude,  and  with  Irve« 

gular  Raises  Equal  in  Sur&pe,  that  urboae  Baae  haa.  the 
rreatest  Number  of  Sides,  has.  the  SoiaUeat  Surface ;  a«dt  in 
particular,  the  Right  Cylinder  haa  a  Smaller  Surfiuse  than 
any  Prism  of  the  Same  Altitude  and  the  Same  Capaiuity. 

The  demonstration  is  analogous  to  that  of  the  preceding 
theorem,  being  at  once  dedudble  from  theorems  16  and  14. 

THBORSV  XXI. 

Of  all  Right  Prisms  whose  Altitudes  and  whose  Whole  Sur- 
faces are  Elqual,  and  whose  Bases  have  a  Given  Number  of 
Sides,  that  whose  Base  is  a  Regulae  Figure  is  the  Greatest. 

Let  p,  p',  be  two  right  prisms  of  the  same  name,  equal  ia 
altitude,  and  equal  whole  sur&ce,  die  first  of  these  having  a 
regular,  the  second  an  irregular  base ;  then  is  the  base  of  the 
prism  p,  less  than  the  base  of  the  prism  P^ 

For,  let  p''  be  a  prism  of  equal  altitude,  and  whose  base  is 
equal  to  that  of  the  prism  p'  and  similar  to  that  <rf  thepriamp. 
Then,  the  lateral  surihce  of  the  pviam  p'^  is  smaMer  than  tho 
lateral  sur&ce  ef  the  prism  p'  (th.  19) :  hence,  the  total  sur* 

face 
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fiice  of  p'' 18  tnintr  tfita  die  Mai  foffim  of  r',  ttid  Atr^^ 
(bf  hyp.) anaUftr than Um whole furlncft of  r.  Bmihepriaaw 
t'' and  p  have  equal  ahitadea  and  sunilarhaiea;  tfaercmvthe 
dinienaiona  ef  the  baae  of  p^' are  amaller  than  the  dimenaieBa 
of  thebaaeof  p.  Conaequeaftlf  thebaaeof  p'S  orthatof  p', 
ia  leaa  than  the  baae  of  p  i  or  the  baae  of  »  greater  than  thia 
of  p^.    a-  B*  !»• 

Of  Two  Right  Prisma,  having  Equal  Altitadea,  Eqoal  Total 
Soriacea,  and  Regular  BiMea,  that  whoae  Baae  faaa  the 
Greateat  Number  of  Sidea,  baa  the  Greateat  Capadi^. 
And|  in  particular,  a  Right  Cylinder  ia  Greater  than  any 
Right  Pnamof  Equal  ^titude  and  Equal  Total  Surbce. 

The  demonstration  of  thia  is  umilar  to  that  of  the  preced- 
ing tbeoremt  and  flows  from  th.  3a. 

THBORBM  ZXni. 

The  Greateat  Paralleloptped  which  can  be  contained  under 
the  Three  Parts  of  a  Given*  Line,  any  way  taken,  will  be 
that  constituted  of  Equal  length,  breadth,  and  depth. 

For,  let  AB  be  the  given  line,  and, 
if  possible,  let  two  parta  ab,  bo,  be  t  4      ■  | 

unequal.    Bisect  An  in  c,  then  will   A       O  &      D      B 
the  rectangle  under  ab  (es  ac  +cb) 

and  Bn  (s  ao  — *  cb),  be  leas  than  ac*  ,  or  than  ac  •  en,  by  the 
aquare  of  cb  (th.  33  Geom.>  Consequently,  the  solid  ab  . 
sn  .  na,  will  be  less  than  the  aolid  ac  .  en  .  na ;  which  Is 
repugnant  to  the  hypotheaia. 

Cor.  Hence,  of  all  the  rectanguhr  parallelopipeds,  hav- 
ing the  sum  of  their  three  dimensiions  theaame,  die  cubeia 
the  greatest 

TBBOEBK  XZIV. 

The  Greatest  PanJlelopiped  that  can  ]K»ubly  be  contained 
under  the  Square  of  one  Part  of  a  Given  Lone,  and  the 
other  Part,  any  way  taken,  will  be  when  the  former  Part 
ia  the  Double  of  the  latter. 

Let  AB  be  a  given  line,  and 
AC  »  3cB,  then  ia  ac*  .cb  the     J  '"    IjL^  "LI        ^ 
greateat  poasl^le«  A       Di)     (fC        B 

For, 


F«ri  tot  4C^  and  c'b  beany  oAerparu  bto  wbich  the  given 
line  A*  nu^  be  divided;  and  kt  ac»acS  be  bisected  inn* 
D'^respectivelyf  Then  shidl  ac^..  gb  »  4ad  •  dc  .  cb  (cor.  to 
theor.  31  Geom.)  >  4ad'  .  o'c  •  cB|  or  greater  than^  Us  equal 
c'a'  .  c^B)  by  the  preceding  theorem. 

THEOREM  XZV. 

Of  all  Right  Parallelopipeds  Givc^i  in  Magnitud.e9  that  which 
has  the  Smallest  Sur&ce  has  all  its  Faces  Squares,  or  is  a 
Cube.  And  reciprocaUy,  of  all  Parallelopipeds  of  Equal 
Sur&ce^  the  Greatest  is  a  Cube. 

For,  by  theorems  19  and  31|  the  right  parallelopiped  hay- 
ing the  smallest  surface  with  the  same  capacityy  or  the  great- 
est capacity  with  the  same  surfikce,  has  a  square  for  its  base. 
But,  any  nee  whatever  anay  be  taken  for  base :  therefore,  in 
the  parallelopiped  whose  sur&ce  is  the  smallest  with  the  same 
capacity,  or  whose  capacity  is  the  greatest  with  the  same  sur- 
face, any  two  opposite  faces  whatever  are  squares  :  conse- 
quently) this  parallelopiped  is  a  cube. 

THBOBBM  XXVX. 

The  Capacities  of  Prisms  Circumscribing  the  Same  Right 
Cylinder,  are  Respectively  as  their  Surfaces^  whether  Total 
or  Lateral. 

For,  the  caj;»acid^  are  respectively  as  the  bases  of  the 
prisms ;  that  la  to  say  (th.  1 1),  as  the  perimeters  of  their 
bases ;  and  these  are  manifestly  as  the  lateral  sur&ces :  whence 
the  proposition  is  evident. 

Cor.  The  surface  of  a  rio^ht  prism  circumscribing  a  cylin- 
der, is  to  tiie  suHace  of  that  cylmder,  as  the  capacity  of  the 
former,  to  the  capacity  of  the  latter. 

Dtf.  The  Archimedean  cylinder  is  that  which  circum- 
scribes a  sphere^  or  whose  altitude  is  equal  to  the  diameter  of 
its  base. 

TRBOBBK  XXVXI. 

The  Archimedean  Cylinder  has  a  Smaller  Sur&ce  than  any 
other  Right  Cylinder  of  Equal  Capacity ;  and  it  is  Greater 
than  any  other  Right  Cylinder  of  Equal  Surface. 

Let  e  and  c' denote  two  right  cyUndersy  of  If  hich  the  first 
13  Archimedean^  the  other  not :  th^en, 

l8t, 
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Ut»  If  •  • .  c  V  eStnri  c  <  mrl  e' : 
adlyiif  MifCc  a  MirLc',  e  >  G^ 

For,  haying  circumBcribed  about  the  cjrliDders,  c,  c'lthe 
right  prisms  p»  p%  with  square  bases*  the  former  will  be  a 
€ube»  the  second  not:  and  the  following  aeries  of  equal  ra- 
tios will  obtain,  viz,c  :  f::  surf,  c  :  surt  p::baaec  :  base  p:  : 
base  €  :  base  p'  : :  c*  :  p'  : :  surf,  c' :  surf,  p^ 

Then,  I  at :  when  c  s  c^    Since  c  i  p  : :  c'  :  p',  it  ibl]ow& 
that  p  =  p' ;  and  therefore  (th.  25)  surf,  p  <  surf.  p'.     But» 
aurf.  c  t  surf,  p  :  :  surf,  c'  :  surf,  p'  ;  consequently  surt  c  < 
surf.  c'.    q.  R.  Id. 

3dl J :  when  aurf.  c  as  surf,  c^  Then,  since  surf  c :  surf, 
p : :  surf,  c' :  sur£  p',  it  follows  that  surt  p  »  surd  p' ;  and 
therefore  (th.  35)  p  >  p^  But  c  :  p  : :  c' :  p' ;  consequently 
c  >  c'.     %,  E.  3d. 

THKORSM  XXTIII. 

I 

Of  all  Right  Prisms  whose  Bases  are  Circumscribable  about 
!  Circles,  and  Given  in    Species,  that  whose  Altitude  is 

Double  the  Radius  of  the  Circle  Inscribed  in  the  Base, 
has  the  Smallest  Surface  with  the  Same  Capacity,  and  the 
Greatest  Capacity  with  the  Same  Sur&ce. 

This  may  be  demonstrated  exactly  as  the  preceding  theo- 
rem, by  supposing  cylinders  inscribed  in  the  prisms. 

SehoHum, 

If  the  base  cannot  be  eircumacribed  about  a  circle,  the  right 
prism  which  has  the  minimum  surfiwe,  or  the  maxioEusntca- 
pactty,  is  that  whose  lateral  surfoce  is  quadruple  of  the  sar- 
HLce  of  one  end,  or  thai  wheae  lateral  s«rfiKeiatwo«thirds 
of  the  total  sur&ce.  This  is  manifestly  the  caae  with  the 
ArchimedeaD  cylinder ;  and  the  extension  of  the  property 
depends  solely  on  the  mutual  connexion  subsisting  between 
the  properties  of  the  cylinder,  and  those  of  circumscribing 
prisms. 

THEOREM  XXIX. 

The  Surbces  of  Right  Cones  Circumscribed  about  m  Sphere, 

are  as  their  Solicfidea. 

For,  it  may  be  demonstrated,  in  a  manner  analog^s  to 
the  denonatrations  of  theorems  1 1  and  36|  that  these  conea 


i 

i 
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are  equal  to  right  cones  whose  altitude  is  equal  to  d^  radius 
of  the  inscribed  sphere,  and  whose  tases  are  equal  to  the 
total  suffaces  of  the  cones :  therefore  the  sur&ces  and  soiidi- 
ties  are  proportional. 

TKfiORKM  XXX. 

The  Surface  er  the  SoUdity  of  a  Right  Cone  Circumscribed 
about  a  Sphere,  is  Directly  as  the  Square  of  the  Cone's 
Altitude,  and  Inversely  as  the  Excess  of  that  Altitude  over 
the  Diameter  of  the  Spiiere. 
Let  VAT  be  a  right-angled  triangle  which, 

by  its  rotation  upon  v  a  as  an  axis,  generates  a 

right  cone ;  and  bda  the  semicircle  which  by 

a  like  rotation  upon  va  forms  the  inscribed 

sphei*e  :  then,  the  sur£ice  or  the  solidity  of 

the  cone  varies  as  ^-. 

VB 

For,  draw  the  radius  cd  to  the  point  of  contact  of  the 
semicircle  and  vt.    Then,  because  the  triangles  vat,  v]>c, 
are  similar,  it  is  at  :  vt  :  :  gd  :  vc. 
And,  by  compos,  at  :  at  +  vt  :  en  :  cd  +  cv  =  va  ; 
Therefore  ,  at*  :  (at  +  vt)  at  : :  cd  :  va,  by  multiply- 

ing the  terms  of  the  fii*st  ratio  by  at. 
But,  because  v9,  vd,  va  are  continued  proportionals, 
it  is  VB  :  va'  s :  vd*  :  va'  : :  cj>*  :  at'  by  sim.  triangles. 
But  en  :  VA  : :  at'  :  (at  +vt)  at  by  the   last  ^   and  these 
mult,  give  cd  .  vb  :  va'  : :  cd'  :  (at  +  vt)  at, 

VA« 

or  VB  :  CD  : :  va'  :  (at  +  vt)  at  =  cd  .— . 

VB 

But  the  surface  of  the  cone,  which  is  denoted  by  «- .  at*  -f 
ir .  AT  .  VT*,  is  manifestly  proportional  to  the  first  member 
of  this  equation,  is  also  proportional  to  the  second  member, 

Ava 
or,  since  cd  is  constant,  it  is  proporuonal  to  «— ,  or  to  a  tind 

BV 

proportional  to  a v  and  av.  Ami,  since  the  capacities  of  these 
circumscribing  cones  are  as  their  surfaces  (th.  29),  the  trutii 
of  the  whole  proposition  is  evident. 

The  dHRsrence  of  two  right  lines  being  given,  the  third 
proportional  to  the  less  and  the  greater  of  them  is  a  minimum 
when  the  greater  of  those  lines  is  double  the  other. 


«x  being  «s3-Ul»3. 

Let 
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Let  ky  and  bv  be  two  right 

lines,  whottB  difference  ab  is  , , 

givem  and  let  ap  be  a  third      r 1         ^ 

porportional  to  bt  and  av;     ''^       •'^         ^  * 

ihenis  ap  a  minimuin  when  av  =:3bt. 

For,  since    ap  :  ay  : :  at  :  bt; 

Bf  division  ap  :  AP— at  : :  at  :  at^bt; 

That  is,        AP  :  vp  : :  at  :  ab. 

Hence,  vp  •  av  =s  ap  •  ab. 
But  VP  .  AV  is  either  =s  or  <  |ap*  (cor.  to  th.  31  Geem- 
and  th»  33  of  this  chapter.) 

Therefore  ap  .  AB<iAF'  :  whence  4AB<A»,or  af  >  4ab. 
Consequently,  the  minimum  value  of  ap  is  the  quadruple  of 
AB ;  and  in  thatcaae  pv  a  va  =  2ab.    ^«  b«  n.* 

tsbobbm  xxzx. 

Of  all  Right  Cones  Circumscribed  abont  the  Same  SphoKt 
the  Smallest  is  that  whose  Altitude  is  Double  the  Diame- 
ter of  the  Sphere. 


For,  by  th«  30,  the  solidity  varies  as  — >  (see   the   fig.   lo 


that  theorem) :  and,  by  lemma  3,  unce  va  -»  tb  is  given,  the 

v*.« 
third  proportional  —  is  a  minimum  when  va  as  Sab.  q.  x.  s. 

VB 

Cor.  1.  Hence,  the  distance  from  the  centre  of  the  q»here 
to  the  vertex  of  the  least  circumscribbg  codoi  is  triple  the 
radius  of  the  sphere. 

Cor.  9.  Hence  also,^e  ude  of  such  cone  is  triple  the  radius 
of  its  base. 

*  Thouffh  the  endenoe  of  a  ntigle  demonstrstioiit  oondocted  on 
sooad  matnemittcsl  pr'inciplet»  U  really  in«tistible»  and  therefore  needs 
no  oorrobortftioii  i  yet  it  is  frequently  conducive  as  well  to  mental  im* 
provement,  as  to  mental  delightt  to  obtain  like  results  from  different 
procesiet.    In  this  view  it  will  be  ad 


procesies.  In  this  viewit  will  be  advantageous  to  the  student*  to 
firm  the  truth  of  aeveral  of  the  propoaidona  in  this  chapter  by  nseaas  of 
the  fluzionai  aaalysia.  Let  the  truth  enunciated  m  the  above  lemma  be 
taken  for  an  example :  and  let  as  be  denoted  by  a,  av  by  x,»v  by  «— «. 

Then  we  ahall  have  «— a  ixn  g;——.;  the  third  ppoportional ;  which 

is  to  be  s  minimum.    Hence*  the  fluxion  of  this  frsction  wiQ  be  efyoat 

to  xero  (nux.srt  51).    That  is  (fflnx.  acts.  19  sad30),  ■  — 

o.    Coiise^pjently,x«  — 3a««B0,  aDd»«3^orAVi»3AB,  asabove. 

THBO&J^ 
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TBBOEBM  ZXZXI. 

The  WMe.  Surisice  of  a  Right  Cone  being  Given,  the  In- 
scribed Sphere  is  the  Greatest  when  the  Slant  Side  of  the* 
Cone  is  Triple  the  Radius  of  its  Base. 
For,  let  c  and  c'  be  two  right  cones  of  equal  whole  sur- 
face, the  radii  of  their  respective  inscribed  spheres  being 
denoted  by  R  and  a'  ^    let  the  side  of  the  cone  c  be  triple 
the  radius  of  its  base,  the  same  ratio  not  obtaining  in  c' ; 
and  let  d'  be  a  cone  similar  to  c,  and  circumscribed  about 
the  same  sphere  with  c'.     Then,  (by  th.  3 1)  surL  c"  <  suif.  c' ; 
therefore  surf,  c^'  <  surf.  c.     But  c''  and  c  are  similar,  there- 
fore all  the  dimensions  of  c'^  are  less  than  the  corresponding 
dimensions  of  c :  and  consequently  the  radius  r'  of  the  sphere 
inscribed  in  c  '*  or  in  cS  is  less  than  the  radius  r  of  the  sphere 
inscribed  in  c,  or  r  >  R^     q.  £.  d. 

Cor,  The  capacity  of  a  right  cone  being  given,  the  in- 
scribed sphere  is  the  greatest  when  the  side  of  the  cone  is 
triple  the  radius  of  its  base. 

For  the  capacities  of  such  cones  vary  as  their  surfaces 
(th.  29). 

THKORSM  XXXIII. 

Of  all  Right  Cones  of  Equal  Whole'  Sur&ce,  the  Greatest 
is  that  whose  side  is  Triple  the  Radius  of  its  Base  :  and 
reciprocally,  of  all  Right  Cones  of  Equal  Capacity,  that 
whose  Side  ts  Triple  the  Radius  of  its  Base  has  the  Least 
Sur&ce.  / 

For,  by  th.  39,  the  capacity  of  a  right  cone  is  in  the  com- 
pound ratio  of  its  whole  surface  and  the  radius  of  its  inscribed 
sphere.  Therefore,  the  whole  surface  being  given,  the  .ca- 
pacity is  proportional  to  the  radius  of  the  inscribed  sphere  : 
and  consequently  is  a  maximum  when  the  radius  of  the  in- 
scribed sphere  is  such  :  that  is,  (th.  ?2)  when  the  side  of  the 
cone  is  triple  the  radius  of  the  base*. 

Agdn, 

*  Here  again  a  similar  result  may  easily  be  deduced  from  the  method 
of  fluiuons.  Let  the  radius  of  the  base  be  denoted  by  a,  the  slant  side 
of  the  cone  by  x,  iu  whole  surface  by  a'  ,  and  3  141393  by  «*.  Then 
the  circumference  of  the  cone's  base  will  be  %irx,  its  area  xx<  and  the 
convex  surface  irxz.    The  whole  surface  is*  thezefore,  «  $pfi  -f"  ^r«z: 

and  this  being  «s  o^  »  we  liave  x  »  ^  —  x.    Bat  the  altitude  of  the 

TFX 
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AgiJnjreciprocallyyUie  capacity  being  ^vcn,  the  sorlace 
is  in  the  mverse  ratio  of  the  sphere  inscribed  :  therefore^  it 
is  the  smallest  when  that  radius  is  the  greatest ;  that  b  (tk.  52) 
when  the  tide  of  the  cone  b  triple  the  radius  of  its  base.  ^.  b.  x>. 


TNSOaBK  xxxir. 

The  Sur&ces,  wh^er  Total  or  Lateral^  of  Pyramids  Cir- 
comRcribed  about  the  Same  lUght  Coiie>  are  respectively 
as  their  Solidities.    And,  in  particular^  the  Sur&ce  of  a 
Pyramid  Circumscribed  about  a  Cone,  is  to  the  Sur&oe  of 
that  Cone,  as  the  Solidity  of  the  Pyramid  ia  to  the  Solidity 
of  the  Cone ;  and  these  Ratios  are  Equal  to  those  of  the 
Sur&ces  or  the  Perimeters  of  the  Bases. 
For,  the  capacities  of  the  several  solidt  are  respectively  as 
their  bases ;  and  their  surfi^es  are  as  the  perimeters  of  those 
bases :    so  that  the  proposition  may  manifestly  be  demon- 
strated by  a  chain  of  reasoning  exactly  like  that  adopted  in 
theorem  IK 


cone  iseqailto  the  square  teot  ef  te  diierenoe  of  the  squafct  of  tBe 
side  and  of  the  ftdtns  of  the  hut ;  that  is»  it  is  «»  ^  ( — — }• 


«■**••     «• 


And  this  nultipKed  into  |  of  the  area  of  the  base.  viz.  by  ^«>x3  ^  gires. 
|flrxs^( ^),ibr  the  capacity  of  the  cone.    Now,  this  bemg 


amaxinam  ha  square  must  be  so  likewise  (Flux,  art  53),  that  is, 

■    '      "        *  or,  rejecting  the  denominator,  as  constant,  a^x*  ^^ 

iwa^x^  must  be  a  maximum.    This,  in  fluxions,  is  3a^xx— Uita^x  ^x 

e«  o ;  whence  we  have  o«  —  4aMf «  «  o,  and  eoasequeotJy  x  a  ^  ^  • 

4ir 
anda>«4rxt.    Sabstituting  this  value  of  «a  for  it.  hi  the  valve  efx 

fl*  4«rjea 

above  given. there resuhs  r  i^  —  —  x  a:i     i   ■  »m^ x^at ^  ^^  x  =  Sx. 

flrar  irx 

Therdbfe,  the  side  of  the  eone  is  triple  the  radius  of  its  base.  Or,  the 
square  of  the^Jtitade  fsto  the  square  of  the  radius  of  the  base^  as  8 
to  1.  or.  1»  the  siptsie  of  the  diamslfer  of  the  basc^  as  8  to  1. 
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THKOaSM  XXXV. 

The  Base  of  a  Right  Pyramid  being  Given  in  Species,  the 

Capacity  of  that  Pyramid  ia  a  Maximum  with  the  Same 

Sur&cei  and,  on  the  contrary,  the  Sur&ce  is  a  Minimum 

with  the  Same  Capacity,  when  the  Height  of  One  Face  is 

Triple  the  Radius  of  the  Circle  Inj^cribed  in  the  Base. 

Let  r  and  p'  be  two  right  pyramida  iirith  similar  bases,  the 

height  of  one  lateral  &ce  of  r  being  triple  the  radius  pf  the 

drcle  inscribed  in  the  basei  but  this  proportion  not  obtaining 

with  regard  to  f'  :  then 

1st  If  surf,  p  =  surf,  p',  p  >  p'. 
Sdly,  If  .  .  p  =  .  .  p',  surf,  p  <  surf.  p'. 
For,  let  c  and  c  *  be  right  cones  inscribed  within  the  pyra- 
mids p  and  p':  then  in  the  cone  c,  the  slant  side  is  triple 
the  radius  of  its  base,  while  this  is  not  the  case  with  respect 
to  the  cone  c^  Therefore,  if  c  =  c^  surf,  c  <  surf,  c'  and 
if  surf,  c  ==  surf,  c ',  c  >  c'  (th.  33). 

But,  1st  surf  p  :  surf,  c  :  :  surf.  ^' :  surf,  c' ; 
whence,  if  surf,  p  =  surf,  p',  surf,  c  =  surf,  c' ; 
therefore  c  >  c'.     But  p  :  c  : :  p':  c'.     Therefore  p  >  p'. 

3d)y  p  :  c  : !  p't  c'.  Theref.  if  pse  p',c  as  c'  :consequeotly 
aurf,  c  <  surf  c'.  But,  suri  p  :  surf,  c  : :  surf,  p' ;  surf.  c'. 
Whence,  surf,  p  <  surf.  p'. 

Car  The  regular  tetraedron  possesses  the  property  of  the 
minimum  surface  with  the  same  capacity,  and  of  the  maxi* 
mum  capacity  with  the  same  surface,  relatively  to  all  right 
pyramids  with  equilateral  triangular  basea,  and,  Qf^rUmi^ 
relatively  to  every  other  triangular  pyramid* 

THBORKM  XXXVI. 

A  Sphere  is  to  any  Circumscrilung  Solid,  Bounded  by  Plane 
Surfaces,  as  the  Surface  of  the  Sphere  to  that  of  the  Cir* 
cumscribing  Solid. 

For,  since  all  the  planes  touch  the  sphere,  the  radius  drawn 
to  each  point  of  contact  will  be  perpendicular  to  each  re- 
spective plane.  So  that,  if  planes  be  drawn  through  the  cen- 
tre of  the  sphere  and  through  all  the  edges  qf  the  body,  the 
body  will  be  divided  into  pyramids  ipthpse  bases  are  the  re* 
spective  planes,  and  their  common  altitude  the  radius  of  the 
sphere.  Hence,  the  sum  of  all  these  pyramida,  o»  the  whole 
circumscribing  solids  is  equal  to  a  pyramid  or  a  cone  who8# 

base 
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base  U  equal  to  the  whole  sor&ce  of  that  solid,  and  altitude 
equal  to  the  radius  of  the  sphere.  But  the  capacity  of  the 
sphere  is  equal  to  that  of  a  cone  whose  base  is  equal  to  the 
surface  of  the  sphere,  aod  altitude  equal  to  its  radius.  Con- 
sequently,  the  capacity  of  Uie  sphere>  is  to  that  of  the  circum* 
scribing  solid,  as  the  sur&ceof  the  former  to.the  sur&ce  of 
the  latter :  both  hartng,  io  this  mode  of  considering  them,  e 
common  altitude,    q  b.  o. 

Cor.  1.  All  circumscribing  cylinders,  cones,  fcc,  are  to 
the  sphere  they  circumscribe,  as  their  respective  surfiices. 

For  the  same  proportion  will  subsist  between  their  indefi- 
nitely small  corresponding  segments,  and  therefore  betweea 
th^r  wholes. 

Cor.  3.  All  bodies  drcumscrilung  the  same  sphere,  are 
respe<?tively  as  their  surfaces. 


THEOEKM   XXXTII. 

The  Sphere  is  Greater  than  any  Polyedroa  of  Equal 

Surface. 

For,  first  it  may  be  demonstrated,  by  a  prooesa  similar  to 
that  adopted  in  theorem  9,  that  a  regular  polyedron  has  a 
greater  capacity  than  any  other  polyedron  of  equal  surbce. 
Let  p,  therefore,  be  a  regular  polyedron  of  equal  sur&ce  to 
a  sphere  s.  Then  p  must  either  circumscribe  s,  or  fall  partly 
withinit  and  partlyoutof  it,  or  fisll  entirely  within  it..  The 
first  of  these  suppositions  is  contrary  to  the  hypothesis  of  the 
proposition,  because  in  that  case  the  surfiM:e  of  p  could  not 
be  eqiuit  to  that  of  a.  Either  the  3d  or  3d  supposition  there- 
fore  must  obtain  ;  and  then  each  plane  of  the  surfsceofp 
must  fall  either  partly  or  wholly  within  the  sphere  s :  whicho 
ever  of  these  be  the  case,  the  perpendiculars  demitted  from 
the  centre  of  s  upon  the  planes,  will  be  each  lesa  than  the 
radius  of  that  sphere :  and  consequently  the  polyedron  f 
inust  be  less  than  the  sphere  at  because  it  has  an  equal  base, 
but  a  less  altitude,    q.  b.  o. 

Cor.  If  a  prism,  a  cylinder,  a  j^rramid,  or  a  cone,  be 
equal  to  a  sphere  either  in  capacity,  or  in  surface ;  in  the  first 
case,  the  surface  of  tlie  sphere  is  less  than  the  sui^ce  of  any 
of  those  solids  ;  in  the  second,  the  capacity  of  the  sphere  is 
greater  than  that  of  either  of  those  solids. 

The  theorems  in  this  chapter  will  suggest  a  variety  of 
practical  examples  to  exercise  the  student  in  computation. 
A  few  such  are  given  in  th;  following  page. 

BXBBCZfiSr* 
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< 

£x.  i.  Find  the  areas  of  an  equilateral  triangle,  a  satiare, 
a  hexagon,  a  dodecagon,  and  a  circle,  the  perimeter  of  each 
heing  36. 

£x.  3.  Find  the  difference  between  the  area  of  a  triangle 
whose  sides  are  3,  4,  and  5,  and  of  an  equilateral  triangle  of 
equal  perimeter. 

£x.  3.  What  is  the  area  of  the  greatest  triangle  which 
can  be  constituted  with  two  given  aides  S  and  1 1  :  and  what 
will  be  the  length  of  ita  third  side  ? 

£x.  4.  The  circumference  of  a  circle  is  12,  and  the  pe- 
rimeter of  an  irregular  polygon  which  circumscribes  it  is  15  : 
what  are  their  respective  areas  ? 

£x.  5.  Required  the  surface  and  the  solidity  of  the  great* 
est  parallelopiped,  whose  length,  breadth,  and  depth,  together 
make  18  ? 

£x  6,  The  surface  of  a  square  prism  is  546:  what  is  its 
solidity  when  a  maximum  ? 

£x.7.  The  content  of  a  cylinder  is  169*645968:  what  is 
its  surface  when  a  minimum  ? 

£x.  8.  The  whole  surface  of  a  right  cone  is  301*061952 : 
what  is  its  solidity  when  a  maximum  ? 

£x.  9.  The  sur&ce  of  a  triangular  pyramid  is  43*30127  : 
what  is  its  capacity  when  a  maximum  ? 

£x,  10.  The  radius  of  a  sphere  is  10.  Required  the  80« 
liditie^  of  this  sphere,  of  its  circumscribed  equilateral  cone, 
and  of  its  circumscribed  cylinder. 

£x.  1 1.  The  surface  of  a  sphere  is  28*274337,  and  of  an 
irregular  polyedron  circumscribed  about  it  35  :  what  are  their 
respective  solidities  ? 

£x.  12.  The  solidity  of  a  sphere,  equilateral  cpne,  and 
Archimedean  cylinder,  are  each  500 :  what  are  the  sur&ces 
and  respective  dimensions  of  each  ? 

£x,  13.  If  the  surface  of  a  sphere  be  represented  by  the 
number  4,  the  circumscribed  cylinder's  convex  surface  and 
whole  surface  will  be  4  and  6,  and  the  circumscribed  equila- 
teral cone's  convex  and  whole  surface,  6  and  9  respectively. 
Show  how  these  numbers  are  deduced. 

£x.  14.  The  solidity  of  a  sphere,  circumscribed  cylinder, 
and  circumscribed  equilateral  cone,  are  as  the  numbers  4,  6, 
and  9.    Required  the  proof. 
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FROBLSM8   &KLATITB  TO    TBK  DITMIOV  Off    FIKLDS  «&  ' 

oTHKa  »uarACfts. 
rmoBLSM  1. 

To  biiide  a  Trian|^«  into  two  puts  haring  a  Givm  Satio» 

« :  ».  1 

1st  By  a  line  drawn  from  one  angle 
of  the  triangle. 

Make  ad  :  ab  : :  m  :  m  +n  ;  draw  cD. 
So  shall  ^DCtBDCybe  the  parts  required. 

mm 
Here,  evidently^  an  =  — -  ab»  bb  ^  — — *  ab. 

adly.  By  a  line  pafailei  to  one  ef  the  sides  «ftlie  triangle. 

Let  ABC  be  the  given  triangle,  to  be 
divided  into  two  parts,  in  the  ratio  of  m 
lo  n,  by  a  line  parallel  to  the  base  ab. 
Make  ce  to  kb  as  m  to  n  :  erect  bi>  per- 
pendicularly to  CB,  till  it  meet  the  semi- 
circle  described  on  cb,  as  a  diameter,  In 
IK  Make  c  v  s  en :  and  draw  through  i ,  ov  I  ab.  So  shall  gf 
divide  the  triangle  abc  in  the  given  ratio. 

CD* 

For,  c£  :cB  ss ::  cD^(=s  cf'):cb'  .ButCB:£B::m:ii, 

or  cb:  cB  : :  m:  m  +  n,  by  the  constmction :  tberefere 
cf'  :  CB*:  :m:m  +  n.  Andsince  Zi  cgf  :  A  cabzzcf*:  cb*; 
it  foUowa  that  cgf  :  cab  :  :  m  :  m  -(-  n,  as  required. 

Com/tutation.      Since  cb'  :  cf*  : :  m  +  n  :  m,  therefore, 
(m  -I-  n)cF*  =  m  .  cb*  ;  whence  cf  V  (»i  +  «)  ==  cb  ^»>  or 

fit  m 

cf  ss  CB  ^  In  like  manner,  co  =  ca  \/       s 

Sdly.  By  a  line  parallel  to  a  given  line. 

Let  HI  be  the  line  parallel  to  which 
a  line  is  to  be  drawn,  so  as  to  divide 
the  tiiangle  abc  in  the  ratio  of  m 
to  n. 

By  case  3d  draw  of  parallel  to  ab, 
so  as  to  divide  abc  in  the  given  ratio. 
Through  f  draw  fk  parallel  to  hi. 
On  CE  as  a  diameter  describe  a  semi- 
circle i  draw  GO  perp.  to  ac,  to  cut 
the  semicircle  in  n.  Make  cp  =  cd  : 
through  F|  parallel  to  ef,  draw  r^  the  line  required. 

The 
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Tbe  demonstration  of  this  follows  at  (Mice  from  case  3 ;  be- 
cause it  is  only  to  divide  pcft)  by  a  line  parallel  to  fs,  into  two 
triangles  having  the  ratio  of  rcB  to  rco,  that  is,  of  ce  to  cg. 

Comftutaiion,  co  and  cf  being  computed,  as  in  case  1,  the 
distances  cH)  ci  bemg  given,  and  cF  being  to  «q  as  ch  to  ct  : 
the  triangles  cgp,  gi^,  also  having  a  common  vertical  angle, 
are  to  each  other,  ascG  .  cv  to  cq  .  cp.  These  products  thei*e- 
fore  are  equal ;  and  since  the  factors  of  the  former  are  known, 
the  latter  product  is  known.  We  have  hence  given  the  ratio 
of  the  two  lines  ci^  (^^)  to  cq  (=sy)a8  ch  to  ct ;  say,  as/i  to 
g ;  and  their  product  ^  c v  .  co,  say  =  a^  :  to  find  x  and  y« 

Here  w#  find*  =  V-— t  y  =  V  — •    That  is, 


CT  .  CO  .CR 

cp  =  V     '  -  *  cq 


P 
cr  .  CG  .  CI 


ex  CH 

N.  B.    If  the  line  of  division  were  to  be  perpendicular  to 
one  of  the  sides,  as  to  c  a,  the  construction  would  be  similar : 


m 


CP  would  be  a  geometrical  mean  between  ca  and c^,  A 

keing  the  foot  of  the  perpendicular  irom  b  upon  ag. 
4th]y.    By  a  line  drawn  through  a  given  point  p. 


m:    a. 


By  any  of  the  former  cases  draw/m(fi^.  1)  to  divide  the 
triangle  abc,  in  the  given  rauo  of  m  to  »  :  bisect  c/  in  r,  and 
through  r  and  m  let  pass  the  sidesof  the  rhomboid  crvm* 
Make  ca  ss  pr,  which  is  given^  because  the  point  p  is  given 
in  position :  make  ai  a  fouith  proportional  to  ca,  cr,  cm ; 
that  is»  make  ca :  cr  : :  cm :  ctf ;  and  let  a  uid  d^  be  two 
angles  of  the  rhomboid  caddy  figs.  1  and  3.  pe^  in  figure  2, 
beSig  drawn  parallel  to  ac,  describe  on  ed  as  a  diameter  the 
semicircle  tfdj  on  which  set  ofre/*=s  c^sap  :  then  setoff 
dH  or  tfM'  on  ca  equal  to  df^  and  through  p  and  m^  p  and  m' 

draw 
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draw  die  lines  lm ,  h'u ',  cither  of  which  will  difide  the  tn- 
uigle  in  the  given  ratio.— The  coni>tructioD  u  given  m  2  &gs. 
merely  to  avoid  compJexneis  in  the  diagtmnw. 

The  timitationsare  obvious  from  the  construction :  for,  the 
point  L  must  fall  between  b  and  c,  and  ^e  pobt  m  between 
A  and  c ;  ap  must  also  bcl  ess  than  p*,  otherwise  ^/-caniiGt 
be  applied  to  the  semicircle  on  ed* 

Demon.  Because  cr  =ic/,  the  rhombmdcrMt  =  triangle 
elm.  and  because  ca  :  cr : :  cm  :  erf,  we  have  ca  .  cd^cm .  cr, 
therefore  rhomboid  caSd  =  rhomboia  crtm  as  triangle  cat. 
By  reason  of  the  parallels  cb,  bd^  and  ca,  oA,  the  triangles 
aLP,  daUf  boFy  are  similar,  and  are  to  each  other  as  the 
squares  of  their  homologous  sides  ap,  rfic,  br  :  now  e^^rfr 
+  df^  I  by  construction ;  and  ed  s^rb^  ef  cs  ap,  d/^dui 
therefore  p6«  =  a^  ^  dM* ,  or,  the  triangle  pAo  Uken  away 
from  the  rhomboid,  is  equal  to  the  sum  of  the  triangles  api^ 
duOs  added  to  the  part  caporf :  consequently  clm  =  coAd!,  as 
required.  By  a  like  process,  it  may  be  shown  that  cl'p,  do'u  , 
fTo',  are  similar,  and  ah't+do'u'  =  p*o'  ;  whence  pWm'  = 
«l'p,  and  cl'm'  =  cabdj  as  required. 

ComfiutaUofu  c/,  cm,  being  known,  as  well  as  ca,  ap,  or 
cfjtfP,  cr  =  {c/,  is  known  ;  and  hence  cd  may  be  found  by 
the  proportion  c^jcrj:  cm  :  cd.     Then  cd— cc  =  ed,  and 

werft  -#/»  =»v^— ^'^  *=  cy  =  dM  =a  du'.    Thus  cjt  Is 

6/ .  cm 

determined.    Then  we  have «  cl. 


CM 


NB  When  the  point  Is  in  one  of  the  sides,asatK;  then 
make  cl  .  cm  .  (m+n)=  ca  .  cb  .  m,  or,  cL  :  ca  : :  «  .  cb  : 
(m.fR)  CM,  and  the  thing  is  done. 

Sthly.  By  the  shortest  line  possible. 

Draw  any  Une  pq  dividing  the  triangle  in 
the  given  ratio,  and  so  that  the  summit  of  the 
triangle  cpq  shall  be  c  the  mo9t  acute  of  the 
three  angles  of  the  triangle.  Make  c  m  s=  cn, 
a  geometrical  mean  proportional  between  cp 
and  cq  ;  so  shall  mm  be  the  shortest  line  pos- 
sible dividing  the  triangle  in  the  given  ratio.— 
The  computation  is  evident. 

Demtma.  Suppose  mk  to  be  the  shortest 
line  cutting  off  the  given  triangle  cmw,  and 

CO  _L  MM   .  MH  =  MO  +  OH    =  CO  .  OOt    M  + 
CO.COtM  =C0(cotM  +  COtN).But,COtM  + 

cot  M      eot  V     sin  (m  Hh  ') 

GatM» ^  + = And(equa* 

shiM      siaN     sta-ji.Mnv 
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XY1119  Analyt  pi.  trigonom.)  sin  m  .  sin  Ka=  \po%  (u  —  n)— {cos 

8Ul(lt-|-]f) 

(ic-f  N)as  Jcos(ii-*  N)+icotc.There£MyascQ.  ■         ; 

which  expression  is  a  minimum  when  its  denominator  is  a 
maximum  ;  that  is^  when  cos  (m—  n)  is  the  si^reatest  possiblei 
which  is  manifestly  when  m— n  =s  o*  or  m  =  k>  or  when  the 
triangle  cmw  is  isosceles.  That  the  isosceles  triangle  must 
have. the  most  acute  angle  for  its  summits  is  evident  m>m  the 
consideratioiiythat  since  3Acmn  =  cg  .  mN)  mn  varies  in- 
versely as  en ;  and  consequently  mn  is  shortest  when  co  is 
longest)  that  iS)  when  the  angle  c  is  the  most  acute. 

N,^  B.  A  very  simple  and  elegant  demonstration  to  this 
case  is  given  in  Simpson's  Geometry :  vide  the  book  on  Max. 
and  Min.  See  also  another  demonstration  at  case  3d  prob. 
6th9  below. 

PROBLBM  II. 

To  Divide  a  Triangle  into  Three  Parts,  having  the  Ratb  of 

the  quamities  m,  n,/^. 

Ist.  By  lines  drawn  from  one  angle  of  the  triangle  to  the 
opposite  side. 

Divide  the  side  ab,  opposite  the  angle  c 
from  whence  the  lines  are  to  proceed,  in  the 
given  ratio  at  n,  6;  join  cd,   ce  ;  and  Acn, 

DC£,  xcB,  are  tfie  three  triangles  required.     

The  demonstration  is  manifest ;  as  is  alsOi  the    AB 
computation. 

If  it  be  wished  that  the  lines  of  division  be  the  shortest  the 
nature  of  the  case  will  admit  of,  let  them  be  drawn  from  the 
xpost  obtuse  angle,  to  the  opposite  or  lifngnt  Me, 

3dly.  By  line%  parallel  to  one  of  the  ndes  of  the  triangle. 

Make  cd  :  na  :  hb  ; :  m  :  n :  /a.  Erect 
DB,  HI,  perpendicularly  to  cb,  till  they  meet 
the  semicircle  described  on  the  diameter 
CB,in  jB  and  i.  Make  cf  =  ce,  and  cs  =s 
CI.  Draw  of  through  Vy  and  lk  through  k,  Li 
parallel  to  ab  ;  so  shall  the  lines  of  and  x.k, 
divide  the  triangle  abc  as  required.  A^  ~B 

The  demonstration  and  computation  will  be  similar  to  those 
Sn  the  second  case  of  prob.  1. 

^  3dly.    By  lines  drawn  from  a  given  point  on  one  of  the 
sides. 

Vol.-  I.  C  c  c  c  Fig. 
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Fig.  U       c/7iA  ^'  *• 


Let  p  (fig.  I)  be  the  giTen  pointy  a  and  ^  the  points  which 
divide  the  side  ab  in  the  given  ratio  of  m,  n,  /k :  the  point  p 
falling  betweep  a  and  d.  Join  pc^  parallel  to  which  draw  or, 
M)  to  meet  the  sides  ac»  bc,  ib  the  pcunts  c  and  d  :  join  rcp 
rdy  so  shall  the  linBs  cp,  p<f,  divide  the  triangle  in  the  given 
ra^ 

In  fig.  9«  where  p  Mis  nearer  one  of  the  extremities  of  ab 
than  both  a  and  6,  the  construction  is  esaentially^  the  same  ; 
the  sole  difibrence  in  the  result  is,  that  the  points  r,  and  d^ 
both  Cdl  on  one  side  ac  of  the  triangle. 

Demtm.  The  lines  ca,  chy  divide  the  triangle  into  the  given 
rado,  by  case  1st.  But  bf  reason  of  the  parallel  lines  or,  pc, 
bdy  /i  ace  s=  A  acPt  and  A  ^c  s  6dT.  Therefore,  in  fig.  i, 
Aoc  4  act  SB  Moe  4-  ace  that  is,  acp  =b  kac  :  and  bM  +  ddr 
s  b5</  -f  Mcy  that  is,  Btfp  s  b6c.  Consequently,  the  re- 
mainder  ccwd  s  co^.— In  fig.  3,  acp  3  Aac,  and  a^p  cb  ac6  ; 
therefore  rp</  sacp;  and  acb-a(/p  »  acb— ac^,  that  is^ 
CBP<i  ^  cb^. 

Coiv0ura/so».  The  perpendiculars  cgt  cd  being  deoiittedt 
A  ACP :  A  ACB  : :  m  ;  m  -t-  n+/^ : :  ap  .cj^ :  ab  .  en.  Therefore 

A»     CD 

-^— .    Theline 


(8i-|in-|-/k)  AP.c^=sm.ABXD,  and  eg  ss 

^  (»+ll+>k)AP 

ejT  being  thus  known,  we  soon  find  ac  ;  for  en  :  ac  : :  c^ ; 

AC.Cf  m.AS.Ae 

AC  =a      ■     e=  — — — ^    Indeed  this  expression  may  be 

CD        (m+'A+PJAP 
deduced  more  simply  ;    lor,    since  acb  s  acp  : :  ac  .  ab  x 
Ac.AP  : :  m+n+fi  :  m,  we  have  (m-f-fi4/k)  ac  .  APaem.  ab  .  ac, 

m  •  AB  .  AO 

and  AC  as  .    By  a  like  process   Is  obtained,  in 

(m^n+p)  AP 

^.AB.B€  («-t»K)AB«AC 

fig.  1,  nd  s=  '    ■       ;  and,  b  fig.  S,  a^  s  - 

4thly.    By  lines  drawn  from  a  f^ven  point  p  mikin  the 
triangle. 


dn^t. 
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CoTist.  Through  r  and  c  draw  the  line  cp/k,  and  let  the 
triangle  be  diTided  into  the  given  ratio  by  lines  fic^  fid^  drawn 
from  fi  to  intersect  ac,  bc,  or  either  of  them  ;  accordiogto 
the  method  described  in  case  3  of  this  problem.  Through  p 
draw  PC,  P(i9  and  respectively  parallel  to  them»  from  >^  draw 
Che  lines y^M,  fiv :  j6in  pk,  pn  ;  so  shall  these  lines  with  Ffif 
divide  the  triangle  in  the  given  ratio. 

Demon,  The  triangles  cpii,  rp/^t  l^re  manifestly  equal,  aa 
are  also  dTH^  dr/i ;  therefore  cpm  »  cficj  and  cpn  »  t^d ; 
whence  also»  in  fig.  1,  ckpm  as  cdfie^  and|  in  fig.  3,  cb^Ipn  tsi 
emfid. 

c/i .  ed 

Comfiui.  Since  cp  •  o>  ik  a^k .  cdy  we  have  cir  =^  —1—-. 

CP 

In  like  manlier  cic  s . 


CP 

Remarks  It  will  generally  be  best  to  contrive  that  the 
4maiie0i  share  of  the  triangle  shall  be  laid  off  nearest  the  ver- 
tex c  of  the  triangle,  in  onier  to  ensure  the  possibilhy  of  tho 
construction.  Even  this  precaution  however  may  sometimea 
isdl,  of  ensuring  the  construction  by  the  method  above  given  f 
when  this  happens,  proceed  thus  : 

By  case  1,  draw  the  lines  cd^  ce^  from  « 
the  vertex  c  to  the  opposite  side  ab,  to  di- 
vide the  triangle  in  the  given  ratio.    Upon 
▲B  set  off  any  where  iiy,  so  that  hn  :  ab  ; : 
Tfi  (the  perp.  from  p  on  ab)  :  c/k,  the  alti- 
tude of  the  triangle.    If  mp  and  pir  are  to^ 
gether  to  be  the  least  possible,  then  set  of  ^mr  on  each  side 
the  pdnt  ft :  so  will  the  triangle  mpw  be  isosceles,  and  its 
perimeter  (with  the  given  base  and  area)  a  minimum. 

Sthly.  By  lines,  tme  of  which  is  drawnyrom  a  given  angle 
to  a  given  pointy  which  is  siso  the  noint  of  conconrse  of  th<^ 
Mher  two  lines, 


i . 


Qon^. 
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Comt.  By  cut  Ut  draw  thi  lines  cth  eft,  diyicfiDgthe 
triangle  in  the  given  nUio.  and  ao  that  the  amaller  poruoos 
aball  tie  Dearest  the  angles  a  and  n  (unless  the  conditioos  oi* 
the  divisioD  require  it  to  be  oiherwi8e>  From  v  and  a  demit 
upon  AC  the  perpendicidars  rfi^  ^  t  t^  ^™  '  ^'^  ^v  <m 
nc,  the  perpendicubirs  rqy  M.  Make  cm  icJl  : :  «c  :  v/t,  and 
CM  :  CB : :  6d  :  P7.  Draw  rM,  fw,  which,  w^  cP,  will  divide 
the  triangle  aa  required. 

When  the  perpendicular  from  b  or  from  a,  upon  ac  or  ac, 
is  longer  than  the  corresponding  perpendicular  from  r,  the 
point  H  or  M  will  lall  further  from  c  than  B  or  a  doea.  Sup- 
pose it  to  be  w  :  then  make  v'eie»izHei  «r,and  dimw  fk' 
for  the  line  of  itivtaion. 

The  demoDStraiion  of  all  this  is  too  obvioas  to  need  trac- 
ing here. 

CA.OC 

Com/tut.    The  perp.  ca  =  aa  .  sin  a  ;  and  cm  = • 

»^ 
ca.M 

6d      Bft  .  un  B ;  and  cir  =    ■ 

^hlj.  By  lineSfOne  of  which  &Jls  from  the  ^ven  point  of 
concourse  of  all  three,  upon  a  given  side,  in  a  given  angle. 

Suppose  Uie  givfn  angle  to  be  a  right 
angle,  and  ^  Uie  given  perpendicular  s 
which  will  umplify  &e  operauon,  though 
the  principles  of  construction  will  be  ine 

same. 

Const.  Let  ea,  c6,  divide  the  triangle 
in  the  given  ratio.  Make/M  iQmtzbdiiff 
anc|  yk :  CA  s :  oc :  ]^;  and  draw  pn,  pm,  thus  forming  two 
triangles  ]^b>  ic/^i  equal  to  c6b,  caa,  respectively.  If  «  &II 
between  /  and  a,  and  m  between  a  and/,  this  consimction 
manifestly  effects  the  dlyisicp.  But  if  one  of  the  paints,  sup* 
pose  M,  fidls  beyond  the  correspoding  point  a,  the  line  pm 
mtersecting  ac  in  ^ :  then  make  u'c  :  ca  iz  eu  i  ^p,  and  draw 
tW  :  SQ  shall  ]^,  pm',  pn,  divide  the  triangle  as  required. 


Contfiut. 
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Cbmput.  Here  ea  aiid  bdj  are*  foutd  as  in  ease  .5th ;  and 

CB  ,6(i  GA,ac 

hence  fn  as j  and/ic  « Then  pm  i=  V  (**/*+/*')» 

rf 
and —  =  dn.  m.  Also  180«— (m+a)  =  m^a.    Thensin  m^a  : 

PM 

ain  M  :  sin  A  a  ma(=  m/— A/):Af :  Mr  A^^dnp^c:  PM-Mr; 


Ae.eu 


and  lastly  u'e  = 

CP 

Here  also  the  demonstration  is  manifest. 
7thly.  By  lines  drawn  from  the  angles  to  meet  in  a  ddter'^ 
minatc  point  ^ 

Construe,  Op  one  of  the  sides,  as  ac,  set 
off  Ao»  so  that  AD  :  AG  : :  m  i  m  +  n  +  fi. 
And  on  the  other,  as  ab,  set  off  bk*  so  that 
sBc::n:m-f-n  +  /k.  Through  d  draw 


De  parallel  to  ab  ;  and  through  k,  bh  parallel  A!  £\^ 
to  Bc ;  to  their  point  of  intersection  x  draw  the  lines  aI}  bi,  cx^ 
which  will  divide  the  triangle  abc  into  the  portions  required* 

Demon,  Any  triangle  whose  base  is  ab,  and  whose  Terlex 
&dls  in  DO  parallel  to  it,  wilt  manilestly  be  to  abc,  as  ad  lo 
AC,  or  as  m  to  m  -f  n  -f-  /k  s  so  also,  any  triangle  whose  base 
is  BC,  and  whose  vertex  falls  in  bb  parallel  to  it,  will  be  to 
ABC,  as  BB  to  B A,  that  is,  as  n  to  m  -f.  n  i^  ^. 

Thus  we  have  aib  :  acb  :  :  m  :  m  -f-  n  -f  A9 
afid  .  .  .  Bic  :  ACB  : :  n  i  m  +n  -f/^9 
therefore  axb  :  bic    : :  m  :  n. 

And  the  first  two  proportions  give,  by  composition, 
AIB   4.  BIC  :  acb  ;:  ni^mm  +  n+  fi ;  and  by  divisioHy 
ACB-.(AiB-f  bic)  :  ACB  : :  m-|-n  -f /^— (m  4.  n) :  m  +n+/i^ 
or  Aic  :  ACB  lifiim  +  n+fi^  consequently  aib  :  bic  :  axc 
oc  m  zn  ip. 

II .  ab                   «n.  bc 
Comfiut.    bb  c:  ox  = ;  BG  = ;  angle  box 

ae  2  right  angles— *B.  Hence,  in  the  triangle  bgi,  there  are 
known  two  sides  and  the  included  angle,  to  find  the  third 
side  BI. 

Remark.  When  i»  =  »  =  /i,  the  construction 
becomes  simpler.    Thus  :  from  the  vertex  draw 
•CD  to  bisect  ab  ;  and  from  a  draw  bb  in  like 
manner  to  die  middle  of  ac  :  the  pcunt  of  inter- 
section I  of  the  lines  co,  bb,  will  be  the  point  sought.     ' 

For,  on  bxi  And  bk  produced,  demit>  from  the  angles  c  and 

a. 
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At  the  perpendiculars  cr.  Ale  :  then  the  trianglea  cbii  asK| 
are  equal  iv  all  respects,  because  ab  »  cb,  kas  =s  ice,  and 
the  angles  a£  b  are  equal.  Hence  ak  ss  ^.  But  tiMse  are 
the  perpoidicular  altitudes  of  the  triangles  bfc,  bpa^  which 
have  the  common  base  mv.  Consequently  those  two  triangles 
are  equal  iu  area.  In  a  similar  manner  it  majr  be  proved,  that 
APC  =  A»  or  cpb  :  therefore  these  three  tnanglea  are  equal 
to  each.ot£er,  and  the  lines  pa,  pb,  pc,  trisect  the  ^  abc. 

PBOBLBM   III. 

To  Divide  a  Triangle  into  Four  Parts,  having  the  ProportioD 

of  the  Quantities  m,  n,  /k,  7. 

This,  like  the  former  problems,  might  be  divided  into  sev- 
eral cases,  the  consideration  of  all  which  would  draw  us  to  a 
ytrf  great  length,  and  which  is  in  great  measure  umiecffssafy, 
because  the  method  will  in  general  be  auggested  immediately' 
00  contemplating  t^e  meth^  of  proceeding  in  the  analogous 
case  of  the  precedbg  problem.  We  shall  therefore  only  tshe 
one  case,  namely,  that  in  which  the  lines  of  dinsion  muit  all 
be  drawn  from  a  given  point  in  one  of  the  sides. 

Let  p  be  the  given  point  in  the  ude  ab. 

Let  the  points  If  m^rif  divide  the  base  ab 
in  the  given  proportion ;  so  will  the  lines  c/, 
em,  en,  divide  the  surface  of  the  triangle  in 
the  same  proportion.  Join  cp^  and  pmJlel 
to  it  draw,  from  (,  m,  is,  the  lines  /l,  mv, 
nsr,  to  cut  the  other  two  sides  of  the  triangle  in  l.  My  ir. 
Draw  PL,  PM,  p«,  which  will  divide  the  triangle  as  required. 

The  demonstration  is  too  obvious  to  need  tracing  through- 
out :  for  the  triangles  l/p,  l/c,  having  the  same  hue  l/,  and 
lying  between  the  same  two  parallels  l/,  cp,  are  equal ;  to  each 
of  these  adding  the  triangle  al/,  there  results  alp  s=  acL 
And  in  like  manner  the  truth  of  the  whole  construction  may 
be  shown. 

The  computation  tnay  be  conducted  after  the  manner  of 
that  in  case  3d  prob.  3. 

PROBLEM   IV. 

To  Divide  a  Quadrilateral  into  Two  Paru  having  a  Given 

Ratio,  m :  fi. 

1st  By  a  line  drawn  from  any  point  In  the  perimeter  of 
the  figure. 

Cmutruc.  From  f  draw  lines  pa,  pb, 
to  the  opposite  angles  a,  b.  Through  d 
draw  DF  parallel  to  pa,  to  meet  ba  pro* 
duced  in  f:  and  through  c  drawcnpa- 
raU  to  pb  to  meet  ab  produced  in  s. 

Divide 


^v 
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OKride  rs  ki  x,  in  the  gplven  ratio  of  m  to  n :  join  f»  m  ;  so 
nkM  the  line  fm  divide  the  quadrilateral  as  required. 

Demon.  That  the  triangle  vpb  is  equal  to  the  quadrangle 
ABCD9  may  be  ahown  by  the  same  process  as  b  used  codemon-' 
strata  the  construction  of  prob.  36,  Geometry  ;  of  which,  in 
hcu  this  is  only  a  modification.  And  the  line  pm  evidently 
divides  rps  in  the  given  ratio.  But  vpm  =  ADPiiy  and  epm= 
BCPM  :  therefore  fv  divides  the  quadn^gle  also  in  the  given 
fatio. 

Remark  1.  If  the  line  pm  cut  either  of  the  sides  ad,  bc« 
then  its  posiuon  must  be  changed  by  a  process  similar  to  that 
described  in  the  <5th  and  6th  cases  of  the  last  problem. 

Remark  3.  The  quadrilateral  may  be  divided  into  three# 
four,  or  more  parts,  by  a  similar  method*  being  sul:gect  how- 
ever to  the  restriction  mentioned  in  the  preceding  mmark. 

Remark  3.  The  same  method  may  obviously  be  Used  when 
the  given  point  p  is  in  one  of  the  angles  of  the  ngune. 

Comfiut,  Suppose  i  to  be  the  point  of  intersection  of  the- 
sides  DC  and  AB,  produced  ;  and  let  the  part  of  the  quadriU" 
teral  laid  off  towards  I9  be  to  the  other,  as  n  to  m.   Then  we 

r(id  .  ZA— IB  ,ic) 

have  lu  =   ————*-.  As  to  the  diststncesni,  ax, (since 

(iif+«)ip 
the  angles  at  a  and  n,  and  consequently  that  at  r,  are  known), 
they  are  easily  found  irom  the  proportionality  of  the  sides  of 
triangles  to  the  sines  of  their  opposite  angles. 

3dly.  By  a  line  drawn  parallel  to  a  given  line. 

CoTutruc.  Produce  dc,aB)  till 
they  meet)  as  at  i.  Join  db  pa- 
rallel to  which  draw  cf.  Divide  af 
in  the  given  ratio  in  h.  Throt^h 
D  draw  no  parallel  to  the  given 
line.  Make  IP  a  mean  proportional 
between  ir,  10  ;  through  p  draw 
FM  parallel  to  on :  so  shall  pm  divide  the  quadrilateral  abcb 
as  required. 

Demon.  It  is  evident,  from  the  transformation  of  figures, 
80  often  resorted  to  in  these  problems,  that  the  triangle  abf 
ss  quadrilateral  abcd  (th.  36  Geom.^ :  and  that  vn  divides 
the  triangle  adf  in  the  given  ratio,  is  evident  from  prob.  I 
case  1.  We  have  only  then  to  demonstrate  that  the  triangle 
iHD  is  equal  to  the  triangle  ifm,  for  in  that  case  nmt  wilt 
manifestly  be  equal  to  bcmp.  Now,  by  construction^  xb  1 
IP : :  IP  1 10  : :  j^by  the  paralleb)  im  :  ^in ;  whence,  by  making 
the  products  ot  the  means  and  cxtremea  equali .  we  baifo 

10 . 
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ID .  lit  =::  IP  .  IM  ;  but  when  the  products  of  the  ttdes  aboic 
the  equal  ang^les  of  two  triangles  having  a  common  an^e  un 
equal*  those  triangles  are  eqiml  ^ -therefore  A  ibd  cs  A  VfUm 

^.  K.  D. 

ComfiuU  Id  the  triangles  adI}  ado  are  given  aU  the  aof^esy 
and  the  side  ad  ;  whence  At)  ao,  di,  and  ic,  =  di — do,  be* 
eome  known.  In  the  triangle  irc)  ail  the  angles  and  the  side, 
ic  are  known ;  whence  if  becomes  known,  as  well  as  fh» 
since  ah  :  nr  iimm,  Lastiyj  iP  =  VC'^  •  >^)*  and  lo : 
id  :  :  IP  :  im. 

Cor^  \ .  When  the  line  of  division  pm  is  to  be  perpendicu- 
lar to  a  side,  or  parallel  to  a  given  side ;  we  have  only  to  draw 
DO  accorcQngly  :  so  that  those  .two  cases  are  included  in  this. 

Cor,  2.    When  the  line  pm  is  to  be  the  shortest  possible,  it 
must  cut  off  an  isosceles  triangle  towards  the  acutest  angle ; 
f  andlh  that  case  to  must  evidently  be  equal  to  id. 

3dly.  By  a  line  drawn  through  a  given  point. 

The  method  will  be  the  same  as  that  to  case  4th  prob.  I9 
and  therefore  need  not  be  repeated  here. 

Scholium.  If  a  quadrilateral  were  to  be  divided  into  four 
parts  in  a  given  proportion,  w,  w,/i,  7 «  we  must  first  divide 
it  into  two  parts  having  the  ratio  of  m^  »,  to  /^  +  7 ;  and 
then  each  of  the  quadrangles  so  formed  into  their  respective 
ratios,  of  m  to  n,  and/i  to  q. 

PROBLEM  v. 

To  Divide  a  Pentagon  into  Two  Parts  having  a  Given  Ratio, 
fi*om  a  Oiven  Point  in  one  of  the  Sides. 

Reduce  the  pentagon  to  a  triangle  by  prob.  37,  Geometf7> 
and  divide  this  triangle  in  the  given  ratio  by  case  1  prob.  1. 

PBOBLBM  VI. 

To  Divide  any  Polygon  into  Two  Parts  having  a  Given 

Ratio. 

'  1st.  From  a  given  point  in  the  perimeter  of  the  polygon. 
Construe,     Join  any  two  opposite  '*^  — 

angles  a,  d^  of  the  polygon}  by  the  line 
An.  Reduce  the  part  abcd  into  an 
equivalent  triangle  vps*  whose  vertex 
Shall  be  the  given  point  Pf  andbase  An 
produced :  an  operation  which  may  be 
performed  at  once,  if  the  portion  abcd 
be  quadrangular;  or  by  several  operas 
\  tioQs 


k  ^ 
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tkmB  (as  from  8  sides  to  6,  from  6  to  4,  fcc,)  if  the  sides  be 
more  than  four.  DiTide  the  larlan^ie^rps  into  two  parts  hav- 
ing the  given  ratio,  by  the  line  ph.  In  like  mannei*}  reduce 
ADEFGA  into  an  equivalent  triangle  having  u  for  its  f  ertex» 
«nd  FK  produced  for  its  base ;  and  divide  this  triangle  into 
the  given  ratio  by  a  line  from«y  as  hk.  The  compound  lino 
PHK  i^ill  tttanifestly  divide  the  whole  polygon  into  two  pans 
having  the  given  ratio.  To  reduce  this  to  a  right  linOf  join 
piL,  and  through  h  draw  mm  parallel  to  it ;  join  pm  ;  so  will 
the  right  line  pm  divide  the  polygon  as  required,  provided  k 
fall  botiireen  v  and  e.  If  it  do  not,  tt|e  reduction  may  be  com- 
pleted by  the  process  described  in  cases  5ih  and  6th  prob.  3d. 

All  this  is  too  evident  to  need  demonstration. 

Remark.  There  is  a  direct  method  of  solving  this  pro- 
blem, without  sutKiividing  the  figure:  but  as  it  requires  the 
compuution  of  the  area^  it  is  not  given  here. 

2dly»    By  the  shortest  line  possible. 

Construe.  From  my  point  p*) 
'  in  one  of  those  two  sides  of  the 
polygon  which,  when  produced, 
meet  in  the  most  acute  angle  r, 
draw  a  line  p'm%  to  the  other 
of  those  sides  (bp),  dividing  the  ^ 

polygon  in  the  given  ratio.   Find  F 

the  points  p  and  m,  so  that  ip  or  xm  atiall  be  a  mean  propoi^ 
tional  between  tp',  nt' ;  then  will  pm  be  the  line  of  divison 
required. 

The  demonstration  of  this  is  the  same  as  has  been  already 
given,  at  case  5  prob.  1.  Those,  however,  who  wish  for  a 
proof,  independent  of  the  arithmetic  of  sines,  will  not  be  dis- 
pleased to  have  the  additional  demonstration  below. 

The  9h9rtt9t  line  which,  with  two  other  lines  given  in  po- 
sition, includes  a  given  area,  will  makeequal angles  with  those 
two  lines,  or  with  the  segments  of  them  it  cuts  off  from  an 
isosceles  triangle. 

Let  the  tmrotriatngles  abc,  abf,  having  the  common  angld 
A,  be  equal  in  surface,  and  let  the  former  triangle  be  isos- 
celes, «r  have  ab  as  ac  ;  theo  is  bc  shorter  than  bf» 

Vol.1.  ,  Bddd  Firsts 
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First*  tbe  oblique  base  bi  cannot  past 
throagb  d,  the  middle  ppiotof  bc,  as  in 
the  annexed  figure.  For,  drawing  co 
parallel  to  ab,  to  meet  xr  produced  in 
o.  Then  the  two  triangles  dbe,  dco 
are  identical,  or  mutually  equal  in  all 
respects.  Consequently  the  triangle 
Dcr  IS  less  than  dbb^  and  therefore 
ABC  less  than  Axr. 

XF  roust  therefore  cut  bc  in  some  point  h  between  b  and 
i>«  and  cutting  the  perp.  ad  in  some  point  i  above  d,  as  in  the 

3d  fig.  Uponxr  (produced  if  necessary) 
demit  the  perp.  ax.  Then  in  the  right- 
angled  A  AiX|  the  perp.  ax  is  less  than 
the  hypothenuse  ai,  and  therefore  much 
more  less  than  the  other  perp.  ad.  But, 
of  equal  triangles,  that  which  has  the 
greatest  perpendicular,  has  the  least  base.  _ 
Therefore  the  base  bc  is  less  that  the  base  kf.    q.  x.  d. 

This  series  of  problems  might  hare  been  extended  much 
further;  but  the  preceding  will  furbish  a  sufficient  rariety* 
to  suggest  to  the  student  the  best  method  to  be  adopted  in 
almost  any  other  case  that  may  occur.  The  following  prac* 
ticai>xamples  are  subjoined  by  way  of  exercise. 

Ex.  1.  A  triangular  field,  whose  sides  are  20*  18,  and  16 
chains,  is  to  have  a  piece  of  4  acres  in  content  fenced  off  from 
it,  by  aright  line  drawn  from  the  most  obtuse  angle  to  tbe 
opposite  side.  Required  the  length  of  the  dividing  line,  and 
its  distance  from  either  extremity  of  Ums  line  on  which  it 
Ms? 

Ex.  3.  The  three  sides  of  a  triangle  are  5,  13,  and  13.  If 
two-thii*ds  of  this  tnangle  be  cut  off  by  a  line  drawn  parallel 
to  the  longest  side,  it  is  required  to  find  the  length  bf  the 
dividing  line,  and  the  distanee  of  its  two  extremities  from  the 
extremities  of  tlie  longest  aide. 

Ex.  3.  It  is  required  to  find  the  length  and  position  of 
the  shortest  possible  line,  which  shall  divide,  into  two  equal 
yartt,  a  triangle  whose  sides  are  35,  34,  and  7  respectively.     . 

Ex.  4.  The  sides  of  a  triangle  are  6, 8,  and  10  :  it  is  re* 
quired  to  cut  off  nine-sixteenths  of  it,  by  a  line  that  ahall  pass 
through  the  centre  of  its  inscribed  circle. 

Ex. 
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Ex.  5.  Two  sides  of  a  triangle,  ivhich  include  an  angle  of 
70*,  and  14  and  irrespectively.  It  is  required  to  divide  it 
into  three  equal  parts,  bjr  lines  drawn  parallei  to  its  longest 
aide. 

Ex,  6.  The  base  of  a  triangle  is  1 1 3*65,  the  rertical  angle 
$7^  57%  and  the  difference  of  the  sides  about  that  angle  is  8. 
It  is  to  be  divided  into  three  equal  parts,  by  lines  drawn  from 
the  angles  to  meet  in  a  point  within  the  triangle.  The  lengths 
of  those  lines  are.  required. 

Ex.  7.  The  legs  of  a  right-angled  triangle  are  28  and  45. 
Required  the  lengths  of  lines  drawn  from  the  middle  of  the 
hypothenuse,  to  divide  it  into  four  equal  parts. 

Ex,  8.  The  length  and  breadth  of  a  rectangle  are  15  and 
9.  It  is  proposed  to  cut  ofif  one-fifth  of  it,  by  a  line  wl^ich 
shall  be  drawn  from  a  point  on  the  longest  side  at  the  dia« 
tance  of  4  from  a  comer. 

Ex,  9.  A  regular  hexagon,  each  of  whose  sides  is  13, 1$ 
to  be  divided  into  four  equal  pai:ts,  by  two  equal  lines  ;  both 
passing  through  the  centre  of  the  figure.  What  is  the  length 
of  those  lines  when  a  minimum  ?  ^   . 

Ex,  10.  The  three  sides  of  a  triangle  are  5,  6,  and  7  How 
may  it  be  divided  into  four  equal  parts,  by  two  lines  which 
shall  cut  each  other  perpendicularly  ? 

^*«  The  student  will  find  that  some  of  these  examples  will 
admit  of  two  answjers. 


On  the  Corutruction  of  Geometrical  ProbleTns, 

Problems  in  Plane  Geometry  are  solved  either  by  means  of 
the  modem  or  algebrsdcal  analysis,  or  of  the  ancient  or  geo- 
jnetrical  analysis.  Of  the  former,  some  specimens  are  giv^n 
in  the  Application  of  Algebra  to  Geomc  tiV)  page  369,  &c,  of 
this  volume.  Ofthelatter,  we  here  present  a  few  examples^ 
premising  a  brief  account  of  this  kind  of  analysis. 

Geometrical  analysis  is  the  way  by  which  we  proceed  from 
the  thing  demanded,  granted  for  the  moment,  till  we  have 
connected  it  by  a  series  of  consequences  with  something  an- 
teriorly known,  or  placed  it  among  the  number  of  principle;^ 
icnowntobetrue. 

)  AQaly.4a 
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ABftlyvit  »ay  be  dwtiaifiiiibed  into  two  kiodt.  Ib  the  me^ 
which  is  named  by  Pappus  conteoiplaUTe,  it  is  proposed  tx» 
«scertsin  the  truth  or  the  falsehood  of  a  propositioD  advanced  ^ 
the  ocher  is  referred  to  the  solution  of  problemsyor  to  the 
investigation  of  unknown  truths.  In  the  first  we  assume  mm 
true,  or  as  prenoosljr  existing,  the  subject  of  the  proposition 
•dnuieed,  tfid  pn>ceed  by  the  consequences  of  the  bypothesi9 
to  something  known  ;  and  if  the  result  be  thus  found  tnie» 
the  proposition  advanced  is  likewise  true.  The  direct  de- 
monstration is  afterwards  formed,  by  taking  up  again,  in  an 
Inverted, order,  the  several  parts  of  the  analysis.  If  the  con- 
sequence at  which  we  arrive  in  the  last  place  is  found  false » 
we  thence  conclude  that  the  proposition  analysed  is  also  false. 
When  a  ftrobUm  is  under  consideration,  we  first  suppose  It 
resolved,  and  then  pursue  the  consequences  thence  denved 
till  we  come  to  something  known.  If  the  ultimate  result 
thus  obtained  be  comprised  in  what  the  geometers  call  data» 
the  question  proposed  may  be  resolved:  the  demonstration 
(or  rather  the  construction),  is  also  constituted  by  taking  the 
parts  of  the  analysis  in  an  inverted  order.  The  inipossibility 
of  the  last  result  of  the  analysis,  will  prove  evidently,  in  this 
case  as  well  as  in  the  former,  that  of  the  thing  required. 

In  illustration  of  these  remarks  take  the  following  ex- 
amples. * 

£x.  1.  It  is  required  to  draw,  in  a  given  segment  of  a 
circle,  from  the  extremes  of  the  base  ▲  and  b,  two  lines  ACt 
Bc,  meeting  at  a  point  e  in  the  circumference,  such  that  they 
shall  have  to  each  other  a  given  ratio,  viz.  that  of  m  to  n. 

JlnaiyMte.  Suppose  that  the  thing  is  af- 
fected, that  is  to  say,  that  ac  ;  cb  £ :  m  :  n, 
and  let  the  base  ab  of  the  segment  be  cut 
in  the  same  ratio  in  the  point  b.  Then  bc^ 
being  drawny  will  bisect  the  angle  acb  (by 
th.  83  Geom.) ;.  consequently,  i?  the  circle  _ 

be  completed,  and  cb  be  produced  to  meet  it  in  f,  the  re- 
maining circumference  will  also  be  bisected  in  F|  or  have 
va  =  FB,  because  those  arcs  are  the  double  measures  of  equal 
angles  t  therefore  the  point  f,  as  well  as  b,  being  given,  the 
pouit  c  is  also  given* 

CorutrucUoH,  Let  the  giye%  base  ofthe  segaaent  ab  be 
cut  in  the  point  b  in  the  assigned  ratio  of  sc  to  n,  and  com- 
plete the  circle  ;  bisect  the  remaining  circumference  in  v  ; 
join  FB»  and  produce  it  till  it  meet  the  circumference  in  c  x 
then  drawing  c  a,  cb,  the  thing  is  done. 

Demwutratum,  Since  the  arc  fa  ss  the  arc  FBf  tjie  angle 
▲CF  SB  angle  bcF|  by  theor.  49  Oeom. ;  thex«lbre  ac  :  en :  r 

AE  ;. 
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AM  :  SB,  by  th.  83.      Bat  as  :  bb  : :  m  :  k,  by  constraction  ; 
therefore  AC  :  cb  :  :  u  :  n.     q.  e.  d. 

JEx.  2.  From  a  given  circle  to  cut  off  an  arc  such,  that 
the  stmi  of  m  times  the  siney  and  n  times  the  Tersed  nne* 
may  be  equal  to  a  given  line. 

jinal.  Suppose  it  done,  and  that  axb'b  is 
the  given  circle,  he's  the  reqt^ired  arc,  bd  Its 
sine,  BD  its  versed  sine ;  in  da  (produced  if 
necessary)  take  bp  an  nth  partof  the  given 
sum  ;  join  fb,  and  produce  it  to  meet  bf  ^ 
to  AB  or  IJ  to  ED,  in  the  point  v.  Then,  since 
m  .  ED  +^  •  BD  ss  n .  BP  K3  n  .  pd  +  '^  •  bd  ; 
consequently  m  .  ed  =  tt  .  pd  ;  hence,  pd  :  bd  : :  m  :  n.  But 
»  :  RO  : :  (by  sim.  tria)  pb  :  bp  ;  therefore  pb  :  bp  : :  m  :  n. 
Now  PB  is  given,  therefore  bf  is  given  in  magnitude,  and, 
being  at  right  angles  to  pB^is  also  given  in  position  ;  therefore 
the  point  f  is  given,  and  consequently  pf  given  in  position  ; 
and  therefore  the  point  e,  its  intersection  with  the  circum* 
ference  of  the  circle  ABB%or  thearc  be  is  given.  Hence 
the  following 

Const,  From  b,  the  extremity  of  any  diameter  ab  of  the 
g^ven  circle,  draw  bm  at  right  angles  to  ab  ;  in  ab  (produced 
if  necessary)  take  bp  an  nth  part  of  the  given  sum  ;  and  on 
BM  take  BF  so  that  bf  :  bp  : :  n  :  m.  Join  pj,  meeting  the 
circumference  of  the  circle  in  e  and  x',  and  be  or  be'  is  the 
arc  required. 

Demon.  From  the  points  s  and  e'  draw  ed  and  b'd'  at 
right  angles  to  ab.  Then,  since  bf  :  bp  :  :n  :  m,  and  (by 
slm.  tri.)  BF  s  BP  :  :  db  :  DP  ;  therefore  de  :  dp  : :  n:  m. 
Hence  m  .  de  se  n  .  dp  ;  add  to  each  n  .  bd,  then  will 
m  .  DE  -f-  n  .  BD  =  n  .  bd  -}-''•  i>P  ^  '^  •  PB9  or  the  given 
sum. 

£x.  3.  In  a  given  tiiangle  abr»  to  inscribe  another  tri- 
angle abcf  similar  to  a  given  one,  having  one  of  its  sides  pa- 
rallel to  a  line  mBn  given  by  position,  and  the  angular  points 
a,  6,  ^,  situate  in  the  sides  ab,  bB|  ah,  of  the  triangle  abb 
res[>ectively. 

Analymt.    Suppose  the  thing  doae»  ^^ 

and  that  abc  is  inscribed  as  required.  /  ^^ 

Through  any  point  c  in  br  draw  cd 
paraHel  to  mmn  or  to  «&«  and  cutting 
AB  in  D  ;  draw  ce  parallel  to  bcj  and      i:      ^      ^ 
DE  to  acy  intersecting  each  other  in  e.  hn 

The  triangles  dec,  aeh^  are  similar,  and  dc  :  06  t :  ex  :  3c  ; 
also  BDC}  BoAj  are  similar^  and  i>c  :  aft  ; :  bc  :  Bft.    Therefore 

BC  : 
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BC  :  CE : :  B^  :  ^c  ;  and  they  are  about  equal  angles,  coose^ 
quently  b,  b,  c,  are  in  a  right  line* 

Corutrue.  From  any  point  c  in  bh,  draw  cd  pamllel  to 
nm^  on  cd  confttitute  a  triangle  cdb  similar  to  the  given  one ; 
and  through  its  angles  b  draw  be,  which  produce  till  it  cuts 
AH  in  c  :  through  c  draw  ca  parallel  to  ed  and  cb  parallel  to 
bc  ;  join  aby  then  abc  is  the  triangle  required,  having  its  side 
ab  parallel  to  mny  and  being  similar  to  the  given  triangle. 

Demon,  For,  because  of  the  parallel  lines  ar,  de,  and  cb^ 
bc,  the  quadrilaterals  bdbc  and  luicby  are  similar  ;  and  there- 
fore the  proportional  lyies  dc,  o^,  cutting  off  equal  an^es 
iiDc,  ftab  ;  BCD,  iiba  ;  must  make  the  angles  eoc,  ecd,  resi 
pectively  equal  to  the  angles  cab^  cba  ;  while  ab  is  parallel  to 
DC}  which  is  parallel  to  mBriy  hj  construction. 

Ex.  4.  Given,  in  a  plane  triangle,  the  vertical  angle,  the 
perpendicular,  and  the  rectangle  of  the  segments  of  the  base, 
made  by  that  perpendicular ;  to  construct  the  triangle. 

Anal.  Suppose  abc  the  triangle  re- 
quired, BD  the  given  perpendicular  to  the 
ba^e  AC,  produce  it  to  meet  the  periphery 
of  the  circumscribing  circle  abch«  whose 
centre  is  o,  in  H ;  then,  by  th.  61  Geom. 
the  rectangle  bd  .  dh  =s  ad  .  dc,  the  given 
rectangle:  hence,  since  bd  is  given,  dh 
and  bh  are  given ;  therefore  bi  =  hi  is  given :  as  also 
ID  =  oe  :  and  the  an^le  boc  is  =  abc  the  given  one,  be- 
cause Eoc  is  measured  by  the  arc  ac,  and  abc  by  half  the 
arc  AKC  or  by  kc.  Consequently  ec  and  ac  =s  3ec  are  given. 
Whence  this 

C(m9truction.    Find  dh   such,  that  db  .  dr  =  the  ^ven 

AD  .  DC 

rectangle,  or  find  DH  3s ;   then   on    any    right    line 

BD 

OF  take  FE  =  the  given  perpendicular,  and  eg  =  dh  ;  bisect 
FG  in  o,  and  make  eoc  ■==  the  given  vertical  angle ;  then 
will  oc  cut  EC,  drawn  perpendicular  to  oe,  in  c.  With 
centre  o  and  radius  oc,  describe  a  circle,  cutting  cb  produced 
Ifi  A :  through  f  parallel  to  ac  draw  fb,  to  cut  the  circie  in  b  ; 
j[oin  AB,  CB,  and  abc  is  the  triangle  required. 

Remark.    In  a  similar  manner  we  may  proceed,  when  it 
is  required  to  divide  a  given  angle  into  two  parts,  the  rect- 
angle 
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angle  of  whose  tangents  may  be  of  a  given  magnitude.    See 
prob.  40,  Simpson's  Select  Exercises. 

JVbte.  For  other  exercises,  the  student  may  consthictall 
the  problems,  except  the  24th,  in  the  Applicauon  of  Algebra 
to  Geometry,  at  page  369,  Sec,  of  this  volume.  And  that  he 
may  be  the  better  able  to  trace  the  relative  advantages  of  the 
ancient  and  the  modem  analysis^  it  will  be  adviseabie  that  he 
jsolye  those  problems  both  geometrically  and  algebraically. 


PRACTICAL  EXERCISES  IN  MENSURATION. 

Quest.  1.  WHAT  difference  is  there  between  a  floor 
28  feet  loog  by  20  broad,  and  two  others,  each  of  half  the 
dimensions  ;  and  what  do  all  three  come  to  at  45s.  per  square, 
or  100  square  feet  ? 

Ans.  dif.  280  sq.  feet.    ^Amount  18  guineas. 

Quest.  2.  An  elm  plank  is  14  feet  3  inches  long,  and  I  would 
have  just  a  square  yard  silt  off  it ;  ^t  what  distance  from  the 
edge  must  the  line  be  struck  ?  Ans.  7}\  inches. 

Quest.  3.  A  cieliiig  contains  1 14  yards  6  feet  of  plastering, 

and  the  room  28  feet  broad  ;  what  is  the  length  of  i^  ? 

"^  Ans.  36f  feet. 

« 

Quest.  4.    A  common  joist  is  7  inches  deep,  and  2  > 

thick ;  but  wanting  a  scanthng  just  as  big  again,  that  shall 

be  3  inches  thick ;  what  will  the  other  dimension  be  ? 

Ans.  11|  inches. 

Quest.  5.  A  wooden  cistern  cost  me  d«.  2c?.  painting 
within,  at  6d.  per  yard  ;  the  length  of  it  was  102  inches, 
and  the  depth  21  inches ;  what  was  the  width  ? 

Ans.  27^  inches. 

Quest.  6.  If  my  court-yard  he  47  feet  9  inches  square, 
and  I  have  laid  a  foot-path  with  Purbeck  stone,  of  4  feet 
wide,  along  one  side  of  it,  what  will  paving  the  rest  with 

flints  come  to,  at  6d.  per  sqjuare  yard  ?  Ans.  5L  169. 0J(/« 

• 

Quest.  7.  A  ladder^  261  feet  long,  may  be  so  planted, 
that  it  shall  reach  a  window  22  feet  from  the  ground  on 
one  side  of  the  street ;  and,  by  only  turning  it  over,  without 
-moving  the  foot  out  of  its  place,  it  will  do  the  same  by  a 

window 
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window  U  feet  high  on  the  olhcr  ude ;  what  b  the  breadth  ef 
the  street  ?  Ans.  S7  feet  9|  inchca. 

QuBftT.  8.  The  paving  of  a  mangttlar  eoort^  at  18d. 
per  footi  cane  to  \OOi. ;  the  kmgest  of  the  three  aides  was 
•8  feet ;  required  the  aum  of  the  other  two  eqaal  aides  ? 

Ans.  106-85  feet. 

QvKST.  9.  There  are  twoxoltimiis  m  the  ruins  of  Perae* 
polls  left  standiD)^  upright :  the  one  is  64  feet  above  the 
plain,  and  the  other  50 :  in  a  straight  line  between  these 
stands  an  ancient  small  statue,  the  head  of  which  is  97  feet 
from  the  summit  of  tlie  higher,  and  86  feet  from  tiie  top  of 
the  lower  column,  the  base  of  which  measures  just  76  feet 
to  the  centre  of  the  figure's  base.  Required  the  distance  be- 
tween the  tops  of  the  two  columns  ?  Ans.  157  f^et  nearly. 

QcBsr.  10.  The  perambuhitor,  or  surveying  wheel,  is  so 
contrived,  as  to  tttn|  just  twice  in  the  Length  of  1  pole,  or 
16^  feet ;  required  the  diameter  ?  Ans.  3*636  feet. 

QtfBST.  II.  In  turning  a  one-horse  chaise  within  a  ring 
of  a  certain  diameter,  it  was  observed  that  the  outer  wheel 
made  two  turns,  while  the  inner  made  but  one:  the  wheels 
were  both  4  feet  high  ;  and  supposing  them  &xed  at  the  die- 
tance  of  5  feet  asunder  on  the  axletree,  what  was  the  circum- 
fercnce  of  the  track  described  by  the  outer  wheel  ? 

Ans.  63*83  feet. 

QuBST.  13.  What  is  the  side  of  that  equilateral  tritfigle, 
whose  area  cost  as  much  paving  at  8d.  a  foot,  aa  the  p^li* 
sading  the  three  udes  did  at  a  guinea  a  yard  ? 

Ans.  73*746  feet. 

Quest.  13.  In  the  trapezium  abcd,  are  given,  ab  s  IS^ 
Bc  =  3)|,CD  =  34,  and  pa  s=  18,  also  b  aright  angle ;  re- 
quired the  area  I  Ans.  4 1 0*  1 33. 

Quest.  14.  A  roof  which  is  34  feet  8  iniches  by  14  feet 
6  inches,  is  to  be  covered  with  lead  at  8lb.  per  square  foot  s 
Wliat  will  it  come  to  at  18s.  per  cwt.  ?        Ans.  33/.  19«.  10j<<» 

Quest.  15.  Hiivinga  rectangular  marble  slab,  58  inches  by 
il7,  I  would  have  a  square  foot  cut  off  parallel  to  the  ahonee 
edge ;  I  would  then  have  the  like  (fuantity  divided  from  the 
reaoainder  parallel  to  the  longer  side ;  and  thia  alternatelf 
repeated,  till  there    shall  not   be  the  quantity  of  a  foot 

left: 
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.left:    what    will   be   the   dimenMons   of    the   remaining 
piece  ?  '  Ans.  20-7  inches  by  6-086. 

QassT.  16.  Given  two  sides  of  an  obtuse-ang;led  triangle, 
which  are  30  and  40  poles ;  required  the  third  sidei  that  the 
tiiaogle  may  contain  just  an  acre  of  land  ? 

Ans.  58*876  or  23-099. 

QussT.  17.  The  end  wall  of  a  house  is  24  feet  6  inches 
in  breadth,  and  40  feet  to  the  eaves  ;  ^  of  which  is  2  bricks 
thlcky^more  is  IJ  brick  thicks  and  the  rest  1  brick  thick. 
Now  the  triangular  gable  rises  38  courses"  of  bricks*  4  of 
which  usually  make  a  foot  in  depthi  and  this  is  but  4|  inches^ 
or  half  a  brick  thick  :  wliat  will  this  piece  of  work  come  to 
at  5/.  10*.  per  statute  rod  I  Ans.  20/.  1 1«.  7\d: 

Quest.  18.  How  many  bricks  will  it  take  to  build  a  wall, 
10  feet  high,  and  500  feet  long,  of  a  brick  and  half  thick  : 
reckoning  the  brick  10  inches  long,  and  4  courses  to  the  foot 
in  height  ?  Ans.  72000 

'  QuBST.  19.  How  many  bricks  will  build  a  square  pyra- 
9>id  of  100  feet  on  each  side  at  the  base,  and  also  100  feet 
perpendicular  height  :  the  dimensions  of  a  brick  being  sup- 
posed li>  inches  long,  5  inches  broad,  and  3  inches  thick  ? 

iVns.  3840000. 

QuBST.  20.  If,  from  a  right-angled  triangle,  whose  base 
ift  12,  and  perpendicular  16  feet,  a  l]ne*be  drawn  parallel  to 
the  perpendicular,  cutting'  off  a  triangle  whose  area  is  24 
square  feet ;  required  the  sides  of  this  triangle  ? 

I  Ans.  6,  8,  and  10. 

Quest.  21  The  ellipse  in  Grosvenor-square  measures 
840  links  across  the  longest  way,  and  612  the  shortest,  within 
the  rails  :  now  the  walls  being  14  inches  thick,  what  ground 
do  they  enclose,  and  what  do  they  stand  upon  ? 

y.       C  enclose  4  ac.  0  r.  6  p. 

^^^'  i  stand  on  1760^  sq.  feet. 

Quest.  22.  If  a  round  pillar,  7  inches  over,  have  4  feet 
of  stone  in  it :  of  what  diameter  is  the  column,  of  equal 
length,  that  contains  10  times  as  much  ? 

Ans.  22*136  inches* 

•  Quest.  23.  A  circular  fish-pond  is  to  be  made  in  a  gar- 
den, that  shall  take  up  just  half  an  acre  ;  what  must  be  the 
length  of  the  chord  that  strikes  the  circle  ?       Ans.  27}  yards. 
Vol.  L  E  e  c  c  Quest; 
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QuftST.  34.  When  a  toof  is  of  a  true  pitchy  or  imMiig  m 
rif^ku  angle  at  the  rid^^  the  nfters  are  nearly  |  of  the 
breadthof  the  building  I  now  supposing  the  earespboards  to 
project  10  mches  on  a  side*  what  will  the  new  ripping  a 
house  cost,  that  measures  S3  feet  9  Inchess  long,  by  32£et 
9  inches  broad  on  the  8«tf  at  15«.  per  square  ? 

Ans.  8/.  15«.9^. 

r*  QuasT.  S5.  A  caUe,  which  Is  3  feet  l«ing»  and 9  incheain 
compass,  weighs  331b ;  what  will  a  fcthom  of  that  cable 
weigh,  which  measures  a  foot  about  ?  Ana.  78|  lb. 

QvKST.  36.  My  ploiaber  has  put  38lb.  per  square  feet 
into  a  cistern,  74  inches  and  twice  the  thickness  of  the  lead 
long,  36  inches  broad,  and  40  deep  :  he  has  also  put  three 
stays  across  it  within,  of  the  same  strength,  and  16  inches 
deep,  and  reckons  33#.  per  cwt.  fer  work  and  materials.  I» 
being  a  nuMon,  have  pav^  him  a  workshop,  33  feet  10  ioehes 
broad,  with  Purbeck  stone,  at  7d  per  foot;  and  on  the 
balance  I  find  there  is  3«.  6d,  due  to  him  ;  what  was  the 
length  of  the  workshop,  supposing  sheet  lead  of  ^^  of  an 
inch  thick  to  weigh  5'8991b  the  square  foot  ? 

Ans.  33  feel,  0|  inch. 

QvBST.  37.  The  distance  of  the  centres  of  two  circlesi 
whose  diameters  are  each  50,  being  given,  equal  to  30  ;  'what 
is  the  area  of  the  space  enclosed  by  their  circumferences  ? 

Ans.  559-119. 

QuxsT.  38.  If  30  feet  of  iron  railing  weigh  half  atont 
when  the  bars  are  an  inch  and  quarter  square;  what  will 
SO  feet  come  to  at  S^d,  per  lb,  the  bars  being  j.  of  an  inch 
square  ?  Ans.  30/.  Ot .  3^. 

QcxsT.  39.  The  area  of  an  equilateral  triangle,  whose 
base  fells  on  the  diameter,  and  its  vertex  in  the  middle  of 
the  arc  of  a  semicircle,  is  equal  to  100:  what  is  the  diameter  of 
4ie  semicircle  ?  Ans.  36*33148. 

Quest.  30.  It  is  required  to  find  the  thickness  of  the 
lead  in  a  pipe,  of  an  inch  and  quarter  bore,  which  weighs 
14lb.  per  yard  in  length;  the  cubic  foot  of  lead  weighii^ 
1 1 335  ounces  ?  Ans.  '30737  inches. 

Quest.  31.  Supposing  the  expense  of  paving  a  semidr* 
G^ular  plot,  at  3t.  4</.  per  foot,  come  to  10/. ;  what  is  the 
diameter  of  it  ?  Ana.  14.7737  feet. 

Quest. 
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QimftT.  S3.  What  is  tlie  leA^h  of  a  chord  which  cuts  off 
'J'  of  tlie  area  from  a  circle  whose  diameter  is  389  ? 

Ans.  2r8'6n6, 

Quest.  33.  My  plumber  has  set  me  up  a  cittenii  and,  his 
shop-book  being  burnt,  he  has  no  means  of  bringing  in  the 
charge,  and  I  dp  not  cbuooae  to.  take  it  down  to  have  it  weigh- 
ed ;  but  by  measuie  he  finds  it  contains  64  f^  square  feet, 
jLOd  that  it  is  precisely  •}  of  an  inch  in  thickness.  Lead  was 
then  wrought  at  21/.  per  fotherof  19-|>  cwt.  It  is  required 
from  these  items  to  make  out  the  bill,  allowing  6|  oz.  for 
the  weight  of  a  cubic  inch  of  lead  ?  Ana.  41,  1 U.  %fi. 

Quest.  34.  What  will  the  diameter  of  a  globe  be,  when 
the  solidity  and  superficial  content  are  expressed  by  the  same 
number  ?  Ans.  6. 

Quest.  S5.  A  sack,  that  would  hold  3  bushels  of  dom, 
is  22^  inches  broad  when  empty  ;  what  will  another  suck 
contain,  which,  being  of  the  same  length,  has  twice  its 
i>readth,  or  circumference  ?  Ans.  13  bushels. 

Qosst.  36.  A  carpenter  is  to  put  an  oaken  curb  to  a 
round  well,  at  M,  per  foot  square  :  the  breadth  of  the  curb 
is  to  be  7|  inches,  and  the  diameter  within  3|  feet ;  what 
will  be  the  expense  ?  Ans.  5a,  2\d^ 

QussT.  37.  A  gentleman  has  a  garden  100  feet  long,  and 
«0  feet  broad  ;  and  a  gravel  walk  is  to  be  made  of  an  equal 
width  half  round  it ;  what  must  the  breadth  of  the  walk  be, 
to  Uke  up  just  half  the  ground  ?  Ans.  35*968  feeu 

Quest.  38.  The  top  of  a  may-pole,  being  broken  off  by  a 
l)last  of  wind,  struck  the  ground  at  10  feet  distance  from  the 
foot  of  the  pole  ;  what  was  the  height  of  the  whole  may-pole^ 
supposing  the  length  of  the  broken  piece  to  be  36  feet  ? 

Ans.  50  feet. 

« 

Quest.  39.    Seven  men  bought  a  grinding  stone,  of  60 
inches  diameter,  each  paying  |  part  of  the  expense  ;  what 
part  of  the  diameter  must  each  grind  down  for  his  share  \ 
'    Ana.  the    1st  4-4508,     2d  4*8400,     3d  5  9535,    4th    6*0765, 
5lh  7-2079,   6th  9-3935,     7th  22-6778  inches. 

Quest.  40.  A  maltster  has  a  kiln,  that  is  16  feet  6  inches 
square :  but  he  wants  to  poll  it  dow9>  and  build  a  new  one, 

that 
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that  may  dry  three  tinies  as  mudi  alonce  aa  the  old  one;  what 
must  be  the  length  of  M  aide  ?  Ana.  3S  feet  7  inches. 

Quest.  41.  How  many  3-inch  cubea  may  be  cut  out  of  ^ 
13-inch  cube  ?  Ana.  64« 

QusaT.  49.  How  long  muatthe  tether  of  a  horae  be«  that 
will  allow  him  to  grazC)  quite  round,  juat  an  acre  of  ground  f 

Ana.  39  J  yards. 

QuB8T.  43.  What  will  the  painting  of  a  conical  8|ure  come 
tO|  at  Bd.  per  yard  ;  supposing  the  height  to  be  US  feett  and 
the  circumference  of  the  base  64  feet?    Ana.   14/-  0«.  8|«f. 

Qunar.  44.  The  diameter  of  a  atandard  c6m  bushel  ia 
18^  inches,  andiu  depth  8  inchea ;  then  what  must  the 
diameter  of  that  buahel  be  whoae  debth  ia  7{  inches  ? 

Ana.  19*1067  inchea. 

Quest.  45.  Suppose  the  ball  on  the  top  of  St.  FauPa 
church  is  6  feet  in  diameter ;  what  did  the  gilding  of  it  cost 
at  3{<i  per  square  inch  ?  Ana.  337/.  10a  Id. 

Quest.  46.  What  will  afiruatum  of  a  marble  cone  come 
to,  at  13«.  per  aolid  foot;  the  diameter  of  the  greater  end 
being  4  feet,  that  of  the  leaa  end  1},  and  the  length  of  the 
alant  aide  8  feet }  Ana  30/  U.  10^ 

Quest.  47.  To  divide  a  cone  into  three  equal  parts  by 
sections  parallel  to  the  base,  and  to  find  the  altitudes  of  the 
three  parts,  the  height  of  tfa«  whole  cone  being  SO  inches  ? 

Ans.  the  upper  part  13-867: 
the  middle  part  3-605. 
the  lower  part    3*538. 

QuBaT.  48.  A  gentleman  haa  a  bowling  green,  300  feet 
long,  and  300  feet  broad,  which  he  would  raise  1  foot  higher, 
by  means  of  the  earth  to  be  dug  out  of  a  ditch  that  goes  round 
it :  to  what  depth  must  the  ditch  be  dug,  supposing  itsbreadth 
to  be  every  where  8  feet  ?  Ana.  7||  feew 

Que8t«  49.  How  high  above  the  earth  must  a  person  be 
ndaed,  that  he  may  see  ^  of  its  sur&ce  ? 

Apa.  to  the  height  of  the  earth's  diameter. 

Quest. 
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Quest.  SO  A  cubic  foot  of  bra^  is  to  be  drawn  into  wire^ 
of  ^  of  an  incb  in  diameter  ;  irhat  will  the  length  of  the  wire 
be^  allowing  no  loss  in  the  metal  ? 

Ans.  97784*797  yards,  or  55  miles  984*797  yards^ 


Quest.  51.  Of  what  Aemeter  must  the  bore  of  a  cannon 
ht,  which  is  cast  for  a  ball  of  34lb.  weighty  so  that  the  diame- 
ter of  the  bote  may  be  ^^^of  an  inch  more  than  that  of  the 
ball  ?  Ans.  5*647  inches. 


Quest.  53.  Supposing  the  diameter  of  an  iron  91b.  ball 
to  be  4  inches,  as  it  is  yery  nearly  ;  it  is  required  to  find  the 
diameters  of  the  several  balls  weighing  1,  3,  3, 4,  6,  13,  18, 
34,  33,  36,  and  431b,  and  the  caliber  of  their  guns  allowing 
^  of  the  caiiber>  or  -^-^  of  the  ball's  diameter,  for  win^tge.  _ 


Answer, 


Wt.of 

Diameter 

Caliber  of 

ball. 

of  ball. 

g«n. 

1 

1*9330 

1-9633 

3 

3*4338 

3*4733 

3 

3*7734 

3  8301 

4 

3*0536 

3*1149 

6 

3*4943 

3-5656 

9 

4-0000 

4*0816 

12 

4*4036 

4  4934 

18 

50397 

5*1425 

34 

5-5469 

56601 

33 

6- 1051 

6-3397 

36 

6-3496 

6-4793 

43 

6-6844 

6*8308 

Quest.  53.  Supposing  the  windage  of  all  mortars  to  be 
^^  of  the  caliber,  and  the  diameter  of  the  hollow  part  of  the 
shell  to  be  -f^  of  the  caliber  of  the  mortar :  it  is  required  to 
determine  the  diameter  and  weight  of  the  shell,  and  the  quan-* 
tity  or  weight  of  powder  requisite  to  fill  it,  for  each  of  the  sey- 
eral  sorts  of  mortars,  namely,  the  13, 10,  8,  5-8,  and  4-6  inch 
mortar* 

Answer 
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.  Aas«er« 


CaUb.  ofJDiametev 

Wt.  of  &heU 

Wt  of 

Wt.  of  thell 
filled. 

8-903 

mort. 

of  shell. 

empty. 

powder. 

4*6 

4-533 

8-330 

#•583 

5'S 

5703 

16-677 

1-168 

17  845 

8 

7  867 

43764 

3-065 

46-839 

10 

9  833 

85-476 

5*986 

91-463 

15 

1^783          187-791 

13151 

300*943 

• 

9 

. 

»»  # 


Quest.  54.  If  a  hemvjr  ff^ere,  vhote  dkmetftr  is  4  inches^ 
be  let  fall  mio  a  conical  glass,  full  of  waur,  whose  rtor^rtrr 
js  5,  and  altitude  6  inches ;  it  is  required  to  lirirnuSii  boar 
lAUch  water  will  nm  over  ?  :*  >    *l 


Aos.  ^6-373  cubic  iiichcs»  or  nmrly  |  of  a  flAi.^ 

f  •*  * 

Quest.  55.  The  dimenuons  of  the  sphere  and  cone  being 

the  same  as  in  the  last  question,  and  the  cone  only  |  full  of 

water ;  required  what  part  of  the  axis  of  the  sphet«  is  im-^ 

lAcrsed  in  the  water  I  ^  Ans.  *546  parts  of  an  iach. 

Quest.  56.  The  cone  being  still  the  samei  and  ^  full  6f 
water ;  required  the  diameter  of  a  sphere  which  shall  be 
just  all  covered  by  the  water  ?  Ans.  3*445996  incbea. 

Quest.  57.  If  a  person,  with  an  air  balloon)  ascend  rerti- 
cally  from  London,  to  such  a  height  that  he  can  just  see  Oxford 
appear  in  the  horizon ;  it  is  required  to  determine  his  height 
above  the  earth,  supposing  its  circumference  to  be  3i^00O 
miles,  and  the  distaace  between  London  and  Oxford  49*5933 
miles  I  Ans.  -/^^^  of  a  mile,  or  547  yards  1  foot. 

Quest.  58.  In  af;arrijBon  there  are  three  remariuible  objects 
A,  B,  c,  the  distances  of  which  from  one  to  another  are  knowa 
to  be,  AB  313,  AC  434,  and  bc  363  yards  ;  I  am  desirous  of 
knowing  my  position  and  distance  at  a  place  or  station  s^  from 
which  Iobsei*ved  the  angle  asb  \3^  30',  and  the  angle  csb  39^ 
SO'  both  by  geometry  and  trigonometry. 

Answer,  <^ 

i  AS  605-7122;  >^N^B- 

bs  439-6814; 
CS  524-2365. 

Quest.  59.  Required  the  same  as  in  the  last  question, 
*heD<he  points  is  on  the  other  side  of  Ac,  supposing  ab  9, 

AC 
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AC  IS,  and  Bc  6  forlongs  ^  also  the  ^ngle  asb  33^.  A$%  and  the 
.    angle  Bac  32*  30'.  "^ 

Answer, 
(  'as  10**64,  BS  15*64,  ca  U*01. 

4| ,     .  QuBST.  60.  It  is  required  to  determine  the  magnitude  of 

'  a  cube  of  gold,  of  the  standard  fineness,  which  shall H>e  equal 

to  a  sum  of  480  million  of  pounds  sterling,  supposing  a  gui- 
nea to  weigh  5  dwts  9^  Mains.  Ans.  1 8-69 1  ieet«, 

QuBST.  61.  The  ditch « of  a  fortification  is    1000   feet 

^        *  long,  9  feet  deep.20  feet  broad  at  bottom,  and  33  at  top  ;  how 

;  .  -  jnuch  water  ^iiran  the  ditchV        *"  -^ 

.     *  '^                     Ans.  1 158137  gallons  nearly. 

*\   .        '  • 

\    X"  (jbEST.  63.  If  tho^  diameter  of  the  earth  be  7930  miles, 

ft  and  that  of  th^  moon  3160  miles:  required  the  ratio  of  their 

\       "^  aurfacea,  an4  also  of  their  solidities  :  supposing  them  both  to 

*  l^e  globular,  as  they  are  vcVy  nearly  ? 


Ans.  the  surges  are  as  13}  to  1  nearly  ; 

and  the  solidities  as  49f  to  1  nearly.      V, 


^.v^ 


f     « 


.1     '> 
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